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PREFACE. 


rr^HIS  edition  is  intended  for  teachers,  and  for  them  only.  The  pab- 
lishers  will  make  every  effort  to  keep  the  book  from  pupils; 
and  teachers  are  urged  to  exercise  the  utmost  care  not  to  lose  their 
copies,  or  to  leave  them  where  pupils  can  have  access  to  them. 
Teachers  must  also  feel  bound  in  honor  not  to  sell  their  copies  to 
any  persons  except  to  the  publishers. 

It  is  hoped  that  young  teachers  will  derive  great  advantage  from 
studying  the  systematic  arrangement  of  the  algebraic  work,  for  such 
attention  has  been  paid  to  this  as  the  limitation  of  the  page  would 
allow. 

It  is  also  expected  that  many  teachers  who  are  pressed  for  time 
will  find  g^eat  relief  by  not  being  obliged  to  work  out  every  problem 
in  the  Algebra. 

G.  A.   WENTWORTH. 

Exeter,  N.  H. 

September,  1890. 
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Exercise  1.    Page  8. 

1.  7+(3-2)  =  7  +  3-2  =  8.      6.   (5  + 3) -^2  =  8h-2  =  4. 

2.  7-(3-2)  =  7-3  +  2  =  6.      6.   5  X  (3-2)  =  6  X  1  =  6. 

3.  7-(3  +  2)  =  7-3-2  =  2.      7.   (7 -3)  X  (5-2)  =  4x3=  12. 

4.  5x(2  +  3)  =  6x5  =  26.  8.   (8-2) -f- (6-2)  =  6  +  8  =  2. 

9.  3x(12-6-2)  =  3x4=12. 

Exercise  2.    Page  26. 

1.  7o-6c  =  7-2x3  =  7-6=l. 

2.  ac  +  6  =  3  +  2  =  6. 

3.  4a6-c  =  4x2-3  =  8-3  =  6. 

4.  6a6-6-c  =  6x2-2-3=12-2-3  =  7. 

5.  2a-6+c=2-2  +  3  =  3. 

6.  a6+ic-oc  =  2  +  2x3-3  =  2  +  6-3  =  6. 

7.  62+a2  +  c2=22+12  +  32  =  4  +  l+9=14. 

8.  2a6-66c2  =  2x2-6x2x32  =  4-90  =  -86. 

9.  \/ia6c  =  2xlX2x3=12. 


10.  Ve^  =V6xlX2x3=  V36  =  6. 

11.  c8-68  =  3«-2«  =  27-8=19. 

12.  v^ca-a8=  \/P^^8=  v^8  =  2. 

13.  a-2(6  +  c)  =  l-2(2  +  3)=l-2x6  =  -9. 

14.  (a  +  6)a  +  2(c-a)«=(l  +  2)2  +  2(3-l)8=32  +  2x2»  =  9+16  =  26. 
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15.  V66^-(6-c)=  V6x2x3-(2-3)  =  V36-(-l)  =6  +  1  =  7. 

16.  66-106c-hl2a  +  2c  =  6x2-10x2x3-r-12  +  2x3 

=  12-60 -H  12  +  6 
=  12-.ff  +  6 
=  12-6  +  6 
=  13. 

17.  5  c  -f-  (6  -  a)  -  (6  +  a)  =  16  --  (2  ~  1)  -  (2  +  1) 

=  15-T-l-3 
=  16-3 
=  12. 

18.  \/6^=  \^6x22x32=  v^6x4x9=  v/216  =  6. 

19.  7a-6c  +  6rf=7-2x3  +  6x0  =  7-6=l. 

20.  ac  +  6-rf  =  3  +  2  — 0  =  5. 

21.  4a6-crf-rf  =  4x2-3x0-0  =  8. 

22.  2a  — 6  + c  =  2-2 +  3  =  3. 

23.  a6  +  6c  —  arf  =  2  +  2  X  3  —  0  =  8. 

24.  2a6-66c  =  2x2-6x2x3  =  4-30  =  -26. 

25.  V4a6crf=  \/4xlX2x3xO  =  0. 


26.  V^abcd  =  V4xlX2x3xO  =  0. 

27.  6-c  +  rf=2-3  +  0=-l. 

28.  a-2(6  +  c)  =  l-2(2  +  3)  =  l-10  =  -9. 

29.  26(3  -  6c)  -f-  (a  -  2c)  =  2  X  2(3  -  6  X  3)  --  (1  -  2  X  3)' 

=  2  X  2(-12)-f- (- 5)  = -48- (-6)  = -V. 

30.  2(a  +  6)2  =  2(1  +  2)2  =  2  X  32  =  18. 


Exercise  3.    Page  27. 

1.  (6-2)  +  (3+l)  =  5-2  +  3+l  =  7. 

2.  (6-2)-(2-3)  =  6-2-2  +  3=6. 

3.  (-3  +  4)-(2  +  5)=-3  +  4-2-5  =  -6. 

4.  -6-(2-3-l)  =  -6-2  +  3  +  l=-4. 

5.  2-(6-7  +  8)=2-6+7-8  =  -4. 
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6.  8-(7-5  +  4)  =  8-7  +  5-4  =  2. 

7.  10~(6-6-7)  =  10-6+6  +  7  =  18. 

8.  2-(3-3  +  4)  =  2-3  +  3-4  =  -2. 

9.  (6-10)  + (3-2)  =  5-10  +  3-2  =  -4. 

10.  -7+(3  +  2-4)=-7  +  3  +  2-4  =  -6. 

11.  23+(2-7-6)  =  23  +  2-7-6=12. 

12.  24-(2-7-6)  =  24-2  +  7  +  6  =  34. 

13.  ll+(l-4-3)  =  ll  +  l-4-3  =  5. 

14.  (16-3-6)-7  =  16-3-5-.7  =  0. 

15.  10-(6-2-l)  =  10-6+2+l  =  8. 

16.  -17-(6-10-13)  =  -17-5+10  +  13=l. 

17.  ~6+ (3 +  2  + 7)  =-6  +  3  +  2  +  7  =  7. 

18.  -(2-3  +  4)-l  =  -2  +  3-4-l  =  -4.- 

19.  -  (10  -  8  -  12  +  10)  =  -  10  +  8  +  12  -  10=  0. 

20.  +(8-2-3-l)  =  8-2-3-l  =  2. 

21.  a  +  6+c=l  +  2  —  3  =  0. 

22.  a-6  +  c=l-2-3  =  -4. 

23.  o-ft-c=l-2  +  3  =  2. 

24.  a—  (-6)  +  c  =  a  +  6+c=l  +  2-3  =  0. 
26.  a-(-6)— c  =  a  +  6-c=l  +  2  +  3  =  6. 

26.    (-a)  +  (-6)  +  (-c)=-a-6-c=-l-2  +  3>c=0. 

Exercise  4.    Page  31. 
1.  a.  2.  0.  3.  —  4a26.  4.  7a:y  +  4ax. 

5.  a  +  6       6.  ar2-ar       7.   6ar2+6ar-2       8.   3ar2  — 2a:y+    y^ 

a^h  ofi-^x^  3a:2-7ar  +  2  ot^^^xy^Zy^ 

2a  a?«  —a:  Sa:^^    ^  4x2  — 4xy  +  4y2 
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9.                ajr2+     6a:-4  11.         3a6-2oa^  +  3aa» 

3aa:2_26x  +  4  4  06  +  5  ax2  -  6  a2ar 

—  4  ax2  —  2  6a:  +  5  a6  —    aa:2  ^     ^2^. 

_3ft^^5  —  8a6+    aar2  — 5a2j. 

3oa:a^7a2a: 

10.                6j:  +  3y+    2  12.     a*-2a8  +  3aa-    a+7 

3j:  +  2y  +  32  2a*-3a8  +  2a2-    a  +  6 

ar-.3y-.52r  —  a*-2a8  +  2a2            -.5 


16. 


17. 


9a:  +  2y-    2  2a*- 7a8+ 7a2-2a  +  8 

13.  3a2-.    a6  +  ac  — 362  +  46C-.    c2 
—  6a2—    ab  —  ac  +6  6c 

+  2a6  _4^>c  +  5c2 

-4q2 j-62--56c  +  2c2 

-6a2  -262  +6c2 

14.  3i^-Sx»  +  2x^-4x+7 
3a:*  +  2j:«+     a:2-5a:  — G 

—  4a:*  +  3x8  — 3a:2^9^_2 
2a:*-    x^+     a:2_    3.  ^  1 


15. 


2a:*+     x^^    «a-    a: 

3a:y2-.4ar2y4.     arS 
-11x^2               +6ar«- 12x22 

+     a:2y              -       a:z2-7y8 

—      4X^2                      .|.y2. 

-2« 

-    8xy2-3a:2y4.6a:8_i7^^2«.7y8^.y2. 

a*  — 2a8  +  3a2 

a8+    a2+    a 
4a*  +  5a8 

2a2  +  3a-2 
-    a2-2a-3 

-a» 

6a*  +  4a8+6a2  +  2a-6 

x^-    r2y+    2a:y2—      yg 

2aH»-3a:2y-    4a:y2-    7y8 

aH»                -    8a:y2-.    7y« 

4a:«  —  4a:2y  —  10x^2 -.  15  yS 


Exercise  5.  Page  33. 

1.               8a-46-2c  8.           4a2-6a6  +  262 

2a  — 36  — 3c  Sa^-\-    a6+     b^ 

6/1—    6+    c  a2  — 7a6+    6^ 


3a-46  +  3c  9.  4a26  +  7a6»  +  9 

2a-86-    c-rf  •  _3a62  +  8 

a  +  46  +  4c  +  fl?  4a26+10a6a+l 


7o2-9x-l  10.        6a2c  +  6a26-8a« 

5a2  — 6x  — 3  —    6a^c  +  6a%  +  6» 

2a2-3a:  +  2  10a2c  -8a«-6« 


2x2-2aa:+     a«  11.  o^-    62 

ar2»-    a:c_    ^a  ja 


xa—    aa:+2a2  a2  — 26* 

4a -36 -3c  12.                    a2-62 

2a-36  +  4c  a2 

2a          -7c  -62 


6.  5x2+    7ar  +  4  13.  62 

3x2  _    7x  +  2  a2-    62 

2x2+14ar  +  2  -a2  +  262 


2ax+36y+    5  14.  a^ 

3aar-36y-    5  a2-62 


—    az+66y  +  10  62 

15.  a:*  +  3a^  —  2  6x2  +  3car  —  4c/ 

-2j:*  +  2aar8-26a:2_3car-.6rf  +  462 
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16.   Adding  A,  (7,  B,  and  D  to- 
gether, we  have : 

3a2-   2a6+662 

7a2_   8a6  +  562 

9a2-    6a6  +  362 

11  a2-    3a6-462 


30a2_l8a6  +  962 

17.   Adding  A,  —  C,  —  ^,  and  Z> 
together,  we  have : 

3a2-    2a6  +  662 

-7a2+    8a6-562 

-9a2+    5a6-362 

11  a2-    3a6-462 


19.  Adding  A,  C,  -  B,  arid  -  Z) 
together,  we  have : 

3a2-.2a5+    562 

7a2~8a6+    562 

-9a2  +  5a6-   362 

-Ila2  +  3a6+    462 

-10a2-2a6  +  1162 

20.  Adding  ^,  —  C,  ^,  and  B 
together,  we  have : 

3a2-2a6+    562 

-7a2+8a6-    662 

9a2-5a6+    362 

Ila2-3a6-    462 


-2a2+    8a6-762 

18.  Adding  C,  —Ay—B,  and  D 
together,  we  have : 

7a2-    8a6+562 

-3a2+    2a6-562 

-9a2+    5a6~362 

lla2«   3a6-462 


6a2-   4a6-762 


16a2-2a6-  62 

21.   Adding  Ay  O,  —  B,  and  B 
together,  we  have : 

3a2~2a6+  662 

7a2-8a6+  662 

-9a2+6a6-  362 

Ila2~3a6-  462 

12a2-8a6+  362 


Exercise  6.    Page  35. 

1.  a  —  6—  [a—  (6  —  c)—  c]  =  a  —  6—  [a  —  6  +  c  —  c] 

=  a-6-[a-6] 
=  a  —  6  — a  +  6 
=  0. 

2.  TO— [n— (/}  — to)]  =  TO— [n— /)  + m] 

=  TO  — n  +/)  — TO 
=  ;)-n. 

3.  2a?-{y+[4;8-(y  +  2a:)]}  =  2ar-{y+[4a^-y-22]} 

=  2a:-{y  +  4;r-y-2x} 
=  2a:-{4;2-2ar} 
=  2a:  — 4z  +  2a: 
=  4ar  — 4«. 


4.  3a -{26 -[5c -(3a +  6)]} -3a -{26 -[5c -3a -6]} 

=  3a  -  {2  6  -  5^c  +  3a  +  6} 
=  3a-{36-5c  +  3a} 
=  3o  — 36+5c  — 3a 
=  5c-36. 

5.  a-{6+[c-(rf-6)  +  a]-26}  =  a-{6+[c-rf  +  6  +  a]-26} 

=  a  —  {6  +  c  —  rf  +  6+a  —  26} 
=  a  —  {a  +  c  —  (i} 
=a—a^c+d 

6.  3x-[9— (2x  +  7)+3ar]  =  3x-[9-2x-7  +  3x] 

=  3ar-.[2  +  x] 

=  2x-2. 

7.  2*-[i^-(ar-2y)]  =  2x-[y-x  +  2y] 

=  2a;-[3i^-z] 
=  2x  — 3y  +  x 
=  3ar  — 3^. 

8.  a-[26+  (3c-26)+a]  =  o-[26+3c-26  +  a] 

=  a— [3c  +  a] 
=  a  —  3c— a 
=  -3c. 

9.  (a-x+y)-(6-x-y)  +  (a  +  6-2y) 

=  a  — x  +  y-6  +  ar  +  y  +  a  +  6--2y 
=  2a. 

10.  3a -[-46  + (4a -6) -(2a -56)] 

=  3o-[~46  +  4a-6-2a  +  56] 
=  3a-[2a] 
=  3a-2a 
—  a. 

11.  4c-[a-(26-3c)  +  c]  +  [a-(26-5c-a)] 

=  4c  — [a  — 26  +  3c  +  c]+[a  — 26  +  5c  +  a] 
=  4c-[a-26  +  4c]  +  [2a-26+5c] 
=  4c  — a  +  26  — 4c  +  2a  — 26  +  5c 
=  a  +  5c. 
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12.  :r  +  (y-:«)-[(3ar-2y)  +  2]  +  [ar-(y-22)] 

=  a:  +  y  -  z  -  [3  a- -  2  y  +  2]  +  [a:  -  y  +  2  «] 
=  a:  +  j^  — 2  — 3ar  +  2y— 2;  +  a:  — y  +  2« 
=  -a:  +  2y. 

13.  a-[2o  +  (a-2o)  +  2a]-5a-{6a-[(o  +  2a)-a]} 

=  o  -  [2  o  +  (-  o)  +  2  a]  -  5  a  -  {6  a  -  [3  a  -  o]} 
=  a  — [2o  — a  +  2o]  — 6a  — {6tt  — 2o} 
=  a-[3a]-6a-{4o} 
=  o  — 3o  — 6a  — 4o 
=  -lla. 

14.  2a:-(3y  +  2)-.{6-(c-6)  +  c-[a-(r-.6)]} 

=  2a:-3y  —  «- {6 -C  +  6  +  C- [a -c  + 6]} 
=  2a:  —  3y  —  2  —  {6  —  C  +  6  +  C  —  a  +  c  —  6} 
=  2  a:  —  3  y  —  2  —  {6  —  a  +  c} 
=  2af  — 3y  — 2  — 6  +  a  — c. 

15.  a  -  [6  +  c  -  a  -  (a  +  6)  -  c]  +  (2a  -  6+7) 

=  o~[6  +  c-o-a-6-c]  +  (2a-.6-c) 
=  a  — [— 2a]  +  2a  — 6  — c 
=  a  +  2a  +  2a  — 6  — c 
=  6  a  —  6  —  c. 


16.   10-.a:-{-a:-[a:-(a:-6-a:)]} 

=  10-a:-{-a:-.[x-(ar-6  +  a:)]} 
=  10-a:-{-ar-[aj-(2a---6)]} 
=  10 -a: -{-a: -[a: -2a: +  5]} 
=  10-a:-{-a:-[-r'  +  5]} 
=  10  —  a:  —  {—  ar  +  a;  —  5} 
=:10-a:-{-5} 
=  10 -a: +  6 
=  16-a:. 


17.   2a:-{2a:+(y-.;^)-32;  +  [2ar-(y-^-2y)-3^]  +  4y} 

=  2ar  -  {2a:  +  y  -  «  -  32  +  [2a:  -  (y  -  2  +  2y;  -  3 1]  +  4y} 

=  2a:-{2a:  +  y-42  +  [2a:-y  +  2-2y-32]  +  4y} 

=  2a:-{2ar  +  y-4«  +  [2a--3y-22]  +  4y} 

=  2a:-{2ar  +  y-42  +  2ar  — 3y-22  +  43^} 

=  2a:  — {4ar  +  2y  — 62} 

=  2ar  — 4ar  — 2y  +  62 

=  — 2ar  — 2y  +  62. 
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la  a-[6-{-c  +  a-(a-6)-c}]  +  [2a-(6-a)] 
=  a-[6  —  {-c  +  a--a  +  6-c}]  +  [2a-6  +  a] 
=  a-[6-{6-2c}]  +  [3a-.6] 
=  a-[6--6+2c]+3a-6 
=  a— [2c]  +  3o  — 6 
=  o  — 2c  +  3a  — 6 
=  4a  — 2c  — 6. 

19.  a  -  {6  -  [o  -  (c  —  6)  +  F^  ^(^a^b^c)^a']+a} 

=  a  —  {6—  [a  —  C  +  6  +  C  —  a  —  a  +  6  +  c  —  o]  +  a} 

=  a-{6— [— 2a  +  26  +  c]  +  a} 

=  a-{6  +  2a  — 26  — c  +  a} 

=  a-{3a-6  — c} 

=  o  — 3a+  6  +  c 

=  — 2a  +  6+c. 

20.  6a-{-3o— [3a  —  (2a  —  a  —  6)-a]  +  o} 

=  5a  — {-3a— [3a  — (2a-a4-6)— o]  +a} 
=  5a  -  {-  3a  —  [3 a  -  (a  +  6)  -  a]  +  a} 
=  6a  — {— 3a— [3a  — a  — 6  — a]  +  a} 
=  6a-{-3a-[a-6]  +  o} 
=  5a-{-3a  — a  +  6  +  a} 
=  5o  — {— 3a  +  6} 
=  6a  +  3a  — 6 
=  8a-6. 

Exercise  7.    Page  36. 

1.  2a-6  — 3c— (rf  — 36  +  5/).     4.  oa:  +  6y  +  c*  —  (— 6ar  +  cy  —  c^). 

2.  x-a-y-(6  +  2  +  c).  5.  3a  +  26  +  2c-(6c?  +  3e  +  4/). 

3.  0  +  6  — c— (— 4a  +  &  — 1).         6.  ar  — y  +  «— (6xy  +  4ar«  — 8y«). 

7.  (a  +  6)a:+(6-c)y+(c  +  a)«. 

8.  (o-6)ar+ (2a  +  3)y+ (4a-36-2)2. 

9.  (a-46)ar+(3c-26)y— (6c  +  7a)«. 

10.  (a  — llc)ar+ (3a  +  26  +  2c)y-(6  +  c)«. 

11.  (— 3a  +  26-7c  — c)a:+ (46  — 5c  — c)y  — (6c  +  c)« 

=  (26  — 3o-8c)a:+  (46-6c)y- 7cz. 

12.  —  ax+  (— 56  — 3a  +  6)y+  (6a  +  3c  — 26  + 6)2 

=  —  oar  —  (3a  +  4  6)  y  +  (6a  +  3c  —  6)  2. 

13.  (2a  — 2in)x-(6  +  3c)y+ (l  +  3a-56)2. 

14.  (1  —  ac)  a?  +  (a  —  J»n  —  1)  y  —  (a  —  6c  +  1)  z. 
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Exercise  8.    Page  37. 

1.  4z«-   5axa+    6a2a--6a2 
3z«+    4ox2+    2a2:r  +    6a8 

19aa:2-15a2a:  -  llV 

10x«-18ax2+    7o2ar  +    Sa* 

17 ««  -6a2+lla8-llx2 

2.  3a6  +  3a+    66 

—  a6  +  2a+    46 
7a6-4a-   86 

—  2a6  +  6o+  126 

7a6  +  7a  +  146 

3.  4(6  -  a:)  +  6(6 -a:)  + 3(6 -a:) -2(5 -a:)  =11(5 -a:). 

4.  (o  +  6)a:2 ^.  (6  +  c)i/  +  (a  +  c)2:2 
(6  +  c)a:2  +  (a  +  c)y2  +  («  +  h)z^ 

(g  +  c)ar^  +  (a  +  6)y2  +  (6  +  c);z2 

(a+6+6+c+c+a)a:2+(6+c+a+c+a+6)y2+(a+c+a+6+6+c)«2 

This  is  equal  to 

(2a  +  26  +  2c)a^«  +  (2a  +  26  +  2c)y2  4.(2o  +  26  +  2c>2 
or  (2a  +  26  +  2c)(a:2+y2^.;j2) 

or  2(a  +  6  +  c)(a:2  +  y2  +  2;2) 

5.  (a+6)a-+(6  +  c)y  +  (c  +  a)^ 
(c+«^^-(a  +  6)y+(6  +  c)« 

-  (6  +  c)  a:  +  (g  +  c)  y  +  («  +  6)  g 

(a+6+c+a— 6— c)a:+  (6+c— a— 6+a+c)y+(c  +a+6+c+o+6)z 
This  is  equal  to        2aa:  +  2cy  +  (2a  +  26  +  2c) «. 

6.  a8—    a:2  8.   8a:2— 3aa:  +  5 
084.     3^^2ax  6a:2  +  2aa:  +  6 

—  2a:2-2aa:  3a^2  — 6aa: 

7.  3a24.2aa-+    x^  9.   o^  +  3 62c  +  a62  —  a6c 

a2—    ax—    x^  ab^  —  abc-^Ifl 

2a2  +  3aa:  +  2a^»  a8  +  362c  -6* 
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10. 


(a  —  6)  r  —  (a  —  c)  y 


(a  +  6  —  a  +  6)a:+  (a-\- c •{-  a  ^c)y 
This  is  c^ual  to  2  &x  +  2  ay, 

11.  7a-{3a-[4a-(5a-2a)]} 

=  7o-{3a-  [4a-3a]} 
=  7a-.{3a  — a} 
=  7a  — 2a 
=  5a. 

12.  3a  —  {a  +  6  —  [o  +  6  +  c—  (a  +  6  +  c+  rf)]} 

=  3o-{a  +  6-[a  +  6  +  c  — a  — 6-c-</]} 
=  3a-{a  +  6-[~rf]} 
=  3a-{o+6  +  <f} 
=  3o  — a--6  — rf 
=  2a-.6-rf. 

13.  (6  +  a2)x«+(l-.c2-c-.l)x«-(a  +  6+c)x 
or        (6  +  a2)  jH»  —  (c^  +  c)  ar^—  (a  +  6  +  c)  ar. 

14.  a2 -  (62  «  c2)  -  [62  -  (c2  -  a2)]  +  [c2  -  (62  -  a2)] 

=  o2-62  +  c2-[62-c2  +  a2]  +  [c2  -  62  +  a2] 
=  o2  -  62  +  c2  -  62  +  c2  -  a2  +  c2  -  62  +  a2 
=  o2-362  +  3c2. 

15.  l-6-{15-7-[3-(15-5-66)]-6} 

=  -6-{8-[3-(-46)]-6} 
=  -6-{8-[3  +  46]-6} 
=  -5-{8-3-46-6} 
=  -5-{-47} 
=  -6  +  47 
=  42. 


16.  2rf+lla+106-5c 

5a-    36  +  2c 

2c?+    6o+136-7c 
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2rf+ 11a +  106 -5c  =14 +11 +  30-25 
=  30, 
5o-36  +  2c=5-9+10 
=  6, 
2rf  + 6a +136 -7c  =14 +  6 +  39 -36 
=  24 
-=30-6. 

17.  a«  +  262 +  3ca  +  4(P=  1  +  18 +  75  +  0 

=  94. 

In  exampleg  18-20,      a  =  3,  6  =  4,  c  =  9,  »  =  8. 

18.  «(»-a)(»-6)(«-c)  =  8(8-3)(8-4)(8-^9) 

=  8.6-4.-1 
=  -160. 

19.  «3+(«-.a)a  +  (s-6)2+(«-c)a  =  82+(8-3)2  +  (8-4)a  +  (8-9)2 

=  64  +  26  +  16+1 
=  106. 

20.  «2-.(«-a)(«-6)-(«-6)(«-c)-(»-c)(«-a) 

=  82-(8-3)(8-4)-(8-4)(8-9)-(8-9)(8-3) 
=  64-20  +  4  +  6 
=  53. 

22.  a:=        o  — 26  +  3c 

y=      3o+    6  — 2c 
2  =  — 2a  +  36+    c 

.-.  a:  +  y  +  2=      2a  +  26  +  2c 

24.  a8-2a26-2a62  +  68 

6a8-7o26  +  3a62 

-a:2-3y2-422  -4a8  + 6a26- 5a62  + 6» 

25.  E-lF^(^G^H)2  =  E-F-\-G-H. 

E=      6a8+    3a26-26« 

-F=-3a8+    7a26+    68 

Gr  =  -    o8+    2a26-    68 

-^=  +  2a8-      a26  +  368 

.\  E^F+G^II=     3a8+lla26+    68 


21. 

x=        0  +  26-3C 
y  =  — 3a+    6  +  2c 
2=      2a  — 36+    c 

23. 

+y+2=0 

2y2-    «i 
a:2+5y2  +  322 
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1.  356c. 

2.  24  xy. 

3.  18  a*. 

4.  6o«. 

13.  10a8  +  6a26. 

14.  5a*62c-6a«6ac2. 

15.  a»62c-a26c2-a62ca. 

16.  6o76»c-7o*Mc2. 

17.  a*6ca  +  a«6«c2-a86c*. 


Exercise  9.    Page  41. 

6.  6mhi^,  9.  20fii«n«p*' 

6.  21  a^bc.  10.  -48a86«. 

7.  -14a*xay.  11.  6xV. 

8.  9a868.  12.  -6a66i0xV. 

19.  -2a263c2  +  0a*6«c«. 

20.  X8y223_  34^4^2. 

21.  2in*yi2p*  +  m8n2^«. 

22.  -  3  x6y V  +  3  x«y8^9  +  3  x^^^ Vo. 

23.  -3x*-.6xV  +  3x2«. 


18.  20a»68ca-.12a66c2  +  8a68c*.      24.   15x8-10x2^-20x3. 


Exercise  10.    Page  45. 


1. 

X  +10 
X  +   6 

xa+lOx 
+   6x 

+  60 

2. 

xa+16x 

X  -2 
X  -3 

+  60 

x2-2x 
-3x  +  6 


x2-5x 

+  6 

3. 

X  -3 

x+5 

x2-3x 

+  6x 

-15 

xa+2x 

-15 

4. 

X  +3 
X  -3 

xa  +  3x 
-3x-9 

5. 

x3           -9 

X  -11 
X  -    1 

X2-Ilx 

-      x+11 

6. 

x2-12x+ll 

-X  +2 
-X  -3 

x2-2x 
+  3x-6 

x2  +     X  -  6 
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7.   -X  -2  13.      X  -7 

X  -2  2x  -1 


-xa-2a: 

+  2a:  +  4 

-ar2           +4 

8. 

-  i   +4 
a:  -4 

-a:2  +  4a: 

+  4ar-16 

_ar2+8x-16 

9. 

-r  +7 
X  +7 

-x2+7a: 

-7a:  +  49 

-a:2           +49 

10. 

X  -7 
a:  +7 

ar2-.7jr 
+  7ar-49 

x2            -49 

11. 

ar  -3 

2x  +3 

2r2-6ar 
+  3a:-.9 

2a:2-.3a:-.9 

12. 

2x  -3 

X  +3 

2x2-3a: 
+  6a:-9 

2x2- 14x 
-      x  +  7 

2x2-15x  +  7 

14.      m  ^n 

2ni   +1 


2  m2  —  2  mn 

+  TO  — n 

2m2  —  2/nn  +  TO  —  fi 


15.   Ill  —a 

m  -^  a 


m^  —  am 

m2  -a2 


16.  3x  +7 
2x  -3 


6x2+ 14x 

-   9x-21 

6^2+    6x-21 

17.   6x-2y 
5x  +  2y 


26x2  — 10  xy 

+  10xy-4/^ 

25x^  -4y2 

18.  3x  -4y 

2x   +3y 


6x2 -8xy 

+  9xy-12y2 

2x2+ 3x- 9  6x2+    xy  — 12y2 
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19.  x8  +  y2  20.   2*2+ 3y2 


^xaj^8,y6  +2xV  +  3y* 

21.   a:  +y  +  « 
3^  — y  +  g 


tP^  +2a;«  — y«  + «« 

22.   ar  +2y-    « 

ar2  +  2a:y—    x« 

—    xy  -2y«+    y« 

+  2j:«  +4y«  — 2  2« 

x2+    a:y+    a:«  — 2y3  4.  5^2  — 2z 

a:2-xy  +y2  25.   m^+jnn  +  n^ 


.2 


r*  J.  a:2«2  j.  y4 

^  ^  26.   aa-3a6  +62 

21  ni2-iiin  +na  a2_3qfe  _62 

"*  +" a*-3a86  +  a262 

w8  -  w2„  +  TOn2  —  3  a%  +  9  0252  —  3  a6« 

+  mH  ^  mifi  +  n2  ^    a262  +  3  a/>8  -  6* 

TO*  +n8  a*-6a86  +  9a262  -6* 

27.   a2_7o  +2 
a2-2a  +3 


o*  — 7a8+    2a2 

—  2a8+14a2—    4a 
+    3a2  — 21a  +  6 

a4-0o8+19a2  — 25a  +  6 
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28.  2a:2-3xy  +4y2 
3x2  -f-  4a:y  —  5^2 
Qx*-9x^y-\-  12x2^2 

+  Sa*y-  12x2y2  +  iQxy^ 

—  10x2^2+  16xy^''20y* 


6a:*-    x«y-10x2y2  +  3ia:y8_20y* 

29. 

^+a:y  +y2 
x2-.a:2  -22 

a:*  +  xSy  +  ^^^^ 

-a:32_a,2y;j„a.y2^ 

-a:222. 

-  0:^22  _ 

-y^z^ 

a:*  +  x8y  +  a:2y2  «.  a4l^  .  a.2^2  _  a.y2g  _  ^;j.2 . 

'xy^- 

-y^ 

30. 

x^-^-y^  +  z^-xy^xz-^yz 

a:*  +  xy^  +  3-22  —  x2y  —  ar22  —  a:^« 

^xy^            •\-a^y                      ^  yfi  ^  p^ 

^  —  xyz^y^z 

''  —  xyz  +  y^z-{-sfi 

a:8                                        -3xy24-y8 

+  ^ 

31. 

4a2-10a6  +  26a262 
66+2a 

20a26-50a62  4.125a268 
-20a26                                  +8a8  +  60a862 

-  50a62  +  125a268  +  8a8  +  50a862 

32. 

:r2  +  4y 

0:23^24.4^8 

+  40:84.163.^ 

a:V  +  4/  +  4j:8  4.16a:y 

33. 

0:24-20:3^  +  8 
y2  +  2xy-8 

i 

0:33^24.20:^84.8^2 
10:23^2                +20:83^             +16o:y 

-160:^-82:2-. 

64 
64 

< 

So:2v2  4-  2xv8  4.  2a^«  4.  8tf2                -  8o:2 - 
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34.  a«  +  i2  +  l-a6-a-6 

a  +1  +6 

a«  +  0*2  +  a  —  a26  —  a2  —  aft 

-a  +o2-a6  +  62  + 1-6 

-a62         +0%  -a6-62  +  6  +  6« 

a»  _3a6        H-1  +6» 

36.    3T2-2ya+622 
8j2'+2y2->32a 
24i*-16a:2y2  +  40x2«2 

+   6j^y2  -4y*  + 10^2^2 

-    9x2^2  4.    6y2g2_15;g4 

24x*  -  10a:2y2  4.  31  :x^z'L  _  4y*  +  163/2;j2  _  15^ 

36.  z2  +  y24.2a:y-2a:-2y-l 

3:  +y  -1 

«•+    a:y2  +  2x2y  — 2x2  — 2a-y—     <j. 

+  2xy2+     x^y  -2a:y  +     y8-2y2.    y 

-    J:2-23:y  +  2ar  -    ^24,2^4.1 

a:»  +  3a:y2  4.3x2y4.    y8_3a^2 -Q^^  ^3^2  4.    3.4.    y  4, 1 

37.  a«4-2o"»-i  — 3a"»-2  — 1 

g   -H 

a*+l  4-  2a"*  —  3a"»"l  —  a 

+    a"»  +  2  a"»-i  —  3  a"*-2  _  \ 


a-H-i  4.  3a"»  —    o"*~i  —  3a«~2  —  a  —  1 
S.  a«  —  4  o*~i  +  6  a»»~2  4.  ^n-a 

g  -1 

o«+i  —  4  a»  +  6  a»*""i  +    o*»~2 

—    o»  +  4a»-i  — 5a»»-2  — a»»-8 
o»H-i  —  5  a»»  4-  9  a"~i  —  4  a*"2  _  ^n-a 

J9.  a*»+i  —  4  a8»  +  2  a2»-i  —  o*~2 
2a«-o2  +  a 


2  a*»+*— 8  a8«+84.4  a2n+2_2  a*+i 

-.a4n+S4.4  a8n+2_2  o2»H-i4.a» 

4.  a<»»+2— 4a8»H-i4-2a2»»— a*»~l 

2  a^^-H— 8  a*»^*+4  a2»»+2— 2  a»»+i— a*«+8+4  a8«+2_2  a2«+i4-a**+a*»»+2 

[_4  a8»»+i+2  a2»-.a»~l 
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40.    a:«  — y*»+l 


X^  —  y2n+2 

Exercise  11.    Page  46. 

1.  a  +6  +  C 
a  ^h^c 

a?  ■\-     ah-\-  ac 

+    a6  +62  +  ic 

—  ac  —  6c  —  c2 

a2  +  2a6  +  62  _  ^'2 

.-.  (a  +  6  +  c)(a  +  6  -  c)  -  (2a6  -  c^) 
=  a2  +  2a6  +  62  -  c2  -  2a6  +  c2 
=  a2  +  62. 

2.  m  —  n 

>»  —  »  (m  +  n)  m  =  m2  4-  mn ; 

7w2  —    mn  n  (n  —  m)  =  n2  —  mn. 

—    mn  +  n2 

m2  —  2  mn  +  n^ 
.-.  (m  +  n)  w  —  [(w  —  n)2  —  n  (n  —  m)] 

=  ?n2  _!.,;,„_  [^;;j2  _  2  mn  +  n2  —  yi2  +  mn] 
=  m2  -f.  mn  —  [»n2  _  ^^] 
=  m2  +  mn  —  m2  _|.  ,;i„ 

=  2mn. 

3.  a-6 

6  +  c 


a6-62 

+  ac  —  6c 
ah  —  b^  +  ac-^bc 
,-.  [ac  -  (a  -  6)(6  +  c)]  -  6  [6  -  (a  -  c)] 

=  [ac  -  (a6  -  62  4-  oc  -  6c)]  -  6  [6  -  (a  -  c)] 
=  ac  —  a6  +  62  —  etc  +  6c  —  6  [6  —  rt  +  c] 
=  ac  —  a6  +  62  —  ac  +  6c  —  62  +  a6  —  6c' 
=  0. 
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4.  x-1  X  +2 

X  -2  a:   +1 


-2x  +  2  +     a:  +  2 

r»-3ar  +  2  a:24.3ar+2 

(x-l)(x-2)-3a:(x  +  3)  +  2[(x  +  2)(x+l)-3] 
=  x2  -  3  a:  +  2  -  3  a:2  -  9  a:  +  2  [x2  +  3  a:  +  2  -  3] 
=  x2-3a:+2  — 3a~»  — 9ar  +  2a:a  +  6x-.2 
=  -6x. 


5.  a  -36 
a  +36 


a 
a 

-66 
-66 

a2 

-  6a6 

-  6a6  +  3663 

a2 

-12a6  +  3662 

o2-3a6 
+  3a6-962 

a2  -962 

/.  4(a-36)(a  +  36)-2(a-66)2-2(a2  +  662) 

=  4(a2-962)-2(a2-12a6  +  3662)-2(a2  +  662) 
=  4a2-3662-2a2  +  24a6-7262-2a2-1262 
=  24a6- 12062 

6.  X  +  y  +  2  x(y  +  «  —  a:)  =  xy  +  ar«  —  a:2 

^^•\'    xy-\-    xz  z(x-\-y^z)—xz-{-yZ''Z^ 

+    ary  +y^+    y* 
+    arx  +    yz  +  z^ 

a:2  +  2a-y  +  2a-x  +  y2  +  2y2+  ^2 

•■•  (j?  +  .y  +  2)^  -  Jc(y  +  «  —  J?)  -  y (ar  +  X  —  y)  —  «(x  +  y  -  «) 

=  a:2  ^  2  ry  +  2  xx  +  y^  +  2  y«  +  «2  —  xy  —  arz  +  a:^  —  ary  —  yx  +  y2 

—  X2  —  y«  +  «* 
=  2x2  +  2y2+222. 

7.  6[(a  -  6)  X  -  cy'\  -  2  [a(x  -  y)  -  6x]  -  [3 ax  -  (5c  -  2a)  y] 

=  5  [ax  —  6x  —  cy"]  —  2  [ax  ^ay  —  6x]  —  [3  ox  —  5  cy  +  2  ay] 
=  5ax  —  56x  —  6cy  —  2ax  +  2ay4-26x  —  3ox+6cy  —  2ay 
=  -36x. 
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Exercise  12.    Page  47. 

1.  ar2-    X  -19  3.   2a:2  +  3r  +2 

ar2  +  2a:  —    3  2x«  — 3a:2  +  2ar 

—    3x2+    3a:  +  67  +4x8  +  6x2  +  4x 


ar44.    aHJ-24jr2-.35x  +  67  4x6  «    -pS  +4^ 

2.   x2  +  2x  +1  4.  3x2-4x  +  6 

--x3  +  2x2-.3x+l  6x2-.7x  +  8 


-x6-2x*-    x«  18x*- 24x3 +  30x2 

+  2x*  +  4x8  +  2x2  -21x8+ 28x2- 35x 

—  3x8-6x2- 3x  +24x2  — 32x  +  40 

+    x2  +  2x+l  l8x*-46x8  +  82x2-67x  +  40 

O  „Q  _    1     1 


-X6  -3x2—      3.4.1 

5.  x8  +  x   —  y 
3:2  +  a:y^y2 

x*  +  x8  —  x2y 

+  x2y+j:*y—    a:y« 

-     Xy2^r8y2^-y« 

x«  +  x8  +a:4y-.2xy2-ar8y2+-y8 

6.  7x2-5x  +3 
-10x8+8x2-6x+4 
-70x6+    50x4-    30x8 

+    56x*—   40x«  +  24x2 

-   42x8  + 30x2- 18x 

+28x2-20x+12 

-  70x6  +  106  X*  -  112  x8  +  82x2  _  333.  ^.  12 

7.  -4a26  +  6a62  +  t8 
-8a8    +2a26-q6a 

32a66-48a*62-.   80858 

-   8a*62  4.i2a868  4.2a264 

+    4a868-6a2M-aZ^ 

32  a^h  -  66  o*62  +    8  a868  -  4  a2M  -  a&s 
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8.  x^  +  ax   —6 
x^-{-6x  -4 

+  5a:»+5aar2  — 66x 

-—    4a^*  — 4ax  +  46 


a^+(o  +  5)^+  (6a-6-4)x2-(4a  +  66)ar  +  46 


9.  x^-mx^-^-nx-^r 
x^+cx    +rf 

+  car*  —  cmx*  +  cnx^  +  crx 

+    rfjH^  —  tfinx^  +  dnx  +  rfr 


xS+(c  — m)a:*+  (c?— cw  +  '»)a:'+  (en  —  rfni  +  r)a:3  +  (cr+rfn)a:  +  rfr 
10.  jr2-(a  +  6)a:  +  ab 


13. 


x«-(a  +  6)a:2+a6a: 

—  cx2+ (a  + 6)ca:  — aftc 

X*  —  (a  +  6  +  c)x2  4-  (o6  +  ac  +  bc)x  —  ahc 

11.       a:»  +  x2y  +  xy2  +  y* 

"X  +y 


12. 


—  r*  —  x*y  —  T^y^  «_  j.^8 

+  x8y  +  x3y2+xy«  +  y* 

-X* 

+  y* 

4x2-   6^3^  4.    9yi 
4x2+   Qxy  +    9y2 

16r*-24x8y  +  36x2y2 

+  24x8y  -  36x2y2  4.  64^:^8 
+  36x2y2_54a.y8 

+  81^ 

16x*                +36x2y2 

+  81y* 

24-3x2  +  5 

x2  +  4 

14.     X*-.x2y2  +  y4 
r*  +  x2y2  +  y4 

ar6-3x4+    6x2 

+  4x*-12x2  +  20 
a<+    i4_   7x2  +  20 

a:8_a45y2^.^y4 

+  x6y2-a:4y4  +  ^^ 

+  x*y*-x2y«  +  y8 

x8             +  x*y4              +  y8 
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15.   2r«-   3x8  +  4x3-5 
x2-   8 


2xT-   3x6  +  4x*  -   6x2 

-16x6  +24x«-32x2  +  40 

2x7  -  19x6  +  4x*  +  24x3  -  37  x2  +  40 

16.   a^ -^ a^y^ -^^  y^  17.   a**  — a2»  +  o«— 1 

a*  +  y"»  a*  -\-\ 


+  a**^*  —  a'»^2«  4.  y8»  4.  a8«  —  a2«  +  a*  —  1 

18.  a2  +  2a6-.ac  +  62  — 6c  +  c2 
o  +  6  +  c 

a8  +  2a26  — a2c+    aft^  —    ahc -^^  ac^ 

+    a26  +2a62—    aftc  +&'  — 6^0  +  602 

+  a2c  +2a6c  — ac2  +62c  — 6c2+c» 

a8  +  3a2i  +3a62  +68  4.  c8 

19.  a  -26  a  -36 

—  2a  +6  —a  +46 


—  2a2  +  4a6  —  a2  +  3a6 

+    06-262  +4a6-1262 

-2a2  +  5a6-262  -a2  +  7a6-1262 

-2a6 


—  z  a"  +  o  ao  —  z  0*  —  a*  +  /  ao  —  1 

/.  (a-26)(6-2a)-(a-36)(46-a)  +  2a6 
=  _  2  a2  4.  5  aft  _  2  62  +  a2  -  7  a6  +  12  62  + 
=  -a2  +  1062, 

20.  (a -6)(a  — c)  +  c(3a  — 6  — c)  +  2ac  — (a  — 

=  (-  1)  (+  1)  -  1  (-  1  +  1)  +  0  -  (+  1)  +  J 
=  _l-l  +  2  =  0. 

21.  2x  +y  X  -2y 

2x  +y  X  -2y 

4x2  +  2xy  x2-.2xy 

+  23^y  +  y^  -2xy  +  4y2 

4x2  +  4xy  +  y2  x2  —  4x^  +  4y2 


c)  +  26 
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Zx  —   2y  2ar  —   3y 

3x  —   2y  2a:  —    3y 


9r^-   6xy  4ar2—    ^arj^ 

-   6j:y  +  4y2  -    6x^  +  9^^ 

9x2-12ary  +  4y2  ^x^—12xy  +  9y^ 

(2x  +  y)2 4- (a: -  2y)2  =  4a:2  +  4ry  +  y2  +  a:2  -  4a:y  +  4^2 
=  5a:2  +  5»/2 
(3j'-2y)2  -  (2a:  -  3 y)2  =  9a:2  -  12a:y  +  4y2  «  4x2  +  12a:y  -  9y2 
=  5a:2.5y2 

5a:2+6y2 
6a:2  — 6^2 


26a:*  +  25ar2y2 

-26a:2y2«26y* 
25a^  -26y* 


a  -6 
a  — c 

a2  —  a6  —  ac  +  be 
b^c 

a^-ah 

^ac  +  bc 

a%           ^  ab^  "  abc  ■}- b^c 

—  a^c            -{-abc           +  ac2  -  6c2 

o2  —  a6  —  ac  +  6c 

a26  -  a^c  -ab^          .+  6^0  +  ac^  -  6c2 

.  a2(6-c)  -  62(a  -  c)  +  c2(a  -  6)  -  (a  -  6)(a  -  c)(6  -  c) 

=  a26  -  a^c  —  a62  +  62c  ^  ac2  _  5^2  —  a26  +  a^c  +  a62  —  62c  —  ac2  +  6c2 
=  0. 


23.  2a  -6 
2a  -6 

a  -6 
a  -6 

a  +6 
a  -6 

4a2-2a6 

-2a6  +  62 

a2-a6 
-a6+62 

a2-2a6  +  &2 

a2  +  a6 
-  a6  -  62 

4a2-4a6  +  62 

a2          -62 

2a-6)2  +  26(a  +  6)-3a2-(a-6)2+  (o+6)(a-6) 

=  4a2  _  4a6  +  62  +  2a6  +  262  -  3a2  -  a2  +  2a6  -  62  +  a2  -  62 
=  o2  +  62. 
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Exercise  13.    Page  50. 


1. 

Sa^. 

6. 

3. 

11. 

4r«2. 

16. 

-268x*. 

2. 

-7x2. 

7. 

-4o»6. 

12. 

7in2n. 

17. 

32a:«y«2«. 

3. 

-7^6. 

8. 

5622. 

13. 

X, 

18. 

5. 

4. 

2z. 

9. 

6m2n. 

14. 

-'2a%3fi. 

19. 

662a:6y2. 

5. 

-6a:«. 

10. 

-7;). 

15. 

-46. 

20. 

6a»a:. 

21.  ^^  =  -+^  =  x  +  2y. 

22.  £!n2a6^a^_2aJ^^_2j 


23  4^-8^^4^_8»;^,^_, 

2i«  2aJ'      2*8 

24  -6^-2..^-6x;__2x.^3^ 

—  2a:  — 2ar       — 2x 

2g    ■,8a5-16aio^-8a_^^JL6ai;^^^  ,^ 

-8a«  -8a8      -  8o« 

2g    27a8-36a2^27a«      8602^3^      ^ 
9a2  9o2        9a2 

jyy    -30aT  +  20a^^-30a^      J0a^^3    ^g^, 
-IO06  -10a6^-10a6 

23    -12xe/,4a:2y2^,12,:6y4_^   4x2y2   ^3   .  ,      ^^ 
-4a:2y2  -4x2y2       -4x2y2  ^   ^ 

29    -3.V,6.5^^-3£V^_6£5g^^^^     ^^^,^ 
-3a:8;j8  -3ar«z8      -8x828 

3o868c6  3a868c6      3a868c6      ^  "     * 

3j^   x2-xy-x2^^^^^^^^^^^^^^ 


—X  —X        —X 

3a8-6a25-9a62       3a8        6a26       9a62 


—  3a  —3a      —3a      —3a 

33     x6.y2  -  3:8y8  ,  >g2y2  ^  ^ySyg        .^8^8       j^tya  ^  ^    _^  .^ 


.a2  + 206  +  362. 
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«-     a«63c-a268c-a26c«      a^ly^c      a^c      a%<*        «,         ,.         „ 

o4.   ; =  — ; : —  — =  a*b  —  alf^  —  ac^. 

abc  abc 


35. 


36. 


abc 
6a62 


abc 

8a8~4a26~6a62^  8a»        4a26 

-2a  —2a      —2a      —2a 

6m»n  — 10  m2n2— 15  TOijS      6nAi      10  m'^rfi      15  mn» 


=  -4a2  +  2a6  +  36>. 


bmn 


5mn        6mn  6fnn 

=  jn2  — 2mn  — 3«2. 


Exercise  14.    Page  54. 


1.  o2  +  7a+12    a  +  4 
a2  +  4a  a  +  3 


2. 

a2- 
a2- 

3a +  12 
3a +12 

-6a  +  6 

a 

-3 

-3a 

a-2 

3. 

-2a  +  6 
-2a  +  6 

h2xy  +  ^ 

2 

^  +  y 

h    xy 

x  +  y 

4. 

l2- 
l2- 

xy  +  y2 
xy  +  y2 

-2ary  +  y2 

ar-y 

x-y 

6. 

a:3. 

-  ^5/ 

-  ^i 

+  y^ 
r  +  y^ 

x  +  ^ 

-y^ 
-y^ 

6. 

4x2  +  12ar  +  9 
4a:2+    6a: 

2x 

+  3 

2a:  +  3 

7. 

6a- +  9 
6a:  +  9 

6ar2-llx  +  4 
6ar2-    8ar 

3ar-4 

2a:-l 

8. 

-  3x  +  4 

-  3x  +  4 

8a:2-10aar-J 

U2 

4a:  +  a 

8a:2+    2aa: 

2a:-3a 

-12aa:-3a2 
-12aa:-3a2 

a  +  2 

9. 

3o2-4a-4 
3a2-6a 

-3a-2 

10. 

2a-4 
2a-4 

a8-8a  -3 
a8-3a2 

-a  +3 

-a2-3a-l 

3a2«8a  -3 
3a2-9a 
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11. 


a4-5a8+lla2~12a  +  6 

a2-3a  +  3 

a*-.3a8+    3a2 

o2  — 2a  +  2 

-2a8+    8o2-12a  +  6 
-2a8+    6a2~   6a 

2a2—    Qa  +  6 
2o2-   6a  +  6 


12.  y*+    y8-   9y2-i6y-4 
y*  +  4y8  4-    4y2 


.y2  +  4.y.f  4 


y2-3^-l 


-3y8_i3y2_i6^_4 
-3y8-12V2-12y 

-  y2_   4y_4 

-  y^-   4y-4 


13.   m*-13ni2  +  36 


in^  +  6  wi  4-  6 


tn^  —  bm-^-e 


-  67n8_i9^2  +  36. 

—  5m8  — 26m2  — 30to 

6to2  4.30to  +  36 
6to2  +  30to  +  36 


14.   -s6-3s2-    s  +1 


g3  +  2s+l 


.s8  +  2s2-3s+l 


2s*+      s8-3s2-      8+1 

2s4  +  4s8  +  2s2 

-3s«-5s2-    «  +  i 
-3s«-6s2-3s 

s2  +  2s+l 
s2  +  2s+l 
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15.  66_2684-l 


62-26+1 


6*  +  268+362  +  26+l 


266-    64_268+l 

266-46^  +  268 

36* -468  +  1 
36* -668 +  362 


268-362+1 
268-462  +  26 


16.   ar*  +  2a:2y2  +  92^ 
a:*  — 2ar8y   +  3a:2y2 


62-26+1 
62^26+1 

a:2-2a:j^  +  3.y2 


x2  +  2xy  +  3y2 


2x8y  -   xY  +  ^y^ 

2a:8y  —  4  a^»y2  4.63.^8 

3a:2y2».6a:y8  +  9y4 
3ar2^2_6a:.y8  +  9y* 


17.  a5  +  66 

a6_a45  +  a86fl_a268^q64  ^ 

a*6  -  a862  +  a268  -  a6*  +  66 
a^b  -  a862  +  a268  -  a6*  +  66 


g4  ,  gSft  4.  0252  _  a68  4.  64 


+  6 


18.  l  +  5a:8.6a:* 
1-    a:  +3a:2 


1-,  3.4.33:2 


l  +  ar  — 2x2 

ar  -3x2+ 6x8 -6a:* 
X  —    x2  +  3x8 

-2x2  +  2x8  — 6x* 
-2x2  +  2x8-6x* 


19.   16x*+    8x2^24.    9^4 
16x*-16x8y  +12x2y2 


4x2  — 4xy  +  3.y2 


4x2  +  4xy+3y2 
9y* 


16x3y  -    4x2y2  4. 
16x8y  -16x2^24.123-^8 

12x2y2_i2a:/  +  9y* 
12x2^^2  _  123:^84.9^4 


21. 
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20.  a:8  +  3j:2y  +  3a:y2  +  y«  +  z8  [ar  +  y  +  g 

arS^    jgy  +  A t2  +  2xy  —  x«  +  y*  — 

2x2^  —  ar2«  +  3ary2  +  y8  ^  ^8 
2aray  +2xy^  +  2xifz 


yz-^z^ 


xy2- 

ary2  +  x22  +  y«  +  «» 

+  y»4-y*« 

- 

ary«  +  ar«2-.y2;j  +  2j» 
xyz             —  y^^j  _  ya;^ 

X7^  ■\' yz^  ■{■  ^ 
xz^  +  y«2  4.  jJJ 

a8  — 3a6c  +  &8  +  c* 
a8  4.  cdh  +  a^c 


a2  —  aft  —  ac  +  62  _  6c  4-  c2 


—  a^ft  —  a^c  —  3a6c  4.  68  +  c« 

-  o2c  +  o62  -  2  a6c  +  6*  4-  c« 

—  a^c  —    a6c  —  ac^ 

—  a6c  +  ac2  — 62c  +  c« 

-  abc  ^b^^bc^ 

ac^  4.  6c2  +  c^ 
ac2  +  6c2  +  c« 


22.   x«-6ary2  +  8y»4-2* 

:c8  _  2ar2y  —  A  +  4 ary2  —  2ary2  4-  xz^ 


x^''2xy  —  xz  +  4y^'-2yz-\-z^ 


x  +  2y-^z 


2a^*y  4- a^2«  —  4  j:y2  — 4a:y«  —  T«2  4- 8y«  +  2« 

2a?2y  — 4ary2  — 2Tyz  4.8^8  —  4^224.2^22 


a^22 
0:2^ 


—  2  a:y2  —  a:z2 

—  2  aryz  —  Tz2 


4-4^22  —  2^224.28 
4-4^22  —  2^224.28 
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23.   2a^+     xy-    xz-^Zy^-^yz-^z^ 
2x2  +  3a:y+    xz 


^2xy-^2xz^  3//2  -  4^^  -  ^2 


^2xy 


-3y2 


y« 


—  2a:« 

—  2x« 


24.  x2-3^2  ^2yz  —  z^ 
x^  ■\'  xy  ■{-    xz 


x  +  y-{-z 


x^y  —  z 
—  xu  —    xz  —  y2  —  2yz  —  «2 

—     war  —  z^ 


-xy- 
•xy 


—      XZ 


yz 


26.  x*  +  a:2y24.y4 
j^JfX^y  +x2^2 


£i+_£^J? 


a:2  —  a:y  4-  y" 


ar2y2  +  ^y8  4.  y4 


,.   :c4-9ar2+12x  -4 

a:2  +  3a:-2 

:c*  +  3ar8-    2a:2 

ar2-.3x  +  2 

-3x8_    7j:2+12a:-4 
-3ar»—    0a:2+    6j: 

2ar2+    6x-4 
2x2+    6ar  — 4 


2x  +  3.y  +  g 


x  —  y-^z 


27.  ^6_2^*-   6/+    4y2+i3y  +  6 
y6  +  3y*+    3y8+      y2 


-6y*-    9y8+    3^2+i3^_,.6 
-5^* -16/ -153/2-    5y 

6^8+183/2+183/ +  6 
63/8  +  18y2+18y  +  6 


■V«  +  3.y2  +  3y  +  i 


3/2-63/  +6 
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28. 

y4-5y2^2  +  4z* 
y4-    y»2  -2y2^2 

y^- 

~yz^ 

22a 

y'^  +  yz-2z^ 

29. 

y%Z     -3/^3^  +  42* 

-'2y^z^  +  2y2^-{-^z* 

x^-\-2xy-Sxz 

x-2y-\-Sz 

-2xy +  3a-z-4y^4-  I2yz^9z^ 
^2xy             -4^2^    6i/z 

30. 

3a:2 
3.r^ 

:r6_41a:-120 

+    Qyz  —  ^z^ 
+    6y«  — 92;2 

a:8_4^2+ 11^^24 

-4a:*-    5a:8 
-4a:*-16T8 

-  41 X  -  120 
-20x2 

llarS 
llar8 

^4+     aJ»-4a:2. 

+  20x2-41x-120 
+  44x2  +  65x 

-24x2-96x-120 
-24x2-96x-120 

31. 

f  5x-3 

-x2-2x  +  3 

a^  +  2a:«-3a:2 

-a:2+    x-1 

-    a:«-2a:2  +  3a: 

32. 

ar2  +  2a:-3 
x2  +  2x-3 

-2x*  +  10ar8-lla:2  +  a: 

+  6 

-2x2  +  4x-3 

-2a:*+    4a:8-    3x2 

a:2-3x-2 

6x8- 
6x8- 

8x2+    a 
12x2  +  9: 

4x2 -8j 
4x2 -8j 

:  +  6 

c 

r  +  e 

c  +  € 
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33.  5x«-   6x5+1 
6x6-10x«  +  5x* 

x2-2x  +  l 

1 

6x*  +  4x3  +  3x2  +  2x  + 

4aHi-5x*+l 
4x6-8x*  +  4x« 

3x4-4x8+1 
3a:4_6x«  +  3x2 

2x8-3x2+1 
2x8-4x2  +  2x 

34. 

x*  +  9x2+81 
:r*-3x8  +  9x2 

-x2+3x- 

x2-2x  + 
x2-2x  + 

-9      36.   x«  +  / 

1 
1 

x2  +  y2 

-x2-3x- 

-9              x6  +  x*y2 

X*-x2y2+^ 

3x8+81 
3x8-9x2 

+  27x 

-x*y2. 

35. 

9x2 
9x2 

a:8  +  x2y  +  xy2 

-27X  +  81 
-27X  +  81 

x^  +  xy  +  y 

+  r2y4 
X2y4 

2         37.   x*  +  a2x2  +  a* 
a4  _  a-p8  ^  a2-p2 

a:2  —  ax  +  a2 

x-y 

x2  +  ax  +  a2 

-X2y-xy2. 
-X2y-X^2. 

ax8  +  a* 
ax«  — a2x2- 

|-rt8a: 

a2x2  -  a8x  +  a* 
a2x2  —  a8x  +  a* 

38.  a2  +  a6  +  2ac-262+76c-3c2     a- 
a2  — a6  +  3ac                                      a  + 

6  + 3c 

26^c 

2a5-    ac-262+75c  — 3c2 
2o6             -262  + 66c 

—  ac 

—  ac 

+    6c-3c2 
+    6c-3c2 
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39.   2a2+    a6-    oc- 362_4ic- c^ 
2a2  +  3a6+     ac 


—  2a6  — 2ac  — 362  — 46c  — c2 

—  2a6  —362—    be 


—  2ac 

—  2ac 


-36c-c2 
-36c-c2 


2a-f  36  +  c 


a  —  b  —  c 


40.    16a*  +  10a8x-f  4a2x2  +  6aa:8  — 3a:* 
16  a*  +  10a8a:-6a2a:2 


9a2a:2  +  6aa:8-3ar* 
90^x2  + 6aa:8_  3^4 


3a2-|-2ax  — .T^ 


5a2  +  3a:2 


41.   a8-6a6- 868-1 
a8-2a26-a2 


a-26-1 


a2  +  2a6  +  a  +  462-26+l 


2a26+      a2-6a6-868-l 
2a26-4o62  — 2a6 


a2 
a2 

+  4a62. 

-4a6- 
-2a6- 

868-1 
a 

4a62. 
4a62 

-2a64- 

a-868- 
-868- 

-1 

-462 

-2a6  + 
-2a6 

0  +  462-1 
+  462  +  26 

a-26  - 
a-26  - 

-1 
-1 

42.   ar8»  —  3  x^y^  +  3  a:»y2n  _  ySn 


xi*  —  ;y** 


a:2n«2a^y»»  +  y2 


—  2  a:2«^n  ^  3  ^^Sn  _  ^8n 

—  2  a:2»^»  +  2  a:«y2n 

r2n  —  «8n 


a;»*w2n  —  «8n 

43. 

a^f^-nbn  „  4  a»»+n-l52n  _  27am+n-2J8n  ^.  42a'»+«-8ft4n 

a™+»6»  +  3  a"»+«-i62«  —   6a"*+^-%^n 


—  7  a'»+«-i62«  —  21a'»+»-268»  +  42a™+«-86*» 

—  7  a'»+«-i62»»  —  21a"*+»-268n  4. 42a»»+»*-86*« 


a"»+  3q"*-^6'*— 6a"*"^62n 


a»6»— 7a»~i62« 
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Exercise  15.    Page  57. 


1.    ia^+   i6V  +  A 


2.  is^-^-Sax-'   Ja* 
2x2 -fax-    1^2 

Jx2+|«x-JgLaa 


4.   ic2-3c-J 


6.  Jx-Jx2  +  ix» 
ix  4.Jx2+i:r» 


iy-^i'-o-xV^  +  i*  j^ 

6.  0.5m*-0.47n«n+1.2m2n2+0.8mn8-1.4n* 
0.4ni2_0.6TOn-0.8n2 


ix2-ix8+}x* 


+  A^  +^^ 


0.2m6_4).167n5„4.o.48OT*n2+o.32m8n8-0.66m2n* 

-0.30»i6n+0.247»*n2-0.72m8n8— 0.48TO2n*+0.84mn6 

-0.40m*n2+0.32in8n8-0.96ff|2n4-0.64inn6+ 1 .1 2n6 

0.2m«-0.46m5n+0.32m<n2-0.08w8n8—     2TO2n44.  0.2mnH1.12n« 


7.  ^«,a*-|a36+i|a262+Ja68 
Aa*  +  ia86 


^«4-46 


Ja8-fa26+ Ja62 


-  a86+H«'^  +  *«^ 

-  a^b-    ftt262 

fa262  4.|a68 
fa262  +  Jaft8 


8.  -ie;5  +  |e/*-fid8  4.rf2 


-|rf2.f  2rf 


i^-f^+i^ 


irf*-J}rf84-rf2 
-     1^34.^2 
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Exercise  16.    Page  57. 

1.  18  +  28-38  +  3x1x2x3=1  +  8-27  +  18  =  0. 

2.  V2bE -a=\/2x8x9-23=12-23  =  -ll; 
V26c-«=  V2x8x9-23=  Vl44-23=  Vl2l=ll: 

3.  a26  — a62+     fts  4,   a2«  —  a^fr"  +  !»2m 

a8  — Ja26  +  a62  — }68  a"*  +  6» 


a8  +  J  a^fc  +  J  ^  a*"*  —  a2»»6»»  +  o^t^"* 

+  a^wft*  —  a^i^w  +  58m 

Q8m  +  ^m 


5. 

4a2«H-4  +  6  a"*+8  +  9a2 
20"+*  -3a8 

8  a8«+8  +  12  a2'»+7  +  18  a«+« 

-  12  a2'»+7  -  18  a»»+6  -  27  a^ 

6. 

8.a8«+8 

a:8  +  30a:yz  +  8/-125«8 
a:8  +  2a:2y-5a:2« 

-27a6 

ar  +  2.v  — 52 

a:2  —  2  xy  +  5  0:2  +  4y2  +  10^2  +  2522 

—  2  ar2y  +  SA  +  30r^z  - 
-2^:2^- 4  0:^24.100:^2 

f  8^8-12522 

bx^z  +  4a:y2  +  20a:y«  +  8/  _  12628 
SA                +10a:y2-25a:22 

4a:y2  +  10  arj^z  +  25x22  +  8y8  _  12528 
4.xf                                +8y8_20y2^ 

10  0:3(2  +  25  0:22             +  20  y^z  -  125  28 
10  xyz                           +  20  y'^z  —  50  ^22 

25X22                                          +50^22-12528 

25x22                           +  60  y22_  12628 

7.    (x-a)2-(x-6)2-(a-fc)(a  +  6-3x) 

=  x2  -  2ax  +  a2  —  j:2  +  26x  -  62  «  a2  +  62  +  3a^  _  35a. 

=  ax  —  6x. 
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8.  x  +  a-2[2a-6(c  — a:)]  =  ar  +  a  — 2[2o-6c  +  6j:] 
=  ar  +  a  —  4o  +  2  6c  —  26jr 
=  (l-26)a:-3a  +  26c. 

9  4a*+2»-i_   7  a.2m-8iH-a  4.   5xafH-»»»-2 


10. 


20  j:  -35ar«-6n+*  +26a:2m 


12. 


13. 


gl+gf  —  a»  -f  gg+Sy 


j:  — ;gm-5n-H^a.2»i> 


«-2-ae+2ir        o2-x+2»  "^  a2-«+2» 


-f2-«-2» 


22-m-2»        ^2— m-2n        ^-m-2n 


«2p-fn+l 


y2p-m+l  y2p-m+l        y2p-»+l 


:  y«-p-l  —  y-8m-2p+2  ^  ym+2p. 


15.   2  a:**  —  6  X^n^n  4.  (J  :cny2n  __  2  y8n 

2a*»-2x2»y» 


jr_ 


2  x2»  —  4  ar^y**  +  2  y^n 


—  4  x2»y«  -f  6  ar«y2n  «  2  y^" 
-4ar2»»y»  +  4x«y2'» 

2ar«y2»  — 2y«*» 
2  ar»»y2n  „  2  y*" 


16.  J:»-2aJ^»+o2x-a6ar-62ar+o26  +  a62 
x»-    aa:2  4,  5jy2  «.  aja: 


x^  "' ax  -{■  bx  —  ah 


x  —  a-^b 


-  ax2  —  bx^  +  a^x  —  b^x  +  a26  +  a62 

-  ax^  +a^x  —  abx  +  a% 

—  6x2  ^abx"  b^x  +  a62 

—  6x2  + afcx  — 62^.4,052 
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17.   x*^  +  a:^"*  4-  1      I  jg"*  —  x"  -f  1 


ar8« 

+  1 
-r2»  + 

jrm 

a:2«- 

X2«- 

x»4-l 
ar«+l 

18.   3j*»+7  — 4a:"H-6_i2ar«+6_9a^iiH-4 


a:"H-*  _  3  2-«-t-8 


3x«  +  6a:^+3ar 


3a:m+6_9a*»+4 
3x"H-6_9x"H-* 


19.  "6  r*"H-6  - 13  ar»«+6  +  13  x2m+5  _  13  y^+6  «  5  ^ 

6a:*«+6_    9a^»»+6_    3j:2m+5 


2a:2"  — 3x"*  — 1 


_   4^in+6^    6a:2"H-6-j_    2r»H-6 

10  a:2»»+5  _  15  ^m+5  _  5  a:6 
10j^m+5_15^«H-6_5ar6 

20.   12a6«-8-  a*--2-20a8»-i4-19a2»-10a«+i 


3x2»»+6_2a:"H-6  +  5arS 


4a2n-3aH-i  +  2ag 


21. 
22. 


8a*»-2  _  26a8"-i  +  19a2«  -  10a«+i 
8a*«-2—  6a8'»~i4-  4a2» 

—  20a8«-i  +  16a2«  —  10a«+l 
~  20a8»-i  4-  15a2»  ~  10a»+i 

(1  -  a^)x^  -  (a2  4.  a)a:2  _(26  +  a  +  c  +  6c)a:. 


3  a8»-8  +  2  o2«-2  —  6  a^-i 


1.2  a^a:  —  5.494  a8ar2  +  4.8  a^x^  +  0.9  ax^ -^  x^ 
1.2  a*^:- 4.000  a8r2 


0.6aar  — 2t2 


2a8. 


-1.494a3a:2-f  4.8   a2a:8 
-  1.494  083:24- 4.98  a2a:8 


.2.49a2a:  — 0.3aa:2 
[4-0.60^ 


-  0.18022:84- 0.9  aar* 

—  0.18  02^:84.  0.6  aar* 


0.3  aa^  —  a^ 
0.3  aa^  —  a:6 
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23.  ia2-    lab  +      J62 
|a  +    jb 

+  A«^ft"    A«^'H-tV68 

24.  fo'-'  +  aft+Jfta 


-    fa26-    |a52-^62 


25.    ia8  +  ^i,a62  +  ^i^63 
ia8+    ia25 


Ja2-ia6+i62 


-    ia^b-^j\ab2  +  ^^b^ 
ia62+^68 

26.     10:8-    ia:y+    Jy2  27.   2a:2-Jxy+     y2 

ix2+    ixy+    ^y2  ^"+i:ryiy2 


Exercise  17.    Page  64. 

1-  x-5  =  7 

Transpose  —  6  to  right  side,  a:  =  7  +  6 

Combine,  ar  =  12 

2.  ar  +  8  =  12 
Transpose  8  to  right  side,  ar  =  12  —  8 
Combine,  ar  =  4 

3.  6ar-12=18 
Transpose  —  12  to  right  side,  6  ar  =  18  +  12 
Combine,  6z  =  30 
Divide  by  6,  x  =  6 
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4. 

Transpose  —  3  to  right  side, 

Combine, 

Divide  by  7, 

7ar-3  =  25 
7ar  =  25  +  3 
7ar  =  28 
ar  =  4 

6. 

Transpose  8  to  right  side, 

Combine, 

Divide  by  6, 

6ar  +  8  =  43 
5ar  =  43-8 
5a:  =  35 

a:=7 

6.  2a:-5  =  7  +  a: 
Transpose  —  6  to  right  side,  and  x  to  left  side, 

2a:  — a:=7  +  6 
Combine,  a:  =  12 

7.  2a:-4  =  5-a: 
Transpose  —  4  to  right  side,  and  —  a:  to  left  side, 

2a:  +  a:  =  6  +  4 
Combine,  3  a:  =  9 

Divide  by  3,  a:  =  3 

8.  5a: -2  =  3a: +  4 
Transpose  —2  to  right  side,  and  3  a:  to  left  side, 

5a:  — 3a:  =  4  +  2 
Combine,  2  a:  =  6 

Divide  by  2,  a:  =  3 

9.  7a:-5  =  6a:-.l 
Transpose  —  5  to  right  side,  and  6  a:  to  left  side, 

7a:-6a:  =  -H-5 
Combine,  a:  =  4 

10.  5a:-3  =  25-2a: 
Transpose  —  3  to  right  side,  and  —  2  a:  to  left  side, 

6a:  +  2a:  =  25  +  3 
Combine,  7  a:  =  28 

Divide  by  7,  ^  a:  =  4 

11.  3a:  =  a:  +  8 
Transpose  x  to  left  side,  2a:  =  8 
Divide  by  2,                     '  a:  =  4 
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12.  2ar-6  =  3r 
Transpose  5  to  right  side,  and  3  x  to  left  side, 

2a:-3a:  =  6 
Combine,  —  a:  =  5 

Multiply  by  —  1  x  =  —  6 

13.  2a:-3  =  8  +  a: 
Transpose  —  3  to  right  side,  and  x  to  left  side, 

2x  — a:  =  8  +  3 
Combine,  x  =  11 

14.  5x  +  4  =  20  +  x 
Transpose  4  to  right  side,  and  x  to  left  side, 

6a:  — x=20  — 4 
Combine,  4  x  =  16 

Diride  by  4,  x  =  4 

15.  2x-3=7-x 
Transpose  —  3  to  right  side,  and  —  x  to  left  side, 

2x  +  a:=7  +  3' 
Combine,  3x=10 

Diyideby3,  «=V 

16.  8x-4  =  12-x 
Transpose  —4  to  right  side,  and  —  x  to  left  side, 

3x  +  a:=12  +  4 
Combine,  4  x  =  16 

Diyide  by  4,  x  =  4 

17.  2x-6=7-2x 
Transpose  —  6  to  right  side,  and  —  2  x  to  left  side, 

2x  +  2x=7  +  5 
Combine,  4x=12 

Diyide  by  4,  x  =  3 

18.  *3x+14=2-x 

Transpose  14  to  right  side,  and  —  x  to  left  side,  « 

3x+x=2-14 
Combine,  4x  =  — 12 

Diyide  by  4,  x  =  —  3 
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19.  2a:-5  =  4a:-ll 

Transpose  ~  5  to  right  side,  and  4  x  to  left  side, 

2ar-4ar=:-lH-5 


Combine, 

-.2ar  =  -6 

Divide  by  —  2, 

x  =  3 

20. 

ar(x-7)  =  a:a-70 

RemoTe  parenthesis. 

xa-7x  =  x2-70 

Cancel  the  x^% 

-7x  =  -70 

Divide  by  —  7, 

x=10 

21.  x(3x-2)  =  3x(x-l).l-2 
Remove  parentheses,  Sx^  —  2x=3x2  —  3x  +  2 
Cancel  the  x2'8,  —  2  x  =  —  3  x  +  2 
Transpose  —  3  x  to  left  side,  x  =  2 

22.  3x-6  =  4x-10 
Transpose  —6  to  right  side,  and  4x  to  left  side, 

3x-4x=:-10  +  5 
Combine,  —  x  =  — 6 

Multiply  by  —  1,  x  =  6 

23.  2x-4=14-x 
Transpose  —  4  to  right  side,  and  —  x  to  left  side, 

2x  +  x=14  +  4 
Combine,  3x=18 

Divide  by  3,  x  =  6 

24.  3x-8  =  4x-ll 
Transpose  —8  to  right  side,  and  4x  to  left  side,. 

3x-4x=-lH-8 
Combine,  —  x  =  —  3 

Multiply  by  —  1  x  =  3 

25.  2x-6=7-x 
Transpose  —  6  to  right  side,  and  —  x  to  left  side, 

2x+x=7+5 
Combine,  3x=12 

Divide  by  3,  x  =  4 
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38.  2  a:2  -  23  =  (2  r  +  1 )  (ar  -  3) 

RemoYe  parentheses,  2x2  —  23  =  2jr3-.6x  —  3 

Cancel  the  ar^'s,  —  23  =  —  6t  —  3 

Transpose  —5  a:  to  the  right  side,  and  —23  to  the  left  side, 

5ar  =  -3  +  23 
Comhine,  6  a:  =  20 

Divide  by  6,  a:  =  4 

27.  ^     (a:+3)(a:-7)-(x-4)(ar+l)  =  25 
RemoTe  parentheses, 

a:2  _4a:  -  21  -  a:2  +  3ar  +  4  =  25 
Combine,  —  a:  —  17  =  25 

Transpose  — 17  to  right  side,  —  a:  =  25  +  17 

Combine,  —  a:  =  42 

Multiply  by  —  1,  a:  =  —  42 

28.  (2a:-l)(a:+3)-(a:-3)(2a:-3)  =  72 
Remove  parentheses, 

2 x2  +  5ar  -  3  -  2  x2  +  9a:  -  9  =  72 
Combine,  14  a:  —  12  =  72 

Transpose  — 12  to  right  side,  14  a:  =  72  +  12 

Combine,  14  a:  =  84 

Divide  by  14,  a:  =  6 

29.  a:(a:  -  5)  =  a:2- 30 
Remove  parentheses,  a:2  —  5  a:  =  a:2  —  30 
Cancel  the  x^\  —  5  a:  =  —  30 
Divide  by  —  5,  a:  =  6 

30.  a;(a:  +  3)  =  a:2+ 18 
Remove  parentheses,  a:^  -f-  3  a:  =  a:2  +  18 
Cancel  the  a:2'8,  3  a:  =18 
Divide  by  3,  ar  =  6 

31.  (a:-3)(x  +  l)=x2-3a:+l 
Remove  parentheses ,  a:2_2a:  —  3  =  a:2  —  3a:+l 
Cancel  the  a:2'8,  -2a:  —  3  =  —  3a:+l 
Transpose  —  3  to  right  side,  and  —  3  a:  to  left  side, 

—  2a:  +  3a:=l  +  3 
Combine,  a:  =  4 
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32.  (x-  l)(x  +  2)  +  (x  +  3)(2r-  1)  =  2a:(2r  +  4)  -  (:r  +  1) 
RemoTe  parentheses, 

ar3  4-x-2  +  x2_j.22r-3  =  2a:2  4.8a:-2r— 1 
Combine,  22:2  +  3a:-6  =  2ar2  +  7ar-l 

Cancel  the  x^\  3a:  —  5  =  7ar  —  1 

Transpose  —  6  to  right  side,  and  7  x  to  left  side, 

3x  — 7j:=  — 1  +  5 
Combine,  —  4  r  =  4 

Divide  by  —  4,  r  =  —  1 

33.  z(j:  +  8)  -  (j:  +  l)(jr -  2)  -  5(a:  +  3)  +  3  =  0 
Remove  parentheses,    x^-fSa:  —  j:2^a.^2  —  5j:  —  16  +  3  =  0 
Combine,  4  x  —  10  =  0 
Transposes-  10  to  right  side,  4a:  =  10 
Divide  by  4,  x=  | 

34.  (a:  _  3)  (a:  +  3)  -  (a:  -  4)  (x  +  4)  -  X  =  0 
Remove  parentheses,  x^  —  9  —  x^  +  10  —  x  =  0 
Combine,  7  —  x  =  0 
Transpose  7  to  right  side,  —  x  =  —  7 
Divide  by  —  1,  x  =  7 

Exercise  18.     Page  69. 

1.  If  a  number  is  multiplied  by  7,  the  product  is  301.     Find   the 
number. 

Let  X  =  the  number. 

Then,  7  x  =  the  number  multiplied  by  7. 

But,  301  =  the  number  multiplied  by  7. 

.-.  7x=301 
.-.  X  =  43, 
Therefore  the  number  is  43. 

2.  The  sum  of  two  numbers  is  48,  and  the  greater  is  five  times  the 
less.    Find  the  numbers. 

Let  X  =  the  less  number. 

Then,  6x  =  5  times  the  less  number. 

Hence,  5x  =  the  greater  number, 

and  X  +  5  X  =  the  sum  of  the  two  numbers. 

But,  48  =  the  sum  of  the  two  numbers. 
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.'.  a:+  6x  =  48 
6ar=:48 
/.  x=8 
6a:  =  40 
Therefore  the  numbers  are  8  and  40. 

3.  The  sum  of  two  numbers  is  26,  and  seven  times  the  less  exceeds 
three  times  the  greater  by  86.    Find  the  numbers. 

Let  x=  the  less  number. 

Then,  26  —  a:  =  the  greater  number. 

Now,  7  a:  =  7  times  the  less  number, 

and  3  (26  —  x)  =  3  times  the  greater  number. 

Then,         7  j:  —  3  (25  —  ar)  =  the  excess  of  7  times  the  less  number 

over  3  times  the  greater. 
Bat,  35  =  this  excess. 

.-.  7a:-3(26-a:)  =  35 
7a:  — 76  + 3  a:  =36 
10  a:  =110 
.-.  a:  =11 
25-.r=14 
Therefore  the  numbers  are  11  and  14. 

4.  Divide  20  in  two  parts  such  that  four  times  the  greater  exceeds 
three  times  the  less  by  17. 

Let  x-=  the  less  part. 

Then,  20  —  a:  =  the  greater  part, 

and  3ar  =  3  times  the  less  part. 

4(20  —  a:)  =  4  times  the  greater  part. 
Then,  4(20  — x)  — 3  a:  =  the  excess  of  4  times  the  greater  part 

over  3  times  the  less  part. 
But  17  =  this  excess. 

4(20 -a:) -3a:  =17 
80-4a:-3x=17 
80-7a:=17 
-7a:  =  -63 
.-.  a:  =  9» 
20-a:=ll 
Therefore  the  parts  are  9  and  11. 
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5.  Divide  23  into  two  parts  such  that  the  sum  of  twice  the  greater 
part  and  three  times  the  less  part  is  57. 

Let  X  =  the  less  part. 

Then,  23  —  x  =  the  greater  part, 

and  3  j;  =  3  times  the  less  part. 

2(23  —  ar)  =  2  times  the  greater  part. 
Then,  2(23  —  j:)  +  3  j:  =  the  sum  of  twice  the  greater  part  and 

3  times  the  smaller  part. 
But,  67  =  this  sum. 

.-.  2(23-r)  +  3T=67 
46-2a:+3a:=57 
46  +  ar  =  67 
ar=ll 
23  -  a:  =  12 
Therefore  the  two  parts  are  11  and  12. 

6.  Divide  19  into  two  parts  such  that  the  greater  part  exceeds  twice 
the  less  part  hy  1  less  than  twice  the  less  part. 

Let  X  =  the  less  part. 

Then,  19  —  ar  =  the  greater  part, 

and  2x=  twice  the  less  part. 

Then,  19  —  a:  —  2  a:  =  the  excess  of  the  greater  part  over  twice 

the  less  part. 
But,  2  ar  —  1  =  this  excess. 

.-.  19-.a:-2a:=2a:-l 
19-3a:=r2ar-l 
-6a:  =  -20 
ar  =  4 
19-ar=15 
Therefore  the  two  parts  are  4  and  15. 

7.  A  tree  84  feet  high  was  broken  so  that  the  part  broken  off  was 
five  times  the  length  of  the  part  left  standing.  Required  the  length  of 
each  part. 

Let  X  =  the  number  of  feet  in  length  of  the  part  left  standing. 

Then,  84  —  ar  =  the  number  of  feet  in  length  of  the  part  broken  off, 
and  6  a:  =  5  times  the  number  of  feet  in  length  of  the  part  left 

standing. 
But  the  last  two  numbers  are  equal. 
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/.  84-x  =  6x 
-6x  =  -84 
x=U 
6x=10 
Therefore  the  length  of  the  part  left  standing  was  14  feet ;  that  of 
the  part  broken  off  was  70  feet. 

8.  Four  times  the  smaller  of  two  numbers  is  three  times  the  greater, 
aod  their  sum  is  63.     Find  the  numbers. 

Let  x=  the  smaller  number. 

Then,  63  —  j:  =  the  greater  number, 

and  4  X  =  4  times  the  smaller  number. 

3(63  —  ar)  =  3  times  the  greater  number. 
Bat  these  last  two  numbers  are  equal. 
.-.  4r=.3(63-a:) 
4x=189-3ar 
7a:  =189 
.-.  X  =  27 
63-ar  =  36 
Therefore  the  numbers  are  27  and  36. 

9.  A  farmer  sold  a  sheep,  a  cow,  and  a  horse  for  $216.  He  sold  the 
cow  for  seven  times  as  much  as  the  sheep,  and  the  horse  for  four  times 
as  much  as  the  cow.     How  much  did  he  get  for  each  ? 

Let  X  =  the  number  of  dollars  for  which  he  sold 

the  sheep. 
Then,  7  a:  =  the  number  of  dollars  for  which  he  sold 

the  cow, 
and  28  a:  =  the  number  of  dollars  for  which  he  sold 

the  horse. 
Hence,  a:  +  7  a:  +  28  a:  =  the  number  of  dollars  for  which  he  sold 

the  three. 
But,  216  =  this  number  of  dollars. 

.-.  a:  +  7a:  +  28a:  =  216 
36  a:  =  216 
/.  a:  =  6 
7a:  =  42 
28  a:  =  168 
Therefore  he  sold  the  sheep  for  $6,  the  cow  for  $42,  and  the  horse 
for  1168. 
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10.  Distribute  $16  among  Thomas,  Richard,  and  Henry  so  that 
Thomas  and  Richard  shall  each  have  twice  as  much  as  Henrj. 

Let  X  —  the  number  of  dollars  to  be  given  to 

Henry. 
Then  2ar=  the  number  of  dollars  to  be  given  to 

Richard, 
and  2  r  =  the  number  of  dollars  to  be  given  to 

Thomas. 
Hence,  a:  +  2a:  +  2a:  =  the  entire  number  of  dollars  to  be  dis- 

tributed. 
But,  16  =  this  number  of  dollars. 

.-.  ar  +  2a:  +  2j:=16 
6x=16 
.-.  x  =  Z 
2a:=6 
Therefore  Henry  must  receive  $3,  and  Thomas  and  Richard  $6  each. 

11.  Three  men.  A,  B,  and  C,  pay  $1000  taxes.  B  pays  four  times 
as  much  as  A,  and  C  pays  as  much  as  A  and  B  together.  How  much 
does  each  pay  ? 

Let  X  —  the  number  of  dollars  that  A  pays. 

Then,  4  a:  =  the  number  of  dollars  that  B  pays, 

and  X  +  4  a:  =  the  number  of  dollars  that  C  pays. 

Hence,       r  +  4a:  +  a:  +  4a:=  the  number  of  dollars  that  all  pay. 
But,  1000  =  this  number. 

.-.  ar  +  4ar  +  ar  +  4a:=1000  . 
10  a:  =1000 
.-.  X  =  100 
4a:  =  400 
a:  +  4a:  =  500 
Therefore  A  pays  $100;  B,  $400;  and  C,  $600. 

12.  John's  age  is  three  times  the  age  of  James,  and  their  ages 
together  are  16  years.    What  is  the  age  of  each  ? 

Let  X  —  the  number  of  years  in  James'  age. 

Then,  3  a:  =  the  number  of  years  in  John's  age, 

and  ar  +  3  a:  =  the  number  of  years  in  their  ages  to- 

gether. 
But  16  =  this  number. 
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.-.  x  +  3x=16 
4x=16 
.-.  x  =  4 
3ar=12 
Therefore  James  is  4  years  old,  and  John  12  years  old. 

13.  Twice  a  certain  number  increased  by  8  is  40.    Find  the  number. 
Let  X  =  the  number. 

Then,  2x=  twice  the  number, 

and  2  ar  +  8  =  twice  the  number  increased  by  8. 

But,  40  =  twice  the  number  increased  by  8. 

.-.  2t  +  8  =  40 
2a:  =  32 
.-.  a:  =16 
Therefore  the  number  is  16. 

14.  Three  times  a  certain  number  is  46  more  than  the  number  itself. 
Find  the  number. 

Let  x=  the  number. 

Then,  Sx=S  times  the  number, 

and  X  +  46  =  the  number  increased  by  46. 

Bat  the  last  two  numbers  are  equal. 
.-.  3ar  =  ar  +  46 
2ar  =  46 
.-.  x  =  2S 
Therefore  the  number  is  23. 

15.  One  number  is  four  times  as  large  as  another.  If  I  take  the 
smaller  from  12  and  the  greater  from  21,  the  remainders  are  equal. 
What  are  the  numbers  ? 

Let  X  =  the  smaller  number. 

Then,  4  a:  =  the  greater  number, 

and  12  —  x  =  12  decreased  by  the  smaller  number. 

21  —  4x  =  21  decreased  by  the  greater  number. 
But  the  last  two  numbers  are  equal. 
.-.  12-a:=21-4a: 
3a:  =  9 
.-.  x  =  S 
4a:=12 
Therefore  the  numbers  are  3  and  12. 
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16.  The  joint  ages  of  a  father  and  son  are -70  years.  If  the  age  of 
the  son  were  doubled,  he  would  be  4  years  younger  than  his  father. 
What  is  the  age  of  each  1 

Let  X  =  the  number  of  years  in  the  son's  age. 

Then,  70  —  a:  =  the  number  of  years  in  the  father's  age, 

and  2x=:  double  the  number  of  years  in  the  son's 

age. 
2  x  +  4  =  double  the  number  of  years  in  the  son's 
age  increased  by  4. 
But  this  is  the  number  of  years  in  the  father's  age. 
.-.  2x+4  =  70  — ar 
3a:  =  66 
.-.  a:  =  22 
70-x  =  48 
Therefore  the  son  is  22  years  old,  and  the  father  48  years  old. 

17.  A  man  has  6  sons,  each  4  years  older  than  the  next  younger. 
The  eldest  is  three  times  as  old  as  the  youngest.  What  is  the  age  of 
each? 

Let  X  =  the  number  of  years  in  the  age  of  the 

youngest  son. 
Then,  a:  +  20  =  the  number  of  years  in  the  age  of  the 

oldest  son. 
But  the  latter  number  is  three  times  the  former. 
.'.  ar  +  20  =  3a: 
-2a:  =  -20 
.-.  ar=10 
x  +  20  =  30 
Therefore  the  youngest  son  is  10  years  old,  and  the  oldest  son  is  30 
years  old. 

18.  Add  $24  to  a  certain  amount,  and  the  sum  will  be  as  much 
above  $80  as  the  amount  is  below  $80.     What  is  the  amount  ? 

Let  X  =  the  number  of  dollars  in  the  amount. 

Then,  80  —  a:  =  the  number  of  dollars  in  tlie  amount 

below  $80, 
and  a:  +  24  =  the  number  of  dollars  increased  by  24. 

ar  +  24  —  80  =  the  excess  of  the  increased  number  of 
dollars  above  $  80. 
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/.  80  —  a:  =  X  +  2I  —  80 
-.2a:=-136 
/.  x  =  68 
Therefore  the  amount  is  $68. 

19.  Thirty  yards  of  cloth  and  40  yards  of  silk  together  cost  $330; 
and  the  silk  costs  twice  as  much  per  yard  as  the  cloth.  How  much 
does  each  cost  per  yard  ? 

Let  x=  the  number  of  dollars  the  cloth  costs  per  yard. 

Then,  2  r  =  the  number  of  dollars  the  silk  costs  per  yard, 

and  30  X  =  the  number  of  dollars  30  yards  of  cloth  cost. 

80  a:  =  the  number  of  dollars  40  yards  of  silk  cost. 
30x  +  80  j:  =  the  number  of  dollars  both  cost. 
But,  330  =  this  number  of  dollars. 

.-.  30a:  +  80r=330 
110  a:  =  330 
.-.  x=Z 
2a:  =  6 
Therefore  the  cloth  costs  $  3  per  yard,  and  the  silk  $  6  per  yard. 

20.  Find  the  number  whose  double  diminished  by  24  exceeds  80  by 
as  much  as  the  number  itself  is  less  than  100. 

Let  X  =  the  number. 

Then,  2  x  =  double  the  number. 

2  ar  —  24  =  double  the  number  decreased  by  24. 
2  a:  —  24  —  80  =  excess  of  last  number  over  80. 
100  —  a:  =  excess  of  100  over  the  number. 
But  the  last  two  numbers  are  equal. 
.-.  2a:-24-.80=100-ar 
3a:  =  204 
a:  =  68 
Therefore  the  number  is  68. 

21.  In  a  company  of  180  persons,  composed  of  men,  women,  and 
children,  there  are  twice  as  many  men  as  women,  and  three  times  as 
many  women  as  children.    How  many  are  there  of  each  ? 

Let  a:  =  the  number  of  children. 

Then,  3  a:  =  the  number  of  women, 

and  6  a:  =  the  number  of  men. 
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Hence,  x  +  3x  +  6x=  the  entire  number. 

But,  180  :=  the  entire  number. 

.-.  x-\-Sx-\-6x=lS0 
10ar=180 
.-.  x=18 
3x=64 
6x=108 
Therefore  there  are  18  children,  64  women,  and  108  men. 

22.  A  banker  was  asked  to  pay  $  66  in  five-dollar  and  two-dollar 
bills  in  such  a  manner  as  to  pay  the  same  number  of  each  kind  of  bills. 
How  many  bills  of  each  kind  must  he  pay  ? 

Let  X  =  the  number  of  bills  of  each  kind  used. 

Then  6x  =  the  number  of  dollars  paid  in  $  6  bills, 

and  2  X  =  the  number  paid  in  $2  bills. 

Hence,  6  a:  +  2  a:  =  the  entire  number  of  dollars  paid. 

But,  66  =  this  number. 

.-.  6x4- 2a:  =66 
7x=66 
x=8 
Therefore  he  must  pay  8  bills  of  each  kind. 

23.  How  can  $  3.60  be  paid  in  quarters  and  ten-cent  pieces  so  as  to 
pay  twice  as  many  ten-cent  pieces  as  quarters  ? 

Let  X  =  the  number  of  quarters. 

Then,  2x  =  the  number  of  ten-cent  pieces, 

and  26  X  =  the  number  of  cents  paid  in  quarters. 

20  X  =  the  number  of  cents  paid  in  ten-cent 
pieces. 
26x  -H  20x  =  the  number  of  cents  paid  in  all. 
But,  360  =  this  number. 

.-.  26x  +  20x  =  360 
46x  =  360 
x=8 
2x=16 
Therefore  8  quarters  and  16  ten-cent  pieces  must  be  paid. 

24.  I  have  $  1.98  in  ten-cent  pieces  and  three-cent  pieces,  and  have 
four  times  as  many  three-cent  pieces  as  ten-cent  pieces.  How  many 
have  I  of  each  1 


\ 

teachers'  edition.  51 

Let  x=  the  number  of  ten-cent  pieces. 

Then,  4  a:  =  the  number  of  three-cent  pieces, 

and  10  x  =  the  number  of  cents  in  ten-cent  pieces. 

\2x=  the  number  of  cents  in  three-cent  pieces. 
10  X  -H  12  X  =  the  entire  number  of  cents. 
But,  198  =  the  entire  number  of  cents. 

.-.  10ar+12a:=198 
22  a:  =198 
a:=9 
4ar  =  36 
Therefore  I  have  9  ten-cent  pieces  and  36  three-cent  pieces. 

25.  I  have  ^  17  dollars  in  two-dollar  bills  and  twenty -five-cent  pieces, 
and  haye  twice  as  many  bills  as  coins.     How  many  have  I  of  each  ? 

Let  X  =  the  number  of  coins. 

Then,  2  x  =  the  number  of  bills, 

and  2b  x=  the  number  of  cents  in  coins. 

400  X  =  the  number  of  cents  in  bills. 
25ar  -f  400  ar  =  the  entire  number  of  cents. 
But,  1700  =  the  entire  number  of  cents. 

.-.  25ar-|-400a:=1700 
426  ar=  1700 
/.  a:  =  4 
2a:  =  8 
Therefore  I  have  4  coins  and  8  bills. 

26.  I  have  $6.50  in  silver  dollars  and  ten-cent  pieces,  and  I  have  20 
coins  in  all.    How  many  have  I  of  each  ? 

Let  X  =  the  number  of  ten-cent  pieces. 

Then,  20  —  ar  =  the  number  of  silver  dollars, 

and  lOar  =  the  number  of  cents  in  ten-cent  pieces. 

100(20  —  a:)  =  the  number  of  cents  in  silver  dollars. 
lOar  -I- 100(20  —  a:)  =  the  entire  number  of  cents. 
But,  650  =  the  entire  number  of  cents. 

.-.  10  a: +100(20 -a:)  =  660 
10x+ 2000- 100x  =  650 

-90  a:  =  -1350 

.-.  ar=15 
20-x=5 
Therefore  I  have  15  ten-cent  pieces  and  5  silver  dollars. 
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27.  A  bought  9  dozen  oranges  for  $2.00.  For  a  part  he  paid  20 
cents  per  dozen ;  for  the  remainder  he  paid  25  cents  a  dozen.  How 
many  dozen  of  each  kind  did  he  buy  ? 

Let  X  =  the  number  of  dozen  bought  at  20  cents. 

Then,  9  —  x=  the  number  of  dozen  bought  at  25  cents, 

and  20  x  =  the  number  of  cents  paid  for  the  first  lot. 

(9  —  x)25=  the  number  of  cents  paid  for  the  second 
lot. 
20ar  +  (9  —  x)25  =  the  number  of  cents  paid  for  all. 
But,  200  =  the  number  of  cents  paid  for  all. 

.-.  20x  +  (9-a:)25  =  200 
20x- 26  a: +  225  =  200 
-5a:  =  -26 

.-.  a:  =  5 
9-x  =  4 
Therefore  he  bought  5  dozen  of  the  first  kind  and  4  of  the  second. 

28.  A  gentleman  gave  some  children  10  cents  apiece,  and  found  that 
he  had  just  50  cents  left.  If  he  had  had  another  half-dollar,  he  might 
have  given  each  of  them  at  first  20  cents  instead  of  10  cents.  How 
many  children  were  there  ? 

Let  X  =  the  number  of  children. 

Then,  10  a:  =  the  number  of  cents  given  them. 

Also,  20  X  =  the  number  of  cents  he  would  have  given 

them,  had  he  given  each  20  cents. 
But  the  second  amount  is  100  cents  more  than  the  first. 
.-.  20a:=10x+100 
10x=100 
x=10 
Therefore  there  were  10  children. 

29.  A  is  twice  as  old  as  B  and  6  years  younger  than  C.  The  sum  of 
the  ages  of  A,  B,  and  C  is  96  years.     What  is  the  age  of  B  ? 

Let  X  =  the  number  of  years  in  B*s  age. 

Then,  2x  =  the  number  of  years  in  A's  age, 

and  2  X  +  6  =  the  number  of  years  in  C's  age. 

Hence,       x  +  2x+2x  +  6  =  the  number  of  years  in  the  sum  of  their 

ages. 
But,  96  =  the  number  of  years  in  the  sum  of  their 

ages. 
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.-.  a:  +  2ar  +  2ar  +  6  =  96 

62r  =  90 

.-.  ar=18 

2ar  =  36 

2ar-f  6  =  22 

Therefore  B  is  18  years  old. 

30.  Divide  a  line  24  inches  long  into  two  parts  such  that  the  one 
part  shall  be  6  inches  longer  than  the  other. 

Let  X  =  the  number  of  inches  in  the  shorter  part. 

Then,  24  —  or  =  the  number  of  inches  in  the  larger  part. 

Bat  the  latter  part  is  6  inches  longer  than  the  former. 
.-.  24  — a:  =  ar  + 6 
-2a:  =  -18 
.-.  x  =  Q 
24-r=16 
Therefore  the  parts  are  9  and  15  inches  long. 

31.  Two  trains  trayelling,  one  at  25  and  the  other  at  30  miles  an 
hour,  start  at  the  same  time  from  two  places  220  miles  apart,  and  move 
toward  each  other.     In  how  many  hours  will  the  trains  meet  ? 

Let  X  =  the  number  of  hours  required. 

Tlien,  25  x=  the  number  of  miles  the  first  train  will  have 

travelled, 
and  30  r  =  the  number  of  miles  the  second  train  will  have 

travelled. 
Hence,     26  a:  +  30  ar  =  the  number  of  miles  in  the  whole  distance. 
Bat,  220  =  the  number  of  miles  in  the  whole  distance. 

/.  25ar  +  30ar  =  220 
66ar=220 
.*.  ar  =  4 
Therefore  the  trains  will  meet  in  4  hours. 

32.  A  man  bought  12  yards  of  velvet,  and  if  he  had  bought  1 
yard  less  for  the  same  money,  each  yard  would  have  cost  $  1  more. 
What  did  the  velvet  cost  a  yard  1 

Let  X  =  the  number  of  dollars  which  the  velvet  cost 

per  yard. 
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Then,  12  ar  =  the  number  of  dollars  which  12  yards  cost, 

and  x-\-l  —  the  number  of  dollars  which  the  relvet  would 

have  cost  per  yard  at  $  1  per  yard  more. 
11  (a:+  1)  =  the  number  of  dollars  11  yards  would  have 
cost  at  the  latter  price. 
.-.  12ar=ll(a:+l) 
12a:=llar+ll 
.-.  a:  =11 
Therefore  the  velvet  cost  $  11  per  yard. 

33.  A  and  B  have  together  $  8 ;  A  and  C,  $  10 ;  B  and  C,  1 12.  How 
much  has  each  ? 

Let  X  =  the  number  of  dollars  A  has. 

Then,  8  —  ar  =  the  number  of  dollars  B  has, 

and  10  —  a:  =  the  number  of  dollars  C  has. 

Hence,  8  —  ar+lO  —  j:  =  the  number  of  dollars  B  and  C  have. 

But,  12  =  the  number  of  dollars  B  and  C  have. 

...  8-a:+10-a:=12 
-2a:  =  -6 

x=3 
8-x  =  5 
10-ar=7 
Therefore  A  has  $3;  B,  $6;  and  C,  $7. 

34.  Twelve  persons  subscribed  for  a  new  boat,  but  two  being  unable 
to  pay,  each  of  the  others  had  to  pay  $4  more  than  his  share.  Eind 
the  cost  of  the  boat. 

Let  a:  =  the  number  of  dollars  in  the  share  of 

each  person. 
Then,  12  a:  =  the  number  of  dollars  subscribed  by  all. 

Also,  X  +  4  =  the  number  of  dollars  in  the  increased 

share  of  each  person, 
and  10(ar  +  4)  =  the  number  of  dollars  paid  by  all. 

But  the  number  of  dollars  subscribed  was  equal  to  the  number  paid. 
.-.  12a:=10(ar  +  4) 
12ar=10a:+40 
2x  =  40 
a:  =  20 
12  a:  =  240 
Therefore  the  price  of  the  boat  was  $240. 
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35.  A  man  was  hired  for  26  days  on  condition  that  for  every  day  he 
worked  he  was  to  receive  $  3,  and  for  every  day  he  was  idle  he  was  to 
pay  $1  for  his  board.  At  the  end  of  the  time  he  received  ^6S.  How 
many  days  did  he  work  ? 

Let  X  =  the  number  of  days  he  worked. 

Then,  26  —  x  =  the  number  of  days  he  was  idle, 

and  Sx  =  the  number  of  dollars  due  for  his  work. 

26  — .r=the  number  of  dollars  he  paid  for  his 
board. 
Sx  — (26  — j:)  =  the  number  of  dollars  he  actually  re- 
ceived. 
But  68  =  the  number  of  dollars  he  actually  re- 

ceived. 
.-.  3ar-(26-x)  =  58 
3a-  — 26  +  a:=68 
4a:  =  84 
a:  =  21 
■Therefore  he  worked  21  days. 

36.  A  man  walking  4  miles  an  hour  starts  2  hours  after  another 
person,  who  walks  3  miles  an  hour.  How  many  miles  must  the  first 
man  walk  to  overtake  the  second  ? 

Let  x  =  the  number  of  hours  the  second  man  has  walked 

when  he  is  overtaken. 
Then,  x  —  2  =  the  number  of  hours  the  first  man  has  walked, 

and  3a:  =  the  number  of  miles  the  second  man  has  walked. 

4(a:  —  2)  =  the  number  of  miles  the  first  man  has  walked. 
But  both  have  walked  the  same  distance. 
.-.  3ar  =  4(ar-2) 
3ar  =  4ar  — 8 
-ar=-8 
.-.  ar=8 
Pa:  =  24 
Therefore  the  second  man  must  walk  24  miles  to  overtake  the  first. 

37.  A  man  swimming  in  a  river  which  runs  1  mile  an  hour  finds  that 
it  takes  him  three  times  as  long  to  swim  a  mile  up  the  river  as  it  does 
to  swim  the  same  distance  down.  Find  his  rate  of  swimming  in  still 
water. 
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Let  X  =  the  number  of  miles  he  can  swim  in  one 

hour  in  still  water. 
Then,  x  —  l  =  the  number  of  miles  he  can  swim  in  one 

hour  against  the  current, 
and  or  +  1  =  the  number  of  miles  he  can  swim  in  one 

hour  with  the  current. 
But  he  swims  3  times  as  fast  with  the  current  as  against  it. 
.-.  a:+l  =  3(x-l) 
ar+l  =  3ar-3 
-2ar  =  -4 
x=2 
Therefore  he  can  swim  2  miles  an  hour  in  still  water. 

38.  At  an  election  there  were  two  candidates,  and  2644  rotes  were 
cast.  The  successful  candidate  had  a  majority  of  140.  How  many 
votes  were  cast  for  each  ? 

Let  X  =  the  number  of  votes  the  successful  can- 

didate received. 
Then,  2644  —  x  =  the  number  of  votes  the  defeated  can- 

didate received, 
and  X  —  (2644  —  x)  =  the  majority  of  the  successful  candidate. 

But,  140  =  his  majority. 

.-.  a:-(2644-x)  =  140 
x-2644-f  x=140 
2x  =  2784 
x=1392 
2644  -x=  1252 
Therefore  the  candidates  received  1392  and  1252  votes  respectively. 

39.  Two  persons  start  from  towns  55  miles  apart  and  walk  toward 
each  other.  One  walks  at  the  rate  of  4  miles  an  hour,  but  stops  2 
liours  on  the  way ;  the  other  walks  at  the  rate  of  3  miles  an  hour.  How 
many  miles  will  each  have  travelled  when  they  meet? 

Let  X  =  the  number  of  hours  the  two  persons 

will  have  travelled, 
and  x  —  2  =  the  number  of  hours  the  first  person 

actually  walked. 
4  (x  —  2)  =  the  number  of  miles  the  first  person 
will  have  walked. 
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Sx=  the  number  of  miles  the  second  person 
has  walked. 
4  (ar  —  2)  +  3  a:  =  the  number  of  miles  both  have  walked. 
But.  65  =  the  number  of  miles  both  have  walked. 

...  4(x-2)  +  3a:=65 
4ar  — 8  +  3a-  =  65 
7ar  =  63 
x=9 
4(ar-2)=28 
3x  =  27 
Therefore  the  first  person  will  have  walked  28,  the  second  27,  miles. 

40.  A  had  twice  as  much  money  as  B ;  but  if  A  gives  B  $  10,  B  will 
hare  three  times  as  much  as  A.     How  much  has  each  ? 

Let  X  =  the  number  of  dollars  B  has. 

Then,  2x=  the  number  of  dollars  A  has. 

X  +  10=  the  number  of  dollars  B  will  have  if  A 
gives  him  $  10. 
2  a:  — 10  =  the  number  of  dollars  A  will  have  if  he 
gives  B  $  10. 
Bat  the  former  number  is  3  times  the  latter. 
.-.  a-+10  =  3(2ar-10) 
a:+10  =  6a:-30 
-5ar=-40 
.-.  ar  =  8 
2x  =  16 
Therefore  A  has  $16,  and  B  $8. 

41.  If  2  a:  —  8  stands  for  20,  for  what  number  will  4  —  a:  stand  1 

2ar-8  =  20 

2a:  =  28 

.-.  a:  =14 

4_a:=4-14 

=  -10 

Therefore  4  —  a:  stands  for  —  10. 

42.  A  vessel  containing  100  gallons  was  emptied  in  10  minutes  by 
two  pipes  running  one  at  a  time.  The  first  pipe  discharged  14  gallons 
a  minute,  and  the  second  9  gallons  a  minute.  How  many  minutes  did 
each  pipe  run  ? 
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Let  X  =  the  number  of  minutes  the  first  pipe  runs. 

Then,       10  —  a:  =  the  number  of  minutes  the  second  pipe  runs, 
and  14  X  =  the  number  of  gallons  discharged  by  the  first  pipe. 

9  (10  —  x)  =  the  number  of  gallons  discharged  by  the  second  pipe. 
Hence,  14ar  +  9  (10  —  x)  =  the  entire  number  of  gallons  discharged. 
But,  100  =  the  entire  number  of  gallons  discharged. 

.-.  14a:  +  9(10-ar)  =  100 
14ar  +  90_9ar=100 
6x=10 
.-.  x  =  2 
10  -  x  =  8 
Therefore  the  first  pipe  runs  2  minutes,  and  the  second  8  minutes. 

43.  A  man  has  8  hours  for  an  excursion.  How  far  can  he  ride  out 
in  a  carriage  which  goes  at  the  rate  of  9  miles  an  hour  so  as  to  return 
in  time,  walking  at  the  rate  of  3  miles  an  hour  ? 

Let  X  =  the  number  of  hours  he  may  ride  out. 

Then,        8  —  x  =  the  number  of  hours  for  the  return  journey, 
and  9.r  =  the  number  of  miles  he  may  ride  out. 

3(8  —  ar)  =  the  number  of  miles  he  walks  back. 
But  the  last  two  numbers  are  equal. 
.-.  9x  =  S(S-x) 
9x  =  24-3ar 
12ar=24 
.:  x  =  2 
9x=lS 
Therefore  he  may  ride  out  18  miles. 

44.  IfSa:  —  4a=:2x  —  a,  find  the  number  for  which  4 a:  —  7 a  stands. 

3a:  --4tt  =  2x  —  a 
x  =  Sa 
.-.  4x  — 7a=12a  — 7a 
=  6a 
Therefore  4  ar  —  7  a  stands  for  5  a. 

45.  If  7a:-a  =  9(a:-a),  find  the  number  ^  "^  "  ^  ^ 


x+  a 
7x— a  =  9(ar  — a) 
7a;  — a  =  9a:  — 9a 
—  2a:  =  — 8a 
a:=  4a 
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.    2ar  — 3a^8a  — 3a 
x-\-  a  4  +  a 

^6a 
6a 
=  1 

Therefore  ^l^z3^  stands  for  1. 
ar+  a 

46.  A  man  is  now  twice  as  old  as  his  son ;  15  years  ago  he  was  three 
times  as  old  as  his  son.    Find  the  age  of  each. 

Let  x  =  the  number  of  years  in  the  son's  age. 

Then,  2  x  =  the  number  of  years  in  the  father's  age, 

and  ar  — 15  =  the  number  of  years  in  the  son's  age 

15  years  ago. 
2  X  — 15  =  the  number  of  years  in  the  father's  age 
15  years  ago. 
Bat  the  father's  age  15  years  ago  was  3  times  the  son's  age. 
/.  2x-15  =  3(a:-15) 
2x-.15  =  3ar-46 
-x=-30' 

ar  =  30 
2a:  =  60 
Therefore  the  son  is  30  years  old,  and  the  father  60  years  old, 

47.  A  man  was  four  times  as  old  as  his  son  7  years  ago,  and  will  be 
only  twice  as  old  as  his  son  7  years  hence.    Find  the  age  of  each. 

Let  ar  =  the  number  of  years  in  the  son's  age  at  present. 

Then,       x  —  7  =  the  number  of  years  in  the  son's  age  7  years  ago. 

X  +  7  =  the  number  of  years  in  the  son's  age  7  years  hence. 
Also,  4  (x  —  7)  =  the  number  of  years  in  the  father's  age  7  years  ago. 
2  (x  +  7)  =  the  number  of  years  in  the  father's  age  7  years 
hence. 
But  the  last  number  is  14  greater  than  the  preceding  one. 
.-.  2(x+7)  =  14  +  4(x-7) 
2x+14  =  14  +  4x-28 
-2x=-28 
x=14 
4(x-7)  +  7  =  4x7  +  7 
=  35 
Therefore  the  son  is  14  years  old,  and  the  father  35  years  old. 
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48.  A,  who  is  26  years  older  than  B,  is  6  years  more  than  twice  aa 
old  as  B.    Find  the  age  of  each. 

Let  X  =  the  number  of  years  in  B's  age. 

Then,  a:  +  25  =  the  number  of  years  in  A's  age. 

Also,  2  ar  +  6  =  the  number  of  years  in  A's  age. 

.-.  ar  +  25  =  2ar  +  6 
-ar  =  -20 
a:  =  20 
x  +  26  =  46 
Therefore  A  is  45  years  old,  and  B  20  years  old. 

49.  A  man  is  25  years  older  than  his  son ;  10  years  ago  he  was  six 
times  as  old  as  his  son.     Find  the  age  of  each. 

Let  X  =  the  number  of  years  in  the  son's  age  at  present. 

Then,  a:  +  25  =  the  number  of  years  in  the  father's  age  at  present, 

and  a:  —  10  =  the  number  of  years  in  the  son's  age  10  years  ago. 

Hence,  6  (ar  —  10)  =  the  number  of  years  in  the  father's  age  10  years 

ago. 
But,    ar  +  25  — 10  =  the  number  of  years  in  the  father's  age  10  years 
ago. 
.-.  x  +  25-10  =  6(x-10) 
x+16  =  6x  — 60 
-5x  =  -76 
x=15 
X  +  25  =  40 
Therefore  the  son  is  15  years  old,  and  the  father  40  years  old. 

50.  The  difference  in  the  squares  of  two  consecutive  numbers  is  19. 
Find  the  numbers. 

Let  X  =  the  first  number. 

Then,  x  +  1  =  the  second  number 

and  x2  =  tlie  square  of  the  first  number. 

(x  +  1)2  =  the  square  of  the  second  number. 
(x  +  1)2  —  x2  =  the  difference  of  the  two  squares. 
But,  19  =  this  difference. 

.-.  (x+l)2-x2=19 
x2  +  2x+l-x2=19 
2x=18 
x  =  9 
X  +  1  =  10 
Therefore  the  numbers  are  9  and  10. 
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51.  The  difference  in  the  squares  of  two  successive  odd  numbers  is 
40.    Find  the  numbers. 
Let  X  =  the  first  odd  number. 

Then,  ar  +  2  =  the  second  odd  number. 

x^  =  the  square  of  the  first  number, 
(x  +  2)2  =  the  square  of  the  second  number, 
(ar  +  2)2  —  x2  =_  the  difference  of  the  squares. 
But,  40  =  this  difference. 

.-.  (a:  +  2)2-a:2  =  40 
a^«  +  4ar  +  4-ar2  =  40 
4t  +  4  =  40 
4ar  =  36 
x  =  9 
a:  +  2  =  ll 
Therefore  the  numbers  are  9  and  11. 

Exercise  19.    Page  75. 
Write  the  product  of 

1.  {x  +  yy,  7.    (x  +  y)(x-y). 

x2  +  2ary  +  y2.  x^-yK 

2.  (i-a)2.  8.    (4;? -3) (4;? +  3). 

a^»-2aa:  +  o2.  1622-9. 

3.  (1  +  26)2.  9.    (3a2  +  462)(3a2-.462). 

i2  +  46a:  +  462.  9a* -166*. 

4.  (3x-2c)2.  10.    (3a-c)(3a-c). 

9x2-12ca:  +  4c2.  9a2-6ac  +  c2. 

5.  (4y - 5)2.  11.    (x  +  7 62)(x  +  7 62). 

16y2  _  40  y  +  25.  x2  +  14  62x  +  49  6*. 

6.  (3o2+4z2)2.  12.    (ax+2by)(ax-2by). 

9a*  +  24  02^2  +  16 z*.  a2a:2  -  4  62y2. 

Exercise  20.    Page  76. 
Find  the  product  of 
1.  x-\-y^z  and  x  —  y  —  z, 

(a:  +  y  +  z){x^y-z)  =  [x+  (y  +  2r)][x-  (y  +  «)] 
=  x2-(y  +  «)2 
=  x2-(y2  +  2y«  +  22) 
--a;2_y2«2y«  — «2. 
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2.  x-^tf  +  z  and  x  — y  — «. 

(x-y  +  z)(x-y-2)  =  [(a:-y)  +  z][(x-y)-z] 

=  xa-2xy  +  y2-«^. 

3.  ax  +  by  +  1  and  ax  +  6y  —  1. 

(ox  +  6y  +  l)(ar  +  6y  -  1)  =  (ax  +  6y)2-  1 

=  a^x^  +  2a6xy  +  ft^y^  —  1. 

4.  1  +  X  —  y  and  1  —  x  +  y. 

(l  +  x-y)(l-x  +  y)  =  [l+(ar-y)][l-(x-y)] 
=  l-(x--yy 
=  l-xa  +  2xy-y2. 

5.  a  +  26  — 3c  and  a  — 26  + 3c. 

(a  +  26-3c)(a-26  +  3c)  =  [a+(26-3c)][a-(26-3c)] 
=  a2-C26-3c)2 
=  a2_.  (462-.  126c +  9c2) 
=  aa -462  + 126c -9c2. 

6.  a«  — a6  +  62  and  aa  +  a6  +  62. 

(a« - a6  +  62)(a«  +  a6  +  62)  =  [(a^  +  62)  -  a6][(a2  +  62)  +  ab] 
=  (a2  +  62)2-a262 
=  a*  +  2a262  +  6*-a262 
=  a*  +  a262  +  6*. 

7.  fn^  +  mn'\-  rfi  and  m^  —  n?n  +  n^ 

(m2  +  win  +  n2)  (m^  -  wn  +  n^)  =  [(m^  +  n2)+  mn]  [(m^  +  n^)-  nin] 
=  (m2+n2)2  — »i2n2 

=  »i*  +  2in2n2  +  n*  -  m^na 
=  m*  +  ot2„2  4.  „4. 

8.  2  +  X  +  x2  and  2  —  X  —  x2. 

(2  +  x  +  x2)(2-x-xS)  =  [2+(x  +  x2)][2-(x  +  x2)] 

=  4  -  (X  +  X2)2 

=  4-(a:2  +  2x8  +  x*) 
=  4  — ar2-2x8  — X*. 

9.  a2  +  a  +  1  and  a2  —  a  +  1. 

(a2  +  a  +  l)(a2-a  +  1)  =  [(a2+  1)  +  a][(a2+  1)  -a] 
=  (a2+l)2-.a2 
=  a4  +  2a2  +  l-a2 
-  a*  +  a2  +  1. 
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10.  3x  +  2y  — 2  and  Sx  — 2y  +  2. 

(3x+2.y-:^)(3x-2y  +  ^)  =  [3x+(2y-«)][3x-(2y-;^)J 

Exercise  21.    Page  77. 
Write  the  square  of 

1.  2x-3y.  5.  x  +  y  +  6. 

4r«-12j:y  +  9y3.  r»^.  y2^.  2xy  +  10ar+  lOy  +  26. 

2.  a  +  6  +  c.  6.  ar+2y  +  3. 

a«  +  6*+'c2  +  2a6  +  2oc  +  2&c.        X24.  4^3.^.  4^^^  4.63.+ 12y  4.  9. 

3.  x  +  y  — 2.  7.   a  — 6  +  c. 

x24y2^22  4.2Ty-2x2-2^z.       a2  + 6^+ c''-2a6  +  2ac -26c. 

4.  x-y  +  «.  8.   3x-2y  +  4. 

J:^  +  yH2*-2xy  +  2ar2-2y2.       9x3+ 4y2_i2ary+24ar-16y+ 16. 

9.  2x-3y  +  4«. 

4x2  4.  9y2  4. 162;2  _  12 xy  +  16x2  -  24 y2. 

10.  x2  +  y2  +  22. 

a:4  4.  y4  4. 24  4.  2x2^2  +  2x2^2  4.  2y^z\ 

11.  2x-y-2. 

4jfl  ■{■  y^  -{■  z^  —  ixy  ^ ^xz  +  2yz, 

12.  a-26-3c. 

a2  +  462  4.9c2-4a6-6ac+ 126c. 

13.  3a-6  +  2c. 

9a2+ 62  + 4c2-6a6+ 12  ac  — 46c. 

14.  x  +  2y  — 32. 

x2  +  4y2  +  9^2  +  4xy  —  6x2  —  12  y2. 

15.  x+y+2+1. 

a^+y^  +  2^  +  2xy  +  2x2  +  2ar  +  2y2  +  2y  +  22  +  l. 
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16.  4x  +  y  +  2  — 2. 

16r2  +  y2  ^  2.2  4.  Sa-y  ^.  8x«  —  16a:  +  2y«  —  4y  —  42  +  4. 

17.  2x  — y  — 2  — 3. 

4x2  +  y2_^22«4a.y  —  4xz  —  12x  +  2y2  +  6y  +  6z  +  9. 

18.  r-2y-32  +  4. 

x2  +  4y2^.9;g2_4jpy«6a;2  4.8ar+12yz  — 16y  — 24z+16. 

Exercise  22.    Page  79. 
Find  by  inspection  the  product  of 

1.  (x+8)(ar  +  3). 

8  +  3=11,     8  X  3  =  24. 
.-.  (ar  +  8)(r  +  3)  =  t2  +  llx  +  24. 

2.  (ar  +  8)(x-3). 

8-3  =  6,    8x(-3)  =  -24. 
.-.  (x  +  8)(x-3)  =  a:3^.6ar_24. 

3.  (ar-7)(x+10). 

-  7  +  10  =  3,     (-  7)  X  10  =  -  70. 
...  (x  -  7)(r  +  10)  =  x2  +  3x  -  70. 

4.  (r-9)(ar-6). 

_.9-6  =  -14,     (-9)x(-6)  =  45. 
...  (x-9)(a:-5)  =  x2-14r  +  46. 

5.  (ar-10)(ar  +  9). 

-.10  +  9  =  -!,     (-10)x9  =  -90. 
.-.  (a:-10)(ar  +  9)  =  ar2-ar-90. 

6.  (a- 10) (a -5). 

_  10  -  6  =  -  16,     (-  10)  X  (-  6)  =  60. 
...  (a -  10)(a - 5)  =  a2 -  16a  +  60. 

7.  (x-3a)(ar  +  2a). 

—  3a  +  2a  =  — a,     (-3a)  X  (2a)  =  —  6a2 
.-.  (a:-3a)(ar  +  2a)  =  a:2_aa;«.6a2. 

8.  (a  +  26)(a-46). 

26 -46  =  -26,     (26)  X(- 46)  =  -862. 
.-.  (a  +  26)(a-46)  =  a2-2a6-86a. 
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9.  (a-12)(a-3). 

-12-3  =  -15,     (— 12)x(-3)  =  36. 
.-.  (a  -  12)(a  -  3)  =  a2  ^  16a  -f  36. 

10.  (a  +  26)(a  +  46). 

26  +  46  =  66,     (26)  X  (46)  =  862. 
.-.  (a  +  26)(a  +  46)  =  a2  +  6a6  +  862. 

11.  (a-36)(a+76). 

-36+76  =  46,     (-36)x(76)  =  -2162. 
.-.  (a-36)(a  +  76)  =  aa  +  4a6-2162. 

12.  (a  +  26)(a-96). 

2  6  -  9  6  =  -  7  6,     (2  6)  X  (-  9  6)  =  -  18  62. 
.-.  (a  +  26)(a-96)  =  a2«.7a6-1862. 

13.  (x-3a)(x-4a). 

-3a-4a  =  -7a,     (-3a)  X  (-4a)=  12tta. 
.-.  (a:-3a)(x-4a)  =  a:2-7ax+12a2. 

4z^2z  =  2z,     (4«)X(-22)  =  -822. 
.-.  (x  +  4^)(a:-2^)  =  a^2  +  2xz-822. 

15.  (x  +  6y)(x-6y). 

6y-5y  =  y,     (6y)  X  (- 6y)  = -30y2. 
.-.  {x  +  6y)(x - 6y)  =  x2  +  ory  - 30 y2. 

16.  (x2-9)(a:2  +  8). 

-9  +  8  =  -l,     (-9)x8  =  -72. 
.-.  (ar2-9)(x2  +  8)  =  **-x2-72. 

17.  (x2  +  2y2)(:p2_3y2). 

2y2-.3y2  =  .y2,     (2y2)  x  (-3y2)  =  _6y4 
.-.  (x2+2y2)(a^„3y2)  =  a:4_a42y2_6y4. 

18.  (x2  +  8y2)(a:2_4y2). 

8y2-.4y2=,4y2,     (8y2)x(-4y2)=_32y*. 
•••  (^  +  83^2) (a:2  -  4y2)  =  a:*  +  4 xY  -  32 y*. 

19.  (a6-8)(a6  +  6). 

-8  +  6  =  -3,     (-8)x6=-40, 
.-.  (a6 - 8)(a6  +  5)  =  a262 - 3a6 - 40. 
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20.  (afc  — 7xy)(a6  +  8xy). 

.'.  (a6  -  7  xy)  (ab  +  3  ary)  =  a^l^  —  4  abxy  -  21  x^y^. 

21.  (T-3y)(ar-3y).  24.    (ar-c)(ar- rf). 

a:2  -  Gary  +  9y«.  ar^  -  (c  +  rf)x  +  erf. 

22.  (x  +  6)(ar  +  6).  26.   (ar+ a)(ar-6). 

ar2  +  12  ar  +  36.  a:2  +  (a  -  6)ar  -  a6. 

23.  (a-36)(a-36).  26.    (ar-a)(ar  + 6). 

a2  -  6a6  +  962.  x2  -  (a  -  6)x -  ab, 

27.  [(«  +  6)  +  2][(a  +  6)-4]. 

2-4  =  -2,     2x(-4)  =  -8. 
...  [(a  +  6)  +  2][(a  +  6)-4]  =  (a  +  6)2-2(a  +  6)  -8. 

28.  [(:r  +  y)-2][(a:  +  y)  +  4]. 

-2  +  4  =  2,     (-2)x4  =  -8. 
.-.  [(ar  +  y)-2][(ar  +  y)  +  4]=(ar  +  y)2  +  2(ar  +  y)-8. 

29.  (x  +  y-7)(ar  +  y  +  10). 

-7  +  10  =  3,     -7xlO  =  -70. 
••.  (^  +  y-7)(ar  +  y  +  10)  =  [(ar  +  y)-7][(a:  +  y)+10] 
=  (a:  +  y)2  +  3(a:  +  y)-70. 

30.  (ar-y-7)(a:-y-10). 

_7-10  =  -17,     (-7)X(-10)=70. 
,.  (ar-y-7)(ar-y-10)=[(ar-y)-7][(ar-.y)-10] 
=  (:r-y)2-17(a:-y)+70. 

Exercise  23.    Page  80. 
Find  the  product  of 

1.  3  a;  —  y  and  2  ar  +  y. 

(3a--y)(2x  +  y)  =  6ar2  +  3ary-2ary-y2 
=  6a;2  +  a:y-y2. 

2.  4x-3y  and  3ar  — 2y. 

(4ar  -  3y)(3a:  -  2  y)  =  12  a:2  —  8a:y  —  9ary  +  6y2 
=  12ar2-17a:y  +  6y2. 
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3.  bx  —  iy  and  Sx  — 4^. 

(5ar  -  4y)(3x  -  4y)  =  16x2- 20  ry-12xy  + 16^3 

=  16ar2-32ar^  +  16y^. 

4.  J  — 7y  and  2x  —  6y, 

(a:- 7y)(2x- 6y)  =  2x« -  Siry  -  14xy  +  35y2 
=  2*3-^19a:y  +  36y2. 

5.  lla:-2y  and  7ar  +  y. 

(11a:- 2y)(7a:  +  y)  =  77a:2  +  llxy  -  I4xy -2y« 
=  77x2-3a:y-2y2. 

6.  10x-3y  and  10a:— 7y. 

(10a:-3y)(10a:-7y)  =  100a:2-70a:y-30xy  +  21y« 
=  100x2- 100a:y  + 21  y2. 

7.  3a2-262  and  2tf2  +  362. 

•  (3o2-262)(2a2+  362)  ^  6a*  +  9a262-4a262-66* 
=  6a*  +  5a262-66*. 

8.  a2  +  62  and  a  — 6. 

(a2  +  «2)  (a  _  6)  =  a»  -  a26  +  a62  -  fcS. 

9.  3a2-262  and  2a +  36. 

(3a2  -  262)(2a  +  36)  =  6a«  +  9a26  -  4a62  -  668. 

10.  a2-62  and  a +  6. 

(a2  -  62)  (a  +  6)  =  a«  +  a%  -  a62  -  68. 

Exercise  24.    Page  81. 
Write  by  inspection  the  quotient  of 
J    a2-4 


a-2 

a +2. 

9-x2 

3  +  x 

3-x. 

16-a2 

4  +  0 
4-a. 


4. 

x2-26 

x-6 

x+6. 

5 

36-1:2 

6  +  x 

6-x. 

6. 

9a2-62 

3a-6 

3a +  6. 
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7. 

25x2-3662 

5x  +  66 

5x-66. 

8 

49c2-rf2 

7c-rf 

7c  +  rf. 

9. 

9a2-l 
3a  +  l 

3a -1. 

10 

16-4a2 

4-2a 

4  + 2a. 

11. 

9a*-25.y* 

3a2+5y2 

3a2-6y2. 

12. 

4a:i«-9y6 

2a:8-3y8 

2ar8  +  3y«. 

13 

4ri0-a8 

2a^-a* 

2a^  +  a*. 

14 

a266^-irl2 

a68c*  +  a* 

a68c4-x6. 

1R 

ar*a8-6io 

x2a*  -  66 

a:2a*  +  66. 

Ifi 

a2-(5  +  c)2 

a-(6  +  c) 

a  +  6  +  c. 

j«    a2-(36-4c)2 
a-(36-4c) 
a+  (36-4c)  =  a  +  36  — 4c. 

18.  hz(£jzJDl. 

jg     C3x-.y)2-.16;g2 
(3T-y)  +  4^ 
(3  X  —  y)  —  4z  =  3x  —  y  —  4«. 

2Q  (x  +  3a)2-9a:2 
(x  +  3a)— 3x 
(x  +  3a)+3a:  =  4x+3a. 

21  l-(7a-66)2^ 
•   l+(7a-66) 

l-(7a-56)  =  l-7a+56. 

22  (3^+2.y)2-4z2         . 

(3x  +  2y)-2z 
(3x  +  2y)+2«=3x  +  2y  +  2«. 

23  (a-fe)^-(c-.y)^ 

(a-6)  +  (c-y) 
(a  — 6)— (c  — y)  =  a— 6— c+y. 

24.  ^^-Cy+^)^ 
^  -  (y  + «) 

a:  +  (y  +  z)  =  X  +  y  +  a:. 


25. 


26. 


Cx-2.y)2.-26 
(x-2y)+6 
(x-2y)-5  =  x-2y-5. 

(2x4- .v)^-9z* 
(2x  +  y)-3z2* 

(2x  +  y)+3«2=2x+y+3z2, 
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Exercise  25.    Page  82. 
Write  by  inspection  the  quotient  of 


1. 

l-8aHJ 

g    a868_c« 

l-2x 

a6  — c 

l  +  2a:  +  4a:3. 

a262  +  abc  +  c*. 

2. 

l  +  2a: 

10.  «'^+^ 
ab-\-c 

l-.2a:  +  4a:2. 

a262«a6c  +  c2. 

3. 

27a8-68 
3a-6 

11.  ?i±iL'. 
4  +  y 

9a2  +  3a6  +  63. 

16-4y  +  y2. 

4. 

27a8+68 
3a  +  6 

,o    343 -8a8 
^^-      7-2a   • 

9a2-.3a6  +  62. 

49+14a  +  4a«. 

5. 

64a^  +  27.y8 
4x  +  3y 

13    8a8  +  6« 
^^-    2a  +  62- 

16x2-12xy  +  9y2. 

4a2-2a62  +  fc4, 

6. 

64a^-27.y» 
4a:-3i^ 

..    a^  +  729.v8 
*      x2+9y 

16a:2+ 12x^  +  9^2. 

ar4-9:r2y  +  81y2. 

7. 

1-27  2« 
1-3^ 

'     a2-36 

l  +  3z+9««. 

a*  +  3a26  +  962. 

.8. 

1  +  2728 

1  +  32 

16    8-»-64y6, 
2a:-4y2 

1 -.3^  +  9^2. 

4x2 +  8x^2  + 16  y* 

Exercise  26.    Page  83 
Find  the  quotient  of 

1.  ^-f.  2.  ^^y". 

a:  — y  ar  +  y 
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3. 

ar*-l 

A    ^-32 

a:*  +  2a:«  +  4ar2+8x+16. 

4. 

ar*-l 

7    aH^  +  32 
'     x  +  2 
a:*-2x«  +  4ara-8a:+16. 

5. 

or* -16 

9. 

1  +  m 
1-III  + 

Q    1-m* 
®-    1-m' 

1  +  m  +  i»«  +  OT«, 

Exercise  27.    Page  85. 
Resolve  into  two  factors : 

1.  3a:2_6aJj.  5.  a:«  +  ^ay - arj^a. 

3x2  «  6a:«  =  3x2(1  -  2x).  ^^  4.  ^^y  -  xy2  =  ^.(-ja  +  xy  -  y2). 

2.  2a2-4a.  6.  a*-a86  +  a262. 

2a2  _  4a  =  2a(a  -  2).  a*  -  a»6  +  a2&2  =  a2(a2  -  a6  +  62). 

3.  5a6-5a268.  7.  3a26-4a62. 
5o6-5a268=5a5(l_a62),  3a26-4a62=a6(3a -46). 

4.  3a8-a2  4.a,  g.   8 x«y2  4.  4 a:2y8. 

3a8  -  a2  +  a  =  a(3a2  -  a  +  i).  8x»y2  4.  4x2y8  =  43^y2(2x  +  y). 

9.  3a:*-9x2-6x8. 

3ar*-9x2-6a:»=3x2(x2-3-2x). 

10.  8a2x2-4a26  +  12a2y2. 

8a2x2_4a26+l2a2y2=:4a2(2a:a-.6  +  3y2). 

11.  8a862c2-.4a268c8. 

8  a862c2  -.  4  a^b^(^  =  4  a262c2(2  a -be). 

12.  15a«x-10a»y  +  5a8«. 

15a8x  —  10a8y  +  6a8z  =  5a8(3x  — 2y  +  z). 
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Exercise  28.    Page  86. 
Besolve  into  factors : 

1.  ax -^bx-}- ay —  by. 

ax  —  bx-}-ay  —  by=(ax  —  bx)  +  (ay  —  by) 
=  2:(a-6)  +  y(a-6) 
=  (^  +  y)(a-6). 

2.  oj  —  6j;  —  ay  +  by. 

ax  —  bx  —  ay  -^^  by  =  (ax  —  bx)  —  (ay  —  6y) 
=  x(a  —  6)  —  y  (a  —  6) 

=  (^-y)(«-6). 

3.  ax^cy  —  ay  •{■  ex. 

oa:  —  cy  —  ay  +  cx=  (ax  +  car)  —  (ay  +  cy) 
=  x{a-\-c)  —  y(a-^c) 

4.  2ai-3ac-26y  +  3cy. 

2a6  —  3ac  —  26y  +  3cy  =  (2  aft  —  3ac)  —  (2  6y  —  3cy) 
=  a(26-3c)-y(26-3c) 
=  (a-y)(26-3c). 

5.  3^  +  ax  —  bx  —  ab. 

3^  •{■  ax  —  bx  —  ab  =z  {x^  •{■  ax)  —  (bx  +  ab) 
=  ar(a:  +  a)  —  6(a:  +  a) 
=:(a:-6)(ar  +  a). 

6.  a:^  +  xy  —  aar  —  ay. 

x^-i-xy  —  ax'-ay^  (x^  •{■  xy)  ^  (ax  •\- ay) 
=  x(ar  +  y)-a(a:  +  y) 
=  (^-«)(^  +  y)- 

7.  j^-xy-Qx-^-Qy. 

a:2-.ary-6^x  +  6y=  (a:**- a:y)- (6x-6y) 
=  a:(ar-y)-6(a:-y) 
=  (ar-6)(a:-y). 

8.  2x2«3j;y  ^4aa:  — 6ay. 

2a«-3a:y  +  4aa:  -  6ay  =  (2a:2  -  3  ary)  +  (4aa:  -  6ay) 
=  a:(2x-3y)  +  2a(2a:-3y) 
=  (x  +  2a)(2a:-3y). 
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9.  aV)  —  abx  —  ac-\-  ex. 

a%  —  abx  "Oc-i-cx^  (a%  —  06a:)  —  (ae  —  car) 
=  ab{a  —  x)  —  c(a  —  ar) 
=  (a6  —  c)  (a  —  x). 

10.  a«6x  +  6*cx  —  aV y  —  ftc^y. 

aSftx  +  6*cx  -  a2cy  -  ftc^y  =  (a^x  +  6*cx)  -  (a^y  +  ftc^y) 
=  6x(a2  +  6c)  -  cy  (a2  +  6c) 
=  (6x-cy)(a2  +  6c). 

11.  3x2-6y2-6x8  +  10xy«. 

3x3-6^2-6x8+ 10xy3t=  (3x2- 6x8)- (5 y2-10xy«) 
=  3x2(l-2x)-5j^2(i_2x) 
=  (3x2-5i^2)(i_2x). 

12.  8ax-106x-12a  +  156. 

8ax-106x-12a  +  156=(8ax-106x)-(12a-156) 
=  2x(4a-56)-3(4a-56) 
=  (2x-3)(4a-56). 

13.  2x8-3x2-4x  +  6. 

2x8-3x2-4x4-6=  (2x8- 3x2)- (4x-6) 
=  x2(2x-3)-2(2x-3) 
=  (x2-2)(2x-3). 

14.  6x*  +  8x8-9x2-12x. 

6x*4.8x8-9x2-12x=(6x*  +  8x«)-(9x2+12x) 
=  2x8(3x  +  4)-3x(3x  +  4) 
=  (2x8-3x)(3x+4) 
=  x(2x2-3)(3x  +  4). 

15.  ax*  +  6x8  —  ax  —  6. 

ax*  +  6x8  —  ax  —  6  =  (ax*  +  h^)  —  («^  +  ^) 
=  x8(ax  +  6)-l(aic  +  6) 
=  (x8-l)(ax+6) 
=  (x- l)(x2  +  X  +  l)(ox+ 6). 

16.  3cx*  — 2<fx8-9cx2  +  6rfx. 

3cx*  -  2dx8  -  9cx8  +  6dx  =  (3cx*  -  2c?x8)  -  (9cx2  -  6c?x) 
=  x8(3cx-2rf)-3x2(3cx-2rf) 
=  (x8-3x)(3cx-2rf) 
=  x(x2-3)(3cx-2rf). 
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17.  l  +  16a:*-5ar-32r«. 

l+15a:*-6x-3a:«=(l-6a:)-(3:r8-15x*) 
=  1(1 -5a:)- 3x8(1 -5x) 
=  (l-3a:8)(l-6a:). 

18.  ojca+a^+a  +  a:. 

ajfi-^a^x-\-a-\-x=  (ax^  +  a^x)  +  (o  +  a:) 
=  ax(^x  +  «)  +  (a  +  *) 
=  (aa:+l)(a  +  x). 

19.  (a  +  6)(c+rf)-3c(a  +  6). 

(a  +  6)(c+rf)-3c(a  +  6)  =  (a  +  ft)(c+</-3c) 
=  (a  +  fe)(rf-2c). 

20.  (ar-y)2+2i^(a:-y). 

=  (a:-y)(a:  +  y). 

Exercise  29.    Page  88. 
Resolve  into  factors : 

1.  a2-6a6+962.  8.  49^2- 14y2  + t^. 
(a-36)(a-36).  (7y -«)C7y -2). 

2.  4aH4a6+62,  9.   x2-16a:  +  64. 
(2a  +  6)(2a  +  6).  (ar-8)(a:-8). 

3.  a2-4a6  +  4ft2.  10.   9a:«  + 24a:y  +  16y2. 
(a-26)(o-26).  (3a:  + 4y)(3ar  +  4y)c 

4   i2  4.exy  +  9y2.  11.   l6a^-\-Sax-\- x^. 
(x  +  3y)(a:  +  3y).  (4a  +  .r)(4a  +  x). 

5.  4a:2-12aar  +  9a2.  12.  26  +  80 ar  +  64 ar^. 
(2x-3a)(2a:-3a).  (6  + 8x)(5  + 8a:). 

6.  a2-.10a6  +  2662.  13.  49a:2-28a:y  +  43^2. 
(a-66)(a-56).  (7a:-2y)(7a:-2y). 

7.  4a2-4o+l.  14.  1-206  +  10062. 
(2a-l)(2a-l).  (1  - 106)(1  -  106). 
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16.  81  aa+ 12606  +  4962.  18.   121a2  + 198ay  +  Sly* 

(9a  +  76)(9a  +  76).  (Ha  +  9y)(lla  +  9y). 

16.  j»%i«- 16  mnaa  + 64  a*.  19.  a%^(fi  -  2  ab^<^a* -^^  x^\ 
(mn  -  8  a2)  (mn  -  8  a^).  (a62c8  -  a*)  (a62c»  -  x®). 

17.  4a2-20ax  +  25x3.  20.  49- 140ifc»  + lOOJfc*. 
(2  a-5a:)(2a-  5x).  (7  -  10il:2)(7  -  10X;2). 

exercise  30.    Page  89. 
Resolye  into  factors : 

1.  a2-4.  11.   81a:2_4y2. 

(a  +  2)(a-2).  (9x  + 2y)(9a:-2y). 

2.  l-x2.  12.  64a*-6*. 

(l  +  a:)(l-x).  (8a2  +  62)(8a2-63). 

3.  a:3-9y2.  13.   mV^SQ. 

(x  +  3y)(a:-3y).  (mn  +  6)(i»n-6). 

4.  4a2-4962.  14.  a^-144. 

(2a  +  76)(2a-76).  (x3+ 12)(x3-12). 

5.  x3-4ya.  15.  x2-25. 

(a:  +  2y)(a:-2y).  (x+5)(x-5). 

6.  25-16a2.  16.  49-100y2. 

(5  + 4a) (5 -4a).  (7  +  10y)(7 -lOy). 

7.  16-25y2.  17.  l-49x«. 

(4  +  6y)(4-5y).  (l  +  7x«)(l-7ir8). 

8.  a262-l.  18.  4-121y8. 

(a6  +  1)  (a6  - 1).  (2  +  11  y*)  (2-11  y*). 

9.  a:2-100.  19.   l-169a«. 

(x  +  10)(x- 10).  (1  +  13a8)(l  -  13a8). 

10.  121  a2- 36  62.  20.  a262-4c«. 

(llo  +  66)(llo-66).  (a6  +  2c«)(a6-2c»). 
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21.  9*»-.fl«. 

(3:t*  +  a«)(3.r*-a«), 

22.  4lM-.y» 

(2aJ»  +  yM)(2x8-yiO). 

23.  49aW-yW 

24.  64a«-96». 
(8a+368)(8a-36»). 

25.  81a*6*-c*. 

(9o262  +  c2)(9a262-c2). 

26.  4a«c-9c6. 
cC2a+3c2)(2a-3c2). 

27.  20a»6»-5a6. 
5a6(2a5+l)(2a6-l). 

28.  3a5-12a8c2. 

3a»(a  +  2c)(a-2c). 


29.  9aa-8162. 

(3a  +  96)(3a-96). 

30.  26-64y2. 
(5+8y)(5-8y). 

31.  16  x"- 9  a:y«. 

a:(4x8  +  3i,8)(4x«-3y«). 

32.  26x10- 16  aM. 

x8(6x  +  4a*)(6x-4a*). 

33.  36aax2-49a*. 
a2(6x+7a)(6x-7a). 

34.  x2-16y2. 

(x  +  4y)(x-4y). 

36.   1-400X*. 

(l  +  20x2)(l-20xa). 

36.  4a2c-9c«. 

c(2a  +  3c)(2a  — 3c). 


Bxercise  31.  Page  91. 
Resolve  into  factors : 

1.  (x  +  y)2-z2.  3.    (x-2j^)2-422. 

(^  +  i^  +  «)(a^  +  y-«)-  (x-2y  +  2«)(x-2y-22r). 

2.  (x-y)2-z2.  4.    (a  +  36)2-16c2. 

(x-y  +  z)(x-y  — 2).  (a  +  36  +  4c)(a  +  36-4c). 

{a:  +  (y-2)K^-(y  — «)}=  (af  +  y-«)(a^-y  +  0- 

6.  a«-(36-2c)2. 
{a+(36-2c)}{o-(86-2c)}=(a  +  36-2c)(a-36  +  2c). 

7.  62-(2a  +  3c)2. 

{6+(2a  +  8c)}{6-(2a  +  3c)}=(6  +  2a  +  3c)(6-2a-3c). 
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8.  l-(a:+66)2. 

{1  +  (a:  + 56)}{1  -  (r  +  66)}=  (1  +  x  + 56)(1  - x-56). 

9.  9a2-(x-3c)2. 

{3a+  (a:-3c)}{3a-(a:-3c)}=  (3a  +  x-3c)(3a-x  +  8c). 

10.  16a2-(2y-3z)2. 
{4a+(2y-3;2)}{4a-(2y-30}=(4a  +  2y-3e)(4a-.2y  +  3z). 

11.  (a-.6)2-(c-rf)2. 

{(a-6)  +  (c-rf)}{(a-6)  -(c-rf)} 
=  (a-6  +  c-<f)(a  —  6  —  c  +  rf). 

12.  (2a  +  6)2-25c2. 

(2a  +  6  +  6c)(2a  +  6  —  6c> 

13.  (x  +  2y)2-(2x-y)». 

{(x+2y)  +  (2x-y)K(ir+2y)-(2x-y)} 
=  (a:  +  2y4-2x-y)(x4-2y-2a:  +  y) 
=  (3x+y)(3y-x). 

14.  (x  +  3)2-(3x-4)2. 

{(a:  +  3)  +  (3x-4)}{(a:  +  3)  -  (3x-4)} 
=  (a:  + 3  + 3a:-4)(ar  + 3-3x4-4) 
=  (4x-l)(7-2x). 

15.  (a  +  6-c)2-(a-6-c)». 

((a  +  6-c)  +  (a-6-c)}{(a  +  6-c)-(a-6-c)} 
=  (a  +  6  —  c  +  a  —  6  —  c)(a4-6  —  c  —  a  +  6  +  c) 
=  (2a-2c)(26) 
=  46(a-c). 

16.  (a-3x)2-(3a-2x)2. 
{(a-.3x)4-(3a-2x)}{(a-3x)-(3a-2r)} 

=  (a-3x  +  3a-2x)(a  — 3x-3a  +  2x) 
=  (4a-5x)(-2a-x) 
=  _(4a  — 5x)(2a  +  x) 
=  (5x  — 4a)(x  +  2a). 

17.  (2 a -1)2 -(3a +1)2. 

{(2a-l)  +  (3a+l)K(2a-l)-(3a  +  l)} 
=  (2a-l  +  3a  +  l)(2a-l-3a-n 
=  5a(-a-2) 
=  — 5a(a  +  2). 
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18.  (x-6)a-(x  +  y-6)2. 

{(x-6)+(x  +  y-6)H(:t-5)-(x  +  y-6)} 
=  (ar  —  6  +  x  +  y  —  5)(a:  —  6  —  ar  —  y  +  6) 
=  (2x+y-10)(-y) 
=  -y(2a:  +  y-10). 

19.  (2o+6-c)2-(ci-26  +  c)2. 

{(2a  +  6-c)+  (a-26  +  0}{(2«+ft-c)-(«-26  +  c)} 
=  (2o+6  — c  +  a  — 26  +  c)(2a  +  6  — c  — a  +  26  — c) 
=  (3o-6)(a  +  36-2c) 

20.  (a  +  26-3c)2-.(a  +  6c)2. 

{(a  +  26-3c)+  (a  +  5c)}{(a  +  26-3c)-(a  +  5c)} 
=  (a  +  26  — 3c  +  a+6c)(a  +  26  — 3c  — a  — 6c) 
=  (2a  +  25  +  2c)(26-8c) 
=  4(o  +  6  +  c)(5  — 4c). 

Bxercise  32.    Page  92. 
Resolye  into  factors : 

1.  a«  +  2aA  +  62-4ca. 

a2  +  2a6+62-4c2=(a2  +  2a6  +  62)-.4c2 
=  (a  +  6)2-4c2 
=  (a  +  6  +  2c)(a  +  6  — 2c). 

2.  ri-2ry  +  y2_9a2. 

x2  -  2  ary  +  y2  -  9  a2  =  (a:2  _  2  ary  +  y^)  -  9  a2 
=  (a.-y)2-.9a2 
=  (a:-y  +  3a)(a:-y-3a). 

3.  62-xa  +  4aa:-4a2. 

62_^  +  4aa^_4aa  =  62-(r2-4aa:+4a2) 
=  62_(a:».2a)2 
=  (6  +  x  — 2a)(6  — x  +  2a). 

4.  4a2  +  4a6  +  62_a.2. 

4a2  +  4a6  +  62-a:a=(4a2  +  4a6  +  62)_a4! 
=  (2a +6)2-2-2 
=  (2a  +6  +  a-)(2a  +  6-ar). 
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a2-.a:a_y2_2a:y  =  o2— (a^«  +  2xy  +  y2) 

=  (a  +  x  +  y)(a  — X  — y). 

6.  l-a2-2aA-62. 

l-a2-2a6-6a=l-(a2  +  2a6+62) 
=  l-.(a+5)2 
=  (l  +  a  +  6)(l-a-6). 

7.  a2  +  62^.2a6-16a262. 

oa+ 62 +  2a6-16a262=  (a2  + 2a6  + 62)  _  iea252 
=  (a  +  6)2-.l6a262 

=  (a  +  6  +  4a6)(a  +  6  —  4a6). 

8.  4a2-9a2+6a-l. 

4a2-9a2  +  6o-l  =  4a2-(9o2-6a+l) 
=  4a2-(3a-l)2 
=  (2a  +  3a  — l)(2a  — 3a  +  l) 
=  (5a-l)(l-a). 

9.  a2+62_c2-rf2-2a6-2crf. 

a2  +  62  _  c2  ~  rf2  _  2  aft  -  2  erf  =  (a2  -  2  aft  +  62)  -  (c2  +  2  erf  +  rf2) 
=  (a-6)2-r(e+rf)2 
=  (a  -  6  +  c  +  rf)(a  -  6  —  c  —  rf). 

10.  x2  +  y2_2xy-2a6  — a2  — 62. 

x2  +  y2_  2a:y  —  2a6  -  a2  —  62  =  (a:2 _  2a:y  +  y2)  «  (a2  4.  2a6  +  62) 

=  (a:  — y4.a  +  6)(a:  — y  — a  — 6) 

11.  9a:2-6x+l-a*-4a6-462. 

9x2-6a:+l-a2_4a6-462=(9a-2_6ar+l)-(a2  +  4a6  +  462) 

=  (3a:-l)2-(a  +  26)2 
=  (3x-l  +  a  +  26)(3a:-l-a-26). 

12.  a2  +  2a6  — Jtr2  — 6a:y  — 9y2_|.62. 

a2  +  2a6-  a:2-6ary  -9y2  +  62  =  (a2  +  2a6  +  62)  -  (a:2  +  6xy  +  9y2) 

=  (a  +  6)2-(x  +  3y)2 
*=(a  +  6  +  a:  +  3y)(a  +  6-a:-3y> 


teachers'  edition.  7*j 

13.  x^-2x+l-b^-\.2by-y^. 

14.  d-6x-\-x^-a^-Sab-16b^. 

0-6x  +  x2- a2  -  8a6  -  1G62  =  (9  _  6x  +  ^r^)  -  (a^  +  Sab  +  1662) 
=  (3-a:)2-(a  +  46)2 
=  '(3  -  .r  +  a  +  46)(3  -  a:- a  -  46). 

15.  4-4j:  +  ar2_4a_i_4a2. 

4-4a:  + x2-4a  -  1  -  4a2  :=  (4  _  4a;  4.  3,2)  _  (1  ^  4a  ^  4a2) 
=  (2 -jr)2_  (1  +  2  0)2 
=  (2-a:+  l  +  2a)(2-j:-l-2a) 
=  (3-a:  +  2a)(l-x-2a). 

16.  a*-a2_9  +  54^.6a_2a262. 

a*-a2-9  +  6*  +  6a  -  2a262=  (a4  -  2a262  4.  ^4)  _  (a2  _6a  +  9) 
=  (a2  -  62)2  _  (a  _  3)2 
=  (a2  -  62  +  a  -  3)  (a2  -  62  -  a  +  3). 

Exercise  33.    Page  93. 
Resolye  into  factors : 

1.  a^+x2y2  +  y4. 

a:*  +  arV  +  y*  =  (x*  +  2  x2y2  +  y*)  -  a:2^2 
=  (ar2  +  y2)2_^2^2 

=  i^^  +  y«  +  xy)(x^^y^^xj/y 
=  (^*  +  ary  +  y2)(a,2  _  ^^  +  ^a). 

2.  x*  +  a:2+l. 

x*+x2  +  l=(x*  +  2ir2+l)-a:2 
=  (ar2+l)2-r2 
=  (a:2+l  +  a:)(x2+ 1-ar) 
=  (ar2  +  ar+l)(.r2-x+l). 

3.  9a*-16a2+l. 

9a*-.  15a2  +  1  =  (9a*  -  6a2  +  1)  -  9a2 
=  (3a2_l)2_9a2 
=  (3a2-l  +  3a)(3a2-l-3a) 
=  (3a2  +  3a-l)(3a2-3a-l). 
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4.    16a*-17aa  +  l. 

16a*-17a2+l=(l6a*-8o2+l)-9a2 
=  (4a2-l)2-9aa 
=  (4aa-l  +  3a)(4a2-l-3a) 
=  (4a2  +  3a-l)(4a2-3a-l). 

6.  4a4-13a2+l. 

4a*  -  13a3  +  1  =  (4a*  -4a2  +  1)  -  Oa^ 
=  (2aa-l)2-.9aa 
=  (2a2- 1  +  3a)(2a2  -  1  _  3a) 
=  (2a2  +  3a  -  l)(2a2  -  3a  -  1). 

6.  9a*  +  26a262+256*. 

9a*  +  26a262  +  25M  =  (9a*  +  30a262  +  265*)  -  4aa62 
=  (3a2  +  562)2_4a252 

=  (3a2  +  662+2a6)(3o2  +  562-.2a5) 
=  (3a2  +  2a6  +  662)(3a2  -  2a5  +  662). 

7.  4a^-21x2y2  +  9y4. 

4a^  -  21  a:2^2  +  9^4  =  4^4  _  12 ^2^2  +  9y*  -  9^:2^2 
=  (2a:2-3y2)2_9a.2y2 
=  (2x2-3^2 4.  3a.^)(2x2-3^2_33.y) 
=  (2x2+3xy-3y2)(2a:2.3;r^_3y2). 

8.  4a*-29a2c2+26c*. 

4a*  -  29a2c2  +  26c*  =  (4a* - 20a2c2  +  26c*)  -  9a2c2 
=  (2a2-5c2)2-9a2c2 
=  (2a2  -  5c2  +  3ac)(2a2  -  5c2  -  Sac) 
=  (2a2  +  3ac-6c2)(2a2-3ac-6c2). 

9.  4a*+16a2c2+25c*. 

4  a*  +  16  a2c2  +  26  c*  ='  (4  a*  +  20  a2c2  +  26  c*)  -  4  a2c2 
=  (2a2  +  6c2)2-4a2c2 
=  (2a2+6c2  +  2ac)(2a2+6c2-2ac) 
=  (2a2  +  2ac  +  6c2)(2a2--2ac+  6c2). 

10.   26x*  +  31ar2y2  +  16y*. 

26a:*  +  31a:2y2  ^  lOyi  =  (25x*  +  40a:2y2 ^  i6^4)  - 9^:2^2 
=  (5a:2  +  4y2y2_9j,2^2 
=  (5x2  ^  4^2  ^  3xj^)(6x2  +  4y2  —  3ary) 
=  (6^:2  +  3ry  +  4y2)(5jtr2  -  3  ary  +  ^y^")* 
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Exercise  34.    Page  95. 

Resolve  into  factors : 

1.  3^-\-Sx+16.  14.   a^  +  4a:-6. 

(x  +  3)(x+5).  (:r^- !)(:»: +5). 

2.  x2-8x+15.  15.   a:2-4a:-6. 
(x-3)(x-5).  (a:+l)(ir-6). 

3.  xH2a:-15.  16.   a^«+9j:+18. 
(i--3)(x  +  6).  (a:  +  3)(x  +  6). 

4.  x2-3x-10.  17.   a:2-9ar+18. 
(x-5)(i:+2).  (a:-3)(a:-6). 

5.  x24.5ax+6a2.  18.   a~2  +  3x-18. 
(x  +  2a)(x  +  3a).  (x  -  3)(x  +  6). 

B.  x^-bax  +  Qa^.  19.   xa-3x-18. 
(x-2a)(x-3a).  (x  +  3)(x-6). 

7.  x2-2x-15.  20.   x2  +  9x  +  8. 

(x  +  3)(x-5).  (x+l)(a:  +  8). 

8.  x2+5x+6.  21.   x2-9x  +  8. 
(x+2)(x  +  3).  (x-l)(x-8). 

9.  x2_6x  +  6.  22.  x2-f7x-8. 
(x_2)(x-3).  (x-l)(x+8). 

10.  x2+x-6.  23.  x2-7x-8. 
(x-2)(x  +  3).  (x+l)(x-8). 

11.  x2-x-6.  24.   x2+7x+10. 
(x+2)(x-3).  (x+2)(x+6). 

12.  za  +  6x  +  5.  25.  x2-7x+10. 

(x+l)(x+6).  (x-.2)(x-6). 

13.  22_6x  +  6.  26.  x2  +  3x-10. 
(x-l)(x-6).  .(x-2)(x  +  6). 
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27.  a:a-6ax-60a2. 
(x  +  6a)(T-10a). 

28.  T^y^-'Zxy^^. 
(a:^  +  l)(ary--4). 

29.  a2-3ax-64a:2. 
(a  +  6x)(a  — 9x). 

30.  a«-a8c-2c2. 
(a«  +  c)(a8-2c). 

31.  y2-28y«  + 18722. 
(y-lU)(y-17z). 

32.  a:2  +  ox  — 6a2. 
(ar-2a)(a:  +  3a). 

33.  ar^  — ax  — 6a«. 
(a:+2a)(a:-3a). 

34.  ara  +  6a:y  +  4y2. 
(3r  +  y)(a:  +  4y). 

36.  3:8-3x^-4^2. 

36.  x2  — 6xy  +  4y2. 
(x-y)(x-4y). 

37.  x2  +  3xy-4y2. 
(x-y)(x  +  4y). 

38.  x2+3.ry  +  22/2. 
(a:+7/)Cr+22/). 

39.  a2-7a6  +  1062. 
(a-26)(a-66). 

40.  a2x2  — 3ox-54. 
(ax +  6)  (ax -9). 

41.  x2-7x-44. 

(x  +  4)(x-ll). 


42.  X2  +  X-132. 
(x-ll)(x+12). 

43.  x2-16x+50. 
(x-6)(x-10). 

44.  a2- 23  a +120. 
(a-8)(a-16). 

46.  a2  +  17a-390. 
(a-13)(a  +  30). 

46.  c2  +  26c-160. 
(c-6)(c  +  30). 

47.  c2-68c  +  67. 
(c-l)(c-67). 

48.  a*-lla26»+3066. 
(a2-66»)(a2-668). 

49.  «2^92y  ^20j/2. 
(«  +  4y)(x:  +  6y). 

60.  x2y2  +  l9a:^a;^_4823. 
(xy  +  32)(xy  +  162). 

61.  a262-i3a6c  +  22c2. 
(a6-2c)(a6-llc). 

62.  a2- 16  aft -36  62. 
(a  +  26)(a-186). 

63.  x2+17xy  +  30y2. 
(x  +  2y)(x+15y). 

64.  x2-7xy-18y2. 
(x  +  2y)(x-9i,). 

65.  C2  +  C-20. 
(c-4)(c  +  6). 

66.  a2+16a6-26062. 
''a-106)(o  +  266). 


83 


57.  y«  -  5 y2  -  84 z\  59.   18-3z-a:2  =  -(a:2+3x-18) . 
(y  +  70(y-12z).  -(z-.3)(z  +  6), 

58.  j8  - 11 X  -  152.  60.  33+8z-z2  =  -.(ara-8x-83). 
(x+8)(x-19).  -.(x+3)(x-.ll). 

61.   78-7x-x2. 

-  (x2+  7x- 78)  =  -  Cx-6)(x  +  13). 

Exercise  35.    Page  98. 
Besolve  into  factors : 

1.  2x2+5x+3.  11.   18xa  +  9x-2. 
(2x  +  3)(x+l).  (3x+2)(6x-l). 

2.  3:c2-x-2.  12.  24x2~14xy-5y2. 
(3x  +  2)(x-.l).  (4x  +  y)(6x-5y). 

3.  6a^-8x+3.  13.  24x2-38x^  +  15^2. 
(6x-3)(x-.l).  (4x-3i/)(6x-.5y). 

4.  24^2-2x^-15 5^2.                    ,    14.   15x2-26xy  +  8j(2. 
(4x  +  3y)(6x-55^).  (3x-4y)(5x-2y). 

5.  36x2-19x^^-6^2.  15.  9x2  +  6xy-8y2. 
(4x-3y)(9x  +  2y).  (3x-2y)(3x  + 4y). 

6.  16x2+19xy  +  6y2.  16.  6x2-xy-35y2. 

{3x  +  2y)(5x  +  3y).  (2x-5y)(3x+ 7y). 

7.6x2  +  7x4-2.  17.   10x2-21xy-10y2. 

{2x+l)(3x  +  2).  (2x-.5y)(5x  +  2y). 

8.  6x2- X- 2.  18.   14x2-65xy  +  21y2. 
(2x+l)(3x-2).  (2x-7y)(7x-3y). 

9.  15x2  +  14x -  8.  19.  6x2  - 23xy  +  20 y2. 
(3x  +  4)(5x-2).  (2x-5y)(3x-4y) 

10.  8z2-  lOx  +  3.  20.  6x2  ^  35^.^  _  6y2. 

(2x-l)(4x-3).  (6x-y)(x+6y). 
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Exercise  36.    Page  100, 

ResoWe  into  factors : 

1.  a8+8ft». 
(a  +  26)(a2-2a6  +  46>). 

2.  a8-27a6. 
(a-3a2)(a2  +  3a«  +  9a*). 

3.  a* +  64. 
(a  +  4)(a2-4a+16). 

4.  126a»+l. 
(6a+l)(26a«-5a  +  l). 

5.  27x»y«-l. 

6.  a8  +  276«. 
(a  +  36)(a2-3a6  +  962). 


7.  x8j(«-64. 

(a:y-4)(a:2y2  +  4a:y  +  l6). 


8.  64a«+126ft». 
(4a2  4.  56) (16a*  -  20o«6  +  2562) 

9.  216a6-6». 
(6a2-  6)(36a*  +  6o26  +  62). 

10.  64  a«- 27  68. 
(4a-36)(16o2+12a6+962). 

11.  343 -ar». 

(7-x)(49  +  7j:+:ca). 

12.  a»6»  +  343. 
(a6+7)(a262-7a6  +  49). 

13.  8a«-6». 
(2a-62)(4a2  +  2a62+6*). 

14.  216TO8  +  n8. 

(6  m  +  n2)  (36  m^  -  6  mn*  +  «*). 


16.   (a +6)8-1. 

{(a  +  6)  -lK(a  +  6)2+  (a  +  6)  +  1} 

=  (a  +  6-l)(a2+2a6  +  62  +  a  +  6+l). 

16.  (a -6)8+1. 

{(a-6)  +  l}{(a-6)2-(a-6)  +  l} 

=  (a-6+l)(a2-2a6  +  62-a  +  6+l). 

17.  (2x  +  y)8-(a:-5^)8. 

{(2x  +  y)-(a:-y)}{(2x  +  .v)2+(2x  +  y)(a:-y)  +  (a:-y)2} 
=  (2ar+y-a:+y)(4ar2+4:r2^  +  y2  +  2ar2-xi^-y2^.a:3.2:ry+y2) 
=  (T  +  2y)(7ar2  +  xi^  +  y2). 

18.  l-(a-6)8. 

{l-(a-6)}{l+(a~6)  +  (a-6)2} 

=:(l-.a  +  6)(l  +  a-6  +  a2-2a6+62). 
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19.  8x»-(a:-y)8. 

=.  (2a: - X  +  y)(4a^«  +  2x2  —  2 xy  +  x2 - 2a:j^  +  y2) 
=  (x+y)(7x2-4xy  +  y2). 

20.  8(x  +  y)«  +  A 

{2(x  +  y)  +  z}{A(x  +  y)2  -  2(x  +  y)z  +  ;r2} 

=  (2x+2y  +  0(4a:2  +  8xy  +  4y2-2x2-2y«  +  «^. 

21.  729y«-642«. 

C9y  -42)(81y2  +  36y«  +  16*2). 

22.  (a  +  6)8 -(o- 6)8. 

{(a  +  6)  -  (a  -  6)}{(a  +  6)2  +  (a  +  6)(a  -  6)  +  (a  -  6)2} 

=  (a  +  6  -  a  +  6)  (a2  +  2  a6  +  62  +  a2  -  62  +  a2  -  2  a6  +  62) 
=  26(3a2+62). 

23.  729a«+216c8. 

(9a2  +6  c2)  (81  a*  -  64  a2c2  +  36  c*). 

24.  j8j^-512««. 

(xy  -8z)(x2y2  +  8  xyz  +  6422). 

Exercise  37.    Page  103. 

Resolve  into  factors : 

1.  a«-9a. 

a*  -  9  a  =  a  (a  +  3)  (a  —  3). 

2    l2j(2_4^^_3^y8. 

x2y2  _  4  a:y4  .  3  :pay8  =  j,y2(j:  _  4  y2  .  3  ^y). 

3.  x«  +  x2  +  x+l. 

X8  +  X2+X+1=(X«  +  X2)+(X+1) 

=  x2(x  +  l)  +  (ar+l) 

=  (X2+1)(X+1). 

4.  22-2y  +  2x-xy. 

x2-2y  +  2x-xy=(x2~xy)  +  (2x-.2y) 
=  x(x-y)  +  2(x-y) 
=  (x  +  2)(x-y). 
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5.  3ar»  +  2x2-.9ar-6. 

3a*  +  2ar2 -  9a: -  6  =  (3x«  +  2a:8)  _  (9a,  +  6) 

=  x2(3ar  +  2)-3(3x  +  2) 
=  (a:3-.3)(8:c  +  2). 

6.  a:3-14x  +  49. 

x^^Ux  +  49  =  (a:-7)(T-  7). 

7.  36:ca-49y2. 

36ar2-49i^2=(6T+7y)(6ar-7i^). 

8.  a:*-y*. 

10.  a:»  +  y«. 

a:8  +  y  8  =  (ar  +  y )  (a:3  «  a:y  +  y2) . 

11.  a:«-/. 

a:«-.y6=(aH»  +  y»)(aJ»-y«) 

=  (^+y)  (^P^xy+y2)  (x-y)  (a:a+xy+y2). 

12.  a:«  +  y«. 

a:«  +  y«  =  (ara  +  y2)  (a:*  -  arV  +  y*). 

13.  a~»-(a-6)2. 

[:r+(a-.6)][ar-(a-.6)]  =  (ar  +  a-6)(a:-a  +  6). 

14.  »i2  +  2nm  +  n2-l. 

in2  +  2  wn  +  n2  —  1  =  (m  +  n)2  -  1 

=  (TO  +  n  +  l)(m  +  n-l). 

15.  a2-(jn  +  n)2. 

a2  —  (to  +  n)2  =  (a  +  m  +  n)  (a  —  m  —  n). 

16.  a:2-llar+18. 

ar2-lla:+18=(a:-2)(ar-9). 

17.  ar2  +  4ar-45. 

x2  +  4a:-46=(ar-5)(a:  +  9). 

18.  x3+13x+36. 

a:2  +  13x  +  36  =  (x  +  4)(x  +  9). 

19.  x2-13x-48. 

a:2  _  13a. «  48  =  (a:  ^.  3)  (^  _  16). 
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20.  i«  +  9x-36. 

a:2+9a:-36=(x-3)(x+12). 

21.  lOa^  +  x-21. 

10ara  +  x-21=(2x+3)(5a:-7). 

22.  6r»_a:-12. 

6a:2«.a:-12=(2ar-3)(3x  +  4). 

23.  12x2-.j-l. 

21  12xa-j-20. 

12a:2-x-20=(3ar-4)(4x  +  6). 

26.  9a2  +  12a  +  4. 

9a2  +  12a  +  4  =  (3a  +  2)(3a  +  2). 

26.  o2-62-c2  +  26c. 

a2_62_c2  +  26c  =  a2-(62-26c  +  c2) 
=  a2_(6_e)2 
=  (a  +  6  — c)(a  — 6  +  c). 

27.  a:*  +  x«j^2  +  /. 

a4  +  2^^2  +  y4  =  a4  +  2  arV  +  y*  -  a^y* 

=  (a:a  +  xy  +  y^)(x^  -  xy  +  j^2;. 

28.  22.02«4o. 

22-62-40  =  (z  +  4)(2- 10). 

29.  a3_7a._6o. 

a:2_7a,.60=(x+5)(x-12). 

30.  fl8-19a  +  84. 

a2  -  19 a  +  84  =  (a  -  7)  (a  - 12). 

31.  a:2  +  2ax+36x  +  6a6. 

i2  +  2ax  +  36x  +  6a6=  (x2+^ax)  +  (36x  +  6a6) 
=  x(x  +  2a)  +  36(x  +  2a) 
=  (x+36)(x  +  2a). 
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32.  x2+jn2-n2-2inj:. 

ar2+m2-»2_2mx=(a:2-2mx+m2)-n« 
=  (ar-OT)2-n2 
=  (ar  —  TO  +  n)  (x  —  iH  —  n). 

33.  4x<-x2. 

4a:*-x2  =  x2(4a:a«i)=a:2(2x+l)(2x-l). 

34.  xi2  +  yi2. 

Xl2  +  ^12=  (^)8  +  ry4)8  =  (X*  +  y4)  (X8  -  X*ir*  +  y^). 

36.  9x*  +  21x2y2  +  26y*. 

9.r*  +  21  x25^2  +  25 y*  =  (9x*  +  30x2/  ^  25 j/^)  -  9x2y2 
=  (3x2+ 5y2)2«.  9^:2/ 

=  (3x2  +  5y2  +  3a:y)(3x2+5y2-3x^) 
=  (3x2  +  3xy  +  5y2)(3ar2- 3xy  +  5y2). 

36.  x3-4  +  y2  +  2xy. 

x2- 4  +  5^2  ^.  2 xy  =  ar2  +  2xy  +  y2«.4 

=  (^  +  y)'-4 

=  (x+y  +  2)(x  +  y-2). 

37.  2x2  +  3xy-2y2. 

2x2  +  3xy-2y2=(2x-y)(x  +  2y). 

38.  2a2-7a  +  6. 

2a2-7a  +  6=(2a-3)(a-.2). 

39.  x*-7x2+l. 

x*  -  7x2+ 1  =  (x*  +  2x2  +  1)  - 9x8 
=  (x2 +1)2-9^:2 

=  (x2+l  +  3x)(x2+l-3x) 
=  (x2+3x+l)(x2-3x+l). 

40.  l-d2-i2_2o6. 

l-a2-62«2a6  =  l-.Ca2  +  2a6  +  62) 
=  l-(a  +  6)2 
=  (l  +  a  +  6)(l-.a-6). 

41.  3x*-6x«  +  9x2. 

3x*-6x8  +  9x2  =  3x2(x2-2x  +  3). 
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42.  a«-5x2-2ar+10. 

:c8-5a:2«2a:+10=(aJ»-6a:3)-(2ar-10) 
=  x3(a:-5)-2(x-5) 

43.  2*  +  ax-6ar  — aft. 

3^  +  ax^bx-'ab=  (^x^  +  ax)  —  (bx  +  ab) 
=  x(x  +  a)  —  b{x  +  a) 
=  (x-6)(x  +  a). 

44.  22*-3ary  +  4aT  — 6ay. 

2  j2-3xy  +  4aa:  -  6ay  =  (2x2  _  3^:^)  +  (4ax  -  6ay) 
=  x(2ar-3y)  +  2a(2x-3j/) 
=  (x  +  2a)(2a:-3y). 

45.  oar*  +  6x8  —  aar  —  6. 

ax*  +  6a:«  —  ax  —  6  =  (ax*  +  ba^)  —  (ax  +  6) 
=  x3(ax  +  6)  —  (ax  +  6) 
=  (x«-l)(ax  +  6) 
=  (x-l)(x2+x+l)(ax  +  6). 

46.  a»+6»  +  a+6. 

a«  +  68  +  a  +  6  =  (a8  +  68)  +  (a  +  6) 

=  (a  +  6)(a2-a6+  62)  +  (a  +  6) 
=  (a  +  6)(a2-a6  +  62+l). 

47.  fl8.68  +  a_6. 

a8«68^.a_t=(a8.-68)  +  (a-6) 

=  (a-6)(a2  +  a6  +  62)  +  («-&) 
=  (a-6)(a2  +  a6  +  62  +  l). 

48.  (x-.y)2-2.y(x-y). 

(x-y)2-.2y(x-y)  =  (x-y)(x-y-2y) 
=  (x-y)(x-3y). 

49.  1-10x^  +  25x2^2. 

1  -  10 xy  +  26x3y2=  (1 «.  5xy)(l  -  5xy). 

50.  oa-62  +  26c-c2. 

a2-62  +  26c-c2  =  a2-(62-26c  +  c2) 
=  a2_(6_c)2 
-(a+6-.c)(a-6  +  c). 
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51.  J^  +  Ay^^z^^^xy. 

62.  a2-46«-.9ca+126c. 

a2-462-9ca+126c  =  a2-(46a-i26c  +  9ca) 
=  a2-(26-3c)a 
=  (a  +  26-3c)(a-26  +  3c). 

53.  4a:3  +  9y2-.22«.i2j:y. 

4a:3  + 9ya- 22- 12Ty  =  (4x2- 12ary  +  9y2) -^2 

=  (2T-3y)2-23 

=:(2a:-3y  +  2)(2x-3y-;2). 

54.  (a+6)2-(c-(f)2. 

(a  +  6)  2  -  (c  -  rf)  2  =  (a  +  6  +  c  -  rf)  («  +  6  -  c  +  c/) . 
56.   J*  +  y». 

a^  +  y*  =  (x  +  y)  (a:*  -  a:»y  +  a^y2  _  ^,^8  +  ^), 

56.  32j*-c«. 

32a:S-  c6  =  (2  r  -  c)  (16  x*  +  8cx«  +  4c2a:2  +  2c»x  +  c*). 

57.  o«  +  64/. 

a6  +  64  y6  =  (a2  +  4y2)(a4  _  4a2y2  4. 16^4). 

58.  729-0:6. 

729-ar6  =  36-a:« 

=  (3«  +  x8)(33-x«) 

=  (3  +  ar)(32-3x+x2)(3-.r)(32  +  3x  +  ;r2) 
=  (3  +  a:)(9-3ar+z2)(3-r)(9  +  3z  +  a:2). 

59.  Xl2_yl2. 
a:i2-.yi2=(^  +  y6)(^_^6) 

=  (^^  +  y")  (^  -  ^V  +  y*)  (ar2  -  y2)  (^  +  a4»y2  +  y4) 

=  (^Hy«)  (a:*-a:2y24.y4)  (^^.3^)  (^_y)  (a:2+^^^.^2)  (x2-Z3^+y2). 

60.  (a  +  6)*-l. 

(a  +  6)*-  1  =  {(a  +  6)2+  !}{(«  +  6)2-  1} 

=  (a2  +  2a6  +  62+l)(a  +  6  +  l)(a  +  6-l) 
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61.  a«-fc2  +  a-6. 

a3-62  +  a-.6=(a2-62)  +  (a-6) 

=  (a  +  6)(a-6)  +  (a-6) 
=  (a  +  6+l)(a-6). 

62.  a«  +  a  +  36-962. 

aHa  +  36-.962=(a2«.962)  +  (a  +  3ft) 

=  (a  +  36)(a-36)+(a  +  86) 
=  (o  +  36)(a-36+l). 

63.  6o2-a-77. 

6a2-  a  -  77  =  (3a  -  ll)(2a  +  7). 
61  5c*-15c«-90ca. 

6c*-15c«-90c2  =  5c2(c2-3c-18) 
=  5c2(c  +  3)(c-6). 

65.  a2j-c2x+a2y  — c2y. 

a^x-(^x  +  a2y  —  c^yzri  x(cfl  -  c^)  +  y (a2  -  c^) 

=  (^  +  y)(«  +  c)(«-c)- 

66.  16x*-81. 

16a:*  -  81  =  (4a:2  +  9)(4ar2  -  9) 

=  (4x2  +  9)(2r  +  3)(2a:-3). 

67.  j:*  +  a:a+l. 

a*  +  af3  +  1  =  (ar*  +  2  a:2  +  1 )  -  :ca 

=  (.T8+l)2«.aJJ 

=  (a:a  +  i^.a,)(^^.l_^j 

68.  27i»-64a8. 

27a:«-64a«=  (3a:-4a)(9x2+  12fla-+  16a«) 

69.  :r»  +  y9. 

=  (a:  +  3^)(a:2-a:y  +  y2)(a;8_^y8  + y6;. 
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70.   x»-y«. 


71.  a8-.266. 


o8-256  =  a8-28 

=  (a*  +  2*)(a*-2*) 

=  (a*  +  2*)  (a2  +  2«)  (a^  -  22) 

=  (a*  +  2*)  (a2  +  22)  (a  +  2)  (a  -  2) 

=  (a*  +  16)(a2  +  4)(a  +  2)(a-2). 

72.  jr*  +  16a2:r2  +  256a*.     " 

a:*  +  16a2x2  +  266  a*  =  (a:*  +  32  02^2  +  266  a*)  -  16a2x2 
=  (a^+16a2)2-16a2a:2 
=  (a:2  ^  16a2  +  4aj:)(a^»  +  16a2  -  4^^.) 
=  (a^»+  4aar+  16a2)(ar2  — 4aa:+  16a2). 

73.  l-'(x-y)». 

l-(x-j,)»={l-(x-y)}{l+(.r-y)+(x-y)2} 

=  (1  -  X  +  y)(l  +  ar-y  +  3:2- 2a:y  +  5^2). 

74.  (a:4-y)»  +  (2r-y)8. 
(^  +  y)»+(2x-y)8 

=  {(^  +  y)  +  (2x-y)}{(a:  +  y)2-(ar  +  y)(2r-y)  +  (2a:-y)2} 
=  3a:(x2  +  2  ry  +  y^  —  2x2  —  ary  +  y2  +  4  j:2  —  4xy  +  y2) 
=  3x(3x2-3xy  +  3y2) 
=  9x(x2-xy  +  y2). 

76.  x6-216. 

x6-216  =  x8-68 

=  (x2)8-68 

=  (x2-6)(x*  +  6x2  +  36). 

76.  3x2  + x-2. 

3x2  +  x-2=(3x-2)(x+l). 

77.  2-3a-2a2. 

2-3a-2a2  =  (2  +  a)(l-2a). 

78.  4-6c-6c2. 

4«5c-6c2=(4  +  3c)(l-2c). 


79.  2iy-ar2-y2+«2. 

2  a:y  -  x2  -  y2  4.  2,2  =  2,2  «.  (a.2  _  2  a:y  +  »^  2) 
=  22-(ir-y)2 
=  (2:  +  a:  —  y)(«  —  a:  +  y). 

80.  4a*-9a2  +  6a-l. 

4a*-9a2  +  6o-l  =  4a*-(9a2-6a+l) 
=  4a* -(3a -1)2 
=  (2a2  4-3a-l)(2a2-3a  +  l) 
=  (2a2+3a-l)(2a-l)(a-l). 

81.  a2-2aft  +  62+12xj,-4x2-9y2. 

a2-2a6  +  6*+ I2a:^ -4a:2-9y2  =  (a2-2a6  + 62)-(4ar2- 12a:!^  +  9y2) 
=  (a-6)2-(2a:-3y)2 
=  (a  —  6  +  2a:-3y)(a  —  6  —  2j:  +  3y). 

82.  2x2-4a:y  +  2y2  +  2aar  — 2ay. 

2i2»4a:y  +  2y2  ^.  2aa:  —  2ay  =  2ar2 -  4a:y  +  2 y2  +  2aa:  +  2ay 
=  2(a:2«.2a:i/ +  y2)  +  2a(T-3^) 
=  2(a:-y)(a:-y)  +  2a(ar-y) 
=  2(a:-y  +  a)(x-y). 

83.  (a  +  6)2-l-o6(a  +  6+l). 

(a  +  6)2-l-a6(a  +  6+l)={(a  +  6)2-l}-a6(a  +  fc+l) 

=  (a  +  6+l)(a  +  6-l)-a6(a  +  6  +  l) 
=  (a  +  6  +  1)  (a  +  6  -  a6  -  1). 

84.  i«-22  +  3a:+5. 

a4J-a^2  +  3a:  +  5=  (a:8-ar2-2x)  +  (5x  +  6) 
=  x(x2  _  ar  -  2)  +  6(a:  +  1 ) 
=  <x+l)(a:-2)4-6(x+l) 
=  (a:+l){a:(ar-2)  +  6} 

85.  6i«-23a:2+16ar-3. 

6j:«-23ar2+16a:-3=(6a:«-23ar2+7ar)  +  (9ar-3) 
=  a.(6ar2-23a:+7)+3(3ar-l) 
=  x(3x-l)(2a--7)  +  3(3a:-l) 
=  (3r-l){T(2ar-7)  +  3} 
=  (3ar-l)(2a:2-7a:  +  3) 
=  (3r-l)C2ar-l)(a:-3). 
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86.  ar2  +  y2  +  z2-2xy-.2a:2  +  2y«.     (See  §  103.) 

x^  •}-  y^  -\-  z^  —  2xy  ^2 xz  -\-  2 yz 

=  (a:2-2ary  +  y2)_(2a:2  — 2y2)  +  22 
=  (^-y)^-22(x-y)  +  «2 

87.  4a262-(a2  4-6-^-c2)2. 

4a262_(a3^.ft2_c2)2 

=  (2a6  +  a2  +  62  _  c2)(2a6  -  a2  -  62  +  c2) 
=  (a2  4-  2a6  4-  62  -  c2)(c2  —  a2  +  2a6  -  62) 
=  {(a  +  6)2  -  c2}{c2  -  (a  -  6)2} 
=  (a  +  6  +  c)(a  +  6  — c)(c  +  a  — 6)(^c  — a  +  o\ 

Exercise  38.    Page  107. 

Find  the  H.  C.  F.  of 

1.  120  and  168. 

120  =  2X2X2X3X6 
168  =  2x2x2x3x7 
.-.  the  H.  C.  F.  =  2  X  2  X  2  X  3 
=  24. 

2.  36aJ»and27ar*. 

36a:8  =  2x2x3x3Xxara: 
27a:*  =  3x3x3Xa:xxa: 
.-.  the  H.  C.  F.  =  3  X  3  X  xxx 
=  9a:8. 

3.  42a2a:«and60a8ar2. 

42a2a:8  =  2  X  3  X  7  X  aa  X  xarar 
60a8j:2  =  2X2X3X6X  aaaXara: 
/.  the  H.  C.  F.  =  2  X  3  X  aa  X  xx 
=  6a2a:2. 

4.  36a8j:2and28x«j^. 

36a8a:2  =  2x2x3x3x  aaaXarar 
28ar3y   =2x2x7Xxa'a:Xy 
.-.  theH.C.F.  =  2x2xarx 
=  4a:2. 
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6.  iSaV^c  and  GOaM. 

48a268c  =  2x2x2x2x3XaaXW6Xc 
60  aM  =  2  X  2  X  3  X  5  X  aao  X  ccc 
.-.  the  H.C.F.  =  2x2x3  Xoaxc 
=  12  a2c. 

6.  8(a  +  6)2and6(a  +  6)'. 

8  (a  +  6)  2  =  2  X  2  X  2  X  (a  +  6)  X  (a  +  6) 
6(a  +  6)8  =  2  X  3  X  (a  +  6)  X  (a  +  6)  X  («  +  6) 
.-.  the  H.  C.F.  =  2  X  (a  +  6)  X  (a  +  6) 
=  2(a  +  6)2. 

7.  12a(j  +  y)2  and  46(x  +  3^)8. 

12a(x  +  y)2  =  2x2x3XaX(ar  +  y)X(ar  +  y) 
4  6(t  +  y)8  =  2  X  2  X  (ar  +  y )  X  (a:  +  y)  X  (:c  +  y) 
/.  theH.C.F.  =  2x2x(x  +  y)x(ar  +  y) 
=  4(a:  +  y)2. 

8.  (x  -  l)2(x  +  2)2  and  (x  -  3)  (a:  +  2)8. 

(x -  l)2(a:  +  2)2  =  (;r  -  1)  (a:  -  1)  (or  +  2)  (ar  +  2) 
(a:-3)(a:  +  2)8=(a:-3)(a:+2)(ar  +  2)(ar  +  2) 
.-.  the  H.  C.  F.  =  (ar  +  2)  (x  +  2) 
=  (a:  +  2)2. 

9.  24a268(a  +  6)  and  42a86(a  +  6)2. 

24  a268  (a  +  6)  =  2  X  2  X  2  X  3  X  aa  X  W6  X  (a  +  6) 
42  a86(a  +  6)2  =  2  X  3  X  7  X  aaa  X  6  X  (a  +  6)  X  (a  +  6) 
.-.  the  H.  C.  F.  =  2  X  3  X  aa  X  6  X  (a  +  6) 
=  6a26(a  +  6). 

10.  a:2(x_3)2andx2-3T.  12.   a:2_4-p  and  ar2- 6ar+ 8. 
^(x-3)2  =  j:r(T-3)(a:-3)  ar2-4ar  =  ar(x-4) 

x2_3ar=ar(ar-3)  a:2 -6ar  +  8=  (a--2)(a:- 4) 

.'.  the  H.  C.  F.  =  x(x  -  3)  .-.  the  H.  C.  F.  =  a:  -  4. 

=  ar2-.3a:. 

11.  x2-.i6andar2  +  4x.  13.   a:2 _  7 ^r  +  12  and  a:2  -  16. 

x2-16=(ar  +  4)(x-4)  a:2- 7  a:  +  12  =  (x- 3)(ar-4) 

x2  +  4ar  =  a:(a:  +  4)  x2  -  16  =  (x  +  4)  (a:  -  4) 

.*.  theH.C.F.  =  x  +  4.  /.  the H.  C. F.  =  a: ~ 4. 
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14.  9ar2-4^2and  12a:2-a:j/-6y2. 

9x2-4y2=(3a:  +  2y)(3x-2j^) 
12xa-ar^-6y2=(3a:  +  2y)(4x-.35^) 
/.  theH.C.F.=:3x  +  2y. 

15.  j:2-7j:-8andar3+6a:  +  4. 

a:2_7a:-8=(T+l)(a:-8) 
a^»+6a:  +  4=(a:+l)(r  +  4) 
.-.  the  H.  C.  F.  =  a:  +  1. 

16.  a:2  +  3xj^-10y2andx2-2a:j/-35y2. 

j:2  +  3xy  -  10^2  =^x-2y)(x  +  ^y) 

.-.  theH.C.F.  =  x  +  5y. 

17.  x*-2x8-24ar2and6a:5-6ar*-180x8. 

ar*  -  2x3  -  24x2  =  x2(a:  +  4)(ar  -  6) 
6a:6-6x*-180x8  =  6x8(x+5)(x-6) 
.-.  theH.C.F.  =  x2(x-6). 

18.  x3-3x2y  andx8-27/. 

x«-.3x2y  =  x2(x-.33^) 
x»  -  27y8  ==  (x  -  3y)(x2  +  3xy  +  9y2) 
.-.  theH.C.F.  =  x-3y. 

19.  1  +  64x8  and  l-4x+ 16x2. 

l  +  64x«=(l  +  4x)(l-4x+16x2) 
l-4x+16x2=l-4x+  16x2 
.-.  the  H. C.  F.  =  1  -  4x  +  16x2. 

20.  x*-81andx*  +  8x2-.9. 

x*-.81=(x2+9)(x2-9) 

=  (x2+9)(x  +  3)(x-3) 
a:4  +  8  x2  -  9  =  (x2  +  9)  (x2  -  1 ) 

=  (x2  +  9)(x+l)(x-l) 
.-.  theH.C.F.  =  x2+9. 

21.  x2  +  2x-3andx2+7x+12. 

j42+2x-3=(x-l)(x  +  3) 
x2  +  7x+12=(x  +  3)(x  +  4) 
,\  the  H.  C.  F.  =  X  +  3. 
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22.  x2_6a:+5anda^2  +  3ar  — 40. 

x^-6x-\-6=  (x--l)(ar-6) 
a:2  +  3a:  — 40=  (x-5)(a:  +  8) 
.-.  the  H.  C.  F.  =  a:  —  5. 

23.  3a*  +  15  a^b  -  72  a262  and  6  a^  -  30  a%  +  36 oi^. 

3a*+16a86-72a262  =  3a2(a2+5a6-2462) 
=  3a2(a-36)(a  +  86) 
6a«-30a26  +  36a62  =  6a(a2  -  6a6  +  662) 
=-6a(a-26)(a-36) 
;  .-.  theH.C.F.  =  3a(a-36) 

=  3a2-.9a6. 
I        24.  Qx^y  -  12ry2  ^.  QyS  and  3x2^2  +  9 jjyS  _  12^4. 
6ar2j^  _  12 xy^  +  6^8  =  6^(a:2  -  2a:y  +  y2) 
=  6y(a:  —y)(a'  — y) 
3r»y2  +  9a:y8  _  12 y4  =  3^2(^.2  +  3xy  -4y2) 

=  33^2(:r.y)(;r  +  4y) 
.-.  theH.C.F.  =  3y(a:-y) 
=  3:ry-35^2. 

25.  l-16c*andl  +  c2-12c*. 
'  l-16c*=(l  +  4c2)(l-4c2) 

i  =(l  +  4c2)(l  +  2c)(l-2c) 

1  +  c2  -  12  c*  =  (1  -  3c2)(l  +  4c2) 
I  /.  theH.C.F.  =  l  +  4c2. 

i         26.  8a:2^2j:-land6a:2^7a.^.2. 
!  8x2  4.2a:-l=(4a--l)(2x+l) 

6x2  4.  Tor  +  2  =  (3x  +  2)(2a:  +  1) 
/.  theH.C.F.  =  2x+l. 

'        27.  6x2  +  ^-2  and  12x2-x-6. 

6x2  +  x-2=(3x  +  2)(2a:-l) 
12ar2-x-6=(3x  +  2)(4x-3) 
.-.  theH.C.F.  =  3x  +  2. 
28.  15j8-19x2y +  6x^2  and  10x*-a:8y-3x2y2. 

15x8-  19x2y  ^  Qxy'^  =  x(16x^^l9xy  +  6j^2) 
=  x(3x-.2y)(5x-33/) 
lOx*  -  3^y  -SxY  =  a:2a0x2  -  xy  -  3y^) 
i  =x2(2x  +  y)(6x-3y) 

/.  theH.C.F.  =  x(6x-33/) 
=  6x2-.3xy. 
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29.   lOr^y  +  9x2y2  —  9x/  and  4xy2  +  iSy*  —  4x2^. 

10x»y  +  9  x2y2  -  9xj/8  =  xy(10  x2  +  9x^  —  9^2) 
=  xy(6x-3y)(2x  +  3y) 
4x^2 4.  i5y8 - 4x2y  =  y(4xy  +  15 y2 « 4^:2) 
=  y(6y-2x)(2x  +  3y) 

/.  the  H.  C.  F.  =  y (2 X  4-  3y) 
=  2x5^  +  3y2. 


Exercise  39.    Page  115. 
Find  by  division  the  H.  C.  F.  of 
1.  4x2  +  3x-10,  4x84-7x2-3x-16. 


4a^  +  3x-10 
4x2-5x 

8x-10 
8x-10 


theH.C.F.  =  4x  — 5. 


4r»4.7x2-   3x-15 
4x8  4-3x2-10x 

40:24.    7a:-16 
4x24-    3x-10 

4x-    6 


x  +  2 


2.  2x«-6x24.5x-2,  8x8-23x2  4- 17 x- 6. 


2x8-6x2  +  6x-2 
2x^-6x2  4-4x 

x-2 


theH.C.F.  =  x-2. 


8x8-23x2  4- 17x-6 
8x8-24x2  4.20x-8 

x2—   3x4-2 
x2-   2x 


-  x  +  2 

—  x  +  2 


2x,  X— 1 


3.  20x8  +  2x2-18x  +  48,  20x*-17x24.48x-3. 


20x8+    2x2-18x  +  48 
20x8  — 30x2  + 30x 

32x2-48x  +  48 
32x2-48x  +  48 


20x*  -17x2  +  48x- 

20x*+    2x8-18x2  +  48x 


-     2x8 +  X2 

10 

-   3 

-20x8+10x2 
-20x8-    2x2+18a 

-30 
•-48 

6)12x2- 

-18a 

+  18 

2x2—   3x+   3 


-1 


lOx+16 


theH  C.F.  =  2x2-3x+3. 


TEACHERS'    EDITION. 


99 


4,  42:8-2j;2-16a:-91,  12 a^ ^ 2S x^ -- Z7 x -  4t2, 


4j8_2x2-16o:-91 
4j8«2j2-42x 

13)2637-91 
2x-    7 


.-.  theH.C.F.  =  2a:-7. 


12a:8_28x2-37a:-   42 
123^-   6a:2-48a:-273 


11)- 

22  .r2+ 11x4-231 

2x2  + 
2x2  + 

7x 

21 

_ 

6x  + 
6x  + 

21 
21 

—  2x,— X  — 3 


6.  12x8  +  4x2+ 17x-3,  24x8-52x3  + 14x-l. 


12x8  +  4x2+17x-3 
12x8  +  4x2-      X 

3)18x-3 
6x-l 


.  theH.C.F.  =  6x  — 1. 


24x8-62x2+ 14x-l 


24x8  + 

8x2  +  34x 

-6 

-6)- 

60x2- 

20  X 

+  6 

12x2  + 
12x2- 

4x 
2x 

-1 

6x 
6x 

-1 
-1 

6.  2a:8+5a.2_2x+3,  3x8  +  2x2-17x  + 


12. 


X,  2x  +  l 


2aJJ+   5x2-   2x+      3 
11 

22x8+ 55x2- 22  x+    33 
22  3:8  4.  56 -ga_  30  a, 

-      x2+    8x+    33 
11 

-11x2+ 88x+ 363 
-llx2-28x+    15 

116)116x  +  348 
x+     3 

/.  theH.C.F.  =  x  +  3. 


3x8+    2x2-17x+12 
2 

6x3+    4x2-34x  +  24 
6x8+15x2-   6x+    9 

3 

-llx2-28x+15 
-llx2-33x 

-2x+l 

5x+15 
6x  +  15 

-llx  + 
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7.  8x*-6x»-x2+15x-26,  4x»  +  7x2-.3x-16. 


4x8+7x2-   3x-16 
4x«  +  3x2-10x 

4x2+    7x-15 

4x2+3x— 10 

4x-    5 


8x*-.   6x8-      a:2+16x-  25 
8x*+14x8-   6x2-30x 

-20x8+    6x2  + 45x-  26 

-20x8-35x2+ 15x+  76 


10)40x2+ 30  X- 100 


4x2+    3x- 
4x2-   5x 


10 


.-.  theH.C.F.  =  4x-6 

8.  4x8-4x2-5x  +  3,  10x2-19x  +  6. 
10x2-19x  +  6       4x8-   4jp2_ 
10x2- I5x  5 


8x- 
8x- 


-  4x  +  6 

-  4x  +  6 


6x+    3 


20x8-20x2-   26x+15 
20x8-38x2+    12x 


18x2- 
6 


37x+16 


90x2-186x+76 
90x2-l71x+64 


2x 


+  9 


-7)-    14x  +  21 
2x-   3 


.-.  theH.C.F.  =  2x-3. 

9.  6x4 -13x8  + 3x2 +  2x,  Ox*- 10x8 +  4x2- 6x  + 4. 

Then, 


Remove  the  factor  x  from  the  first  expression. 


6x«-   13x2  + 
15 


3x+      2 


90x3-196x2+  46x+    30 

90x8-114x2+  36x 

3)-    81x2+  9x^-    30 

-   27x2+  3x+    10 
5 


6x4-10x8+    4x2-   6x  +  4 
6x4—13x8+    3x2+    2x 


-136x2+    15x+    50 
-  135x2+ 171x-   54 

-62)-156x+104 
3x—     2 
•••  theII.C.F.  =  3x  — 2. 


3x8  + 
2 

X2- 

8x  +  4 

6x8  + 
6x8- 

2x2- 
13x2  + 

16x  +  8 
3x+2 

16x2- 
15x2- 

19x  +  6 
lOx 

— 

9x  +  6 
9x+6 

2x-6 


x  +  2 


6x  — 5 


+  1 


6x  — 9 


6x  — 3 
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10.  2j*-3x»  +  2x2-2x-3,  4x*  + 3x2  + 4x-3. 


2x*-  3x«+    2x2-   2x-   3 
3 


62* 

6r4 

-  9x«  + 

-  x«  + 

6x2- 
8x2  + 

6x- 
3x 

9 

-  8x»- 
3 

2x2- 

9x- 

9 

-24x»- 
-24x«  + 

6x2- 
4x2- 

27x- 
32x- 

27 
12 

-6)- 

10x2  + 

6x- 

•16 

2x2-      ;p+    3 
theH.C.F.  =  2x3-x  +  3. 


4x*  +3x2  +  4x-3 

4x*-6x8  +  4x2-4x  — 6 


6x«- 
6x»- 

-    x2  +  8x 
-3x2  +  9x 

+  3 

2r2-    X 
2x2-    a, 

+  3 
+  3 

11.  3j*-x3-2x2  +  2x-8,  6x«+13x2  +  3x  +  20. 


6j«+13x2  +  3x  +  ! 
6j«-  2x2+8x 

6)16x2- 6x  + 20 
3x2-  a.+  4 
3x2-    a:+    4 


3x*-      x»-   2x3+    2x-     8 
2 

6x*-   2x«-   4x2+    4x-    16 
6x*+13x«+    3x2  +  20x 

-16x»-   7x2-16x-   16 
2 

-30x»-14x2-32x-   32 
-  30x«  -  66x2 -16x- 100 

17)61x2-17x-|-    68 
Sofi^      x+     4 

.-.  theH.C.F.  =  3x2-x  +  4. 

12.  3x6  +  2x*  +  x2,  3x*  +  2x8-3x2  +  2x-l. 
Remove  the  factor  x2  from  the  first  expression.    Then, 


3x»  +  2x2        +1 
3a4J—    a:2+a. 

3^.2 -a:  4-1 
3a:2-x+l 


3x*  +  2x»-3x2  +  2x-l 
3x*  +  2x«  4-    X 

-3x24-    «— 1 


x-4 
3x+l 


-6 


2x  +  l 


-x-1 


.-.  theH.C.F.  =  3x2-x+l. 
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13.   6xS-9ar*  +  llx»  +  6a:2_i0a:,4x6+10ar*+10^«  +  4x2  +  60:r. 

Remoye  the  factor  x  from  the  first  expression,  and  2  x  from  the  sec- 
ond expression.    These  factors  have  x  in  common.    Then, 


2j:*+    5a;»+    6ar24-    2r  + 
3 


30 


6j:*  +  16a:»+16ar2-|-    6:c+    90 
6a:*+      ar8  +26x 

14x»  +  16ar2-19x+    90 
3 

42x«  +  46ara-67a:  +  270 
42a:«+    Tar^  4.175 

19)38  x2- 57  X-  95 
2x2-  3J.4.  5 
2x2-   3^.^      5 


.-.  theH.C.F.  =  x(2x2-3x  +  6)=2x8-3x2  +  6x. 


6x*-  9x8+11x2+    6x-   10 
6x*+15x8+15x2+    6x+    90 


-4)- 

-24x8- 

4x2 

— 

100 

6x8  + 
6x«- 

X2 

9x2+ 15a 

+ 

26 

6)10x2- 

-16a 

1.+ 

25 

a:  +  7 
3x 


14.  2x6-11x2-9,  4xS+llx*  + 81. 
2x6         _ii^2  _9 

2x6+4x8  +18  X 

-4x8-11  x2-18x-9 
-4x8-  8x2-12 X 


-  3x2-  6x-9 

-  3x2-  6^_9 


4x6+llx* 
4x6 

-  22x2 

+  81 
-  18 

ll)llx* 

+  22x2 

+  99 

X* 

4 

+    2x2 

+    9 

4x*            +     8x2 
4x*+llx8+  18x2+ 

+  36 
9x 

- 

-11x8-  10x2- 
4 

9x+  36 

-44x8-  40a^_  36X+144 
-44x8-121x2-198x-  99 

81)81  x2+162x+243 

a:2+ 

2x+    3 

+  11 


-4x-3 


.-.  the  H.C.F.  =  x2  +  2x  +  3. 
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15.  x*-4x8+10x3-12x  +  9,  x*  +  2x2  +  9. 


1*  +2x2 

i*-2x»  +  3x3 


+  9 


2x»-4x2  +  6x 

3x2  — 6x  +  9 
-3x2  — 6x  +  9 


X*  — 4x8+ 10x2  — 12x  +  9 
X*  +2x2  4.9 

-4x)-4x8+   8x2-12x 
x2-   2x  +   3 


x2  +  2x  +  3 


.'.  theH.C.r.  =  x3-2x  +  3. 


16.  2x8.3x2- 16x  + 24,  4x6  + 2 x*- 28x8- 16x2- 32x. 


2x«-3x2-16x  +  24 

2x)4x6  + 2x* -28x8- 16x2 -32x 

2i»           -16x 

20:44.    x8-14x2-    8x  -16 

-3x2            +24 

2x*.-3x8-16x2  +  24x 

-3x2            4,24 

4:c8+    2x2-32x  -16 
4x8-   6x2-32x  +48 

8)8x2              .64 

-   8 


x  +  2 


2x-3 


theH.C.F.  =  x2-8. 


17.  jt*-ofi^Ux^-\-x-\-l,  x8-4x*-x8-2xa  +  8x  +  l 


2*-       X8-I4x2+        X+1 

2 

x8- 

X8- 

-4x*-      x8-  2x2+   8x  +  2 
-    x*-14x«+      x2+      X 

x-3 

2x4-  2x8-28x2+   2x  +  2 
2jr*-  9x8+   2x2+      X 

-3x*+13x8-  3x2+   73.^.2 
-3x*+   3x8  +  42x2-  3x-3 

6)10x8-46x2+ lOx  +  6 
2x8-  9^.24.   2x+l 
2x8-  8a^_  2x 

7x8-30x2+      x  +  2 
2 

x+7 

14x8-60x2+   2x  +  4 

2x  — 1 

14x8-63x2+ 14x+ 7 

3)3x2-12x-3 
x2-  4x-l 

-  x2+   4x-l 

-  x2+   4x-l 

.-.  theH.C.F.  =  xa-4x-l. 
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18.  6x«-14ax2  +  6a2a:  — 
2)63^^—1403-24.  6a2j—  4aS 

3aH»-  7aa:2+  3a2x-  2a8 

2 

6x«-14ax24.  6a2j—  4a» 
6x«-  9ax2-  6a2x 

-  5ax2+12a2x-  4a« 
2 

-10ax2+24a2x-  8a» 
-10ax2+15a2x+10a» 

9a2)9a2x~.18a8 
X-  2a 


theH.C.F.  =  x-2a. 


4a8,  x*-.ax»  — a2x2  — a^x  — 2a*. 
X*—  ax^—     a2x2 —     a^x —  2a* 
3 


3x*-3ax»-  3a2x2_  Sa^x- 
3x*-7ax8+  3a2x2-  2a»x 

6a* 

a)4ax«- 

-  6a23:2- 

a^x^ 

6a* 

4x»  - 
3 

-  6ax2  - 

a2x- 

6a^ 

12x«  - 
12x«  - 

-18ax«  -  3a2x- 
-28ax2  4-12a2x- 

18a8 
8a8 

5a)10ax2  - 

16a2x- 

10a8 

2x2    « 
2x2    _ 

3ax- 
4ax 

2a2 

ax  — 
ax  — 

.  2a2 
2a2 

19.  2a*-2a»-3a2-2a,  3a*-a8-2a2- I60. 
Hemoye  the  factor  a  from  each  expression.    Then, 


3x-6a 
2x+a 


2a«-   2a2-   3o-     2 
2 

3a»- 
2 

-    a2-   2a -16 

4a8-   4a2-   6a-     4 
4a»+    6a2-26a 

6a8- 
6a«- 

-2a2-   4a-32 
-6a2-   9a-   6 

3 

-   9a2  +  20a-     4 
4 

4a2+    6a -26 
4a2-   8a 

a-9 
4a +13 

-36a2  4.80a-    16 
-36a2-45a  +  234 

13a -26 
13a -26 

126)125a-260 
a-     2 
.  theH.C.F.  =  a(a-2). 

20.   2x«+7ax2+4a2x  — 3rt8,  4x«  + 9ax2  — 2a2x  — a*. 


2x«  +  7ax2  +  4a2x-3a8 
2x8  +  4ax2  — 2a2x 

3ax2+6a2.r-3a8 
3ax2  +  6a23r  — 3a8 


4x8+    9ax2—   2a2x—    a* 
4x«+14ax2+    8a2x-6a8 

-5a)-    6ax2-10a2x+6q8 


x2+    2ax  - 


the  H.  C.  F.  =  x2  +  2ax  -  a2. 


2x+3a 
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21.  2x8-9ax2  +  9a2x-7a8,  4x«-.20axa  + 20a2x- 16a8. 


2i»-9ax2  +  9a2x  — 7aS 
2i»-2ax2  +  2a2x 

-.7ax2+7a2x-7a3 
-7ax2  +  7a2a:  — 7a8 


4x«  -  20ax2  +  20a2x  -  16a» 
4x«- 18ax2  +  i8a2a:_  I4a8 

-2a)-    2ax2+    2a2x—    2a8 
x2—      ax  +      o2 


2x  — 7a 


,  theH.C.F.  =  x2-ax  +  a2. 


22.  2a;*  +  9x«+14x  +  3,  3x*  +  14x«  + 9x  + 2. 


2i*  +  9x8             +    14x+    3 
2i*          -48x2-    lOx 

3x*  +  14x8 
2 

+    9x  +  2 

9x8  +  48x2+    24x+    3 
9x8             -216X-45 

48)48x2 +240X  + 48 
x2+      6x+    1 

6x*  +  28x8            +18X  +  4 
6x*  +  27x8            +42X  +  9 

jS            -24x-5 
x8  +  5x2+      X 

3 

2x  +  9 
x+6 

-5x2-26x-5 
-5x2-25x-5 

theH.C.F.  =  x2+6x  +  l. 


3.  9x5-7x8  +  8x2  +  2x-4,  6x*- 7x8- 10x2  + 6x  +  2. 


6z*-    7x8-  I0ar2+     6x+     2 
9 

9x« 
2 

-  7x8+  8x2+  2.r-  4 

54x*-  63i«-  90x2+  45x+  18 
54x*+  48x8-  26x2-  20x 

18x6 
18x6- 

-14x8+16x2+  4x-  8 
-21x*-30x8+15x2+  6x 

3x 

-111x8-  64x2+  653.4.  18 
9 

21x*+16x8+     x2-  2x-  8 
2 

-999x8-576x2+585x+ 162 
-999x8-888x2+481x+370 

42x*+32x8+  2x2-  43._i6 
42x*-49x8-70x2+35x+14 

3)81x3+72x2-89x-30 
27x8+24x2-13x-10 
27x8+  93:2_i8.r 

15x2+  53._io 
15x2+  6x-10 

+  7 

104)312x2+104x-208 
33:24.      x^    2 

2x-37 
9x+6 

.-.  tbeH.C.F.  =  3x2  +  x-2. 
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Exercise  40.    Page  116. 
rindtheH.C.F.  of 

1.  3^-^Sx-\-2,  3^-\-^x-\-d,  a^'^6x'{-6. 

a:2  +  3a:  +  2=(ar+l)(x  +  2) 
ar3  +  4j:  +  3=(x+l)(a;  +  3) 
ar2  +  6a:  +  6  =  (x  +  l)(a:  +  6) 
.-.  theH.C.F.  =  a:+l. 

2.  Jca-Ox-lO,  ar2«7ar-30,  arS-llx+lO. 

a:3-.9a:-10=(*+l)(a:-10) 
ara-7ar-30=(a:  +  3)(ar-10) 

:c2- 11a:  +  10  =  (a:  -  l)(a:- 10) 

.-.  theH.C.r.  =  a:-.10. 

3.  :c»-l,  :c»-2a:a  +  l,  :r8-2a:+L 

x«-l=(a:-l)(a:2  4.a:+l) 
x«-2j:2^1=(a:-l)(:r2-x-l) 
x8-2a:  +l=(x-l)(xa  +  x-l) 
/.  theH.C.F.  =  x-l. 

4L  6xa+a:-2,  2x3  +  7x-4,  2x2-7x  +  3. 

6x3  +  x-2=(3x  +  2)(2x-l) 
2x2  +  7x-.4=(x4-4)(2x-l) 
2x2-.7x  +  3=(x-3)(2x-l) 
.-.  theH.C.F.  =  2x  — 1. 

6.  aa  +  2a6  +  62,  a^-fts,  a«  + 2a26  + 2a62+ 6«. 
aa  +  2a6  +  62=  (a  +  6)(a4.6) 

a2-62=(a4-6)(a-6) 
a»  +  2a26  +  2aft2  +  6*  =  (a  +  6)(a2  +  a6  +  ftS) 
.-.  the  H.  C.  F.  =  a  +  6. 

6.  x^  — 5ax  +  4a2,  x^  — 3ax  +  2a2,  3xa- 10ax+ Ta^ 

x2  —  5  ax  +  4  a*  =  (x  —  a)  (x  ^  4  a) 
a:2-3ax  +  2a2=  (x-a)(x-2a) 
3x2-10ax  +  7o2=(x-a)(3x-7a) 
.-.  theH.C.F.  =  x-.a. 
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7.  jfi^x-6,  x8-2a:2-a:4-2,  x^-^-Sx^-Gx-S. 

x2  4.a:-6=(x-2)(x4  3) 
x8-2x2-x4-2=(x«-2a:2)_(^_2) 
=  x2(x-2)-(x-2) 
=  (x2-l)(x-2) 
=  (x-l)(x4-l)(:r-2) 
a4»4.34:2„6x-8=(x-2)(x2  +  6x  +  4) 
=  (x-2)(x+l)(x  +  4) 
/.  theH.C.F.  =  x-2. 


8.  2»+7x24.5x  — 1,  x24-3x  — 3x«-l,  3x«4- 6a^  + J:- 1. 


x»4   7x24-      6x-     1 
11 

-3x84-      a^^.    3:r«i 
-3x«-21x2-15x4-3 

2)22x2  4- 18x- 4 
11x2+    9x-2 
llx2+llx 

-  2x-2 

-  2x-2 

-3 

ll:c«477x24.    65x-    11 
11j«4   9x2-     2x 

68x24.    57x-   11 
11 

x  +  68 
llx-2 

748x2  4- 627  X- 121 

748  x2  4- 612  X- 136 

16)16x+    16 
X4-      1 

.-.  the  H.C.F.  of  x«  +  7x2  +  5x -  1  and  x2  +  3x -  3x8  —  1  ifi  X  +  1. 
Also  3x8+5x2  +  x-l  =  (x+l)(3x2  +  2x-l). 
.'.  the  required  H.  CF.  is  x  +  1. 

9.  x»-6x2+llx-6,  x8-8x2+19x-12,  x8-9x2  +  26x-24.  ' 

1 


j*^6ofi-\-llx-^Q 
a:8_4^24.    Sx 

-2x2+    8x-6 
-2x2+    8x-6 


aJJ-8x2+19x-12 
a^-6x2+llx-   6 

-2)-2x2+    8x-   6 
a:2_    43:4.    3 


x-2 


.-.  theH.C.F.  of  x8-6x2+llx-6andx8-8x2+19x-12ig 

i^^^x-^-S  or  (x-l)(x-3). 
Also  x8-9x2  +  26x-24=(x-3)(x2-6x  +  8) 

=  (x-3)(x-2)(x-4). 
.*.  the  required  H.  C.  F.  is  x  —  3. 
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Exercise  41.    Page  118. 
Find  the  L.  C.  M.  of 

1.  24,  32,  and  60. 

24  =  2X2X2X3 

32  =  2X2X2X2X2 
60  =  2x2x3x5 
.-.  the  L.  C.  M.  =  2  X  2  X  2  X  2  X  2  X  3  X  6 

=  480. 

2.  24a2jr8,  GOa^T^,  and  S2a^2!^. 

24a2i8  =  2  X  2  X  2  X  3  X  a2  X  aH» 
60  0*0^2  =  2x2x3x5Xa»XJ^^ 
32  a2x2  =  2x2x2x2x2Xa2xA-2 
.-.  theL.C.M.  =  2x2x2x2x2x3x5Xa*Xx« 
=  480a»aH». 

3.  x^  —  2xy-{-y^  and  s^  —  y^. 

.-.  theL.C.M.=  (a:  +  y)(a:-y)(i:-y) 
=  3fi^x^y^xf-^y\ 

4.  a:a-4a:  +  4,  a:a^.4ar  +  4,  and  ar2-4. 

a:3_4a:  +  4=(x-2)(a:-2) 

x2  +  4x  +  4=(ar  +  2)(a:+2) 

x2-4=(a:  +  2)(ar-2) 

.-.  theL.C.M.=  (r-2)(x-2)(x  +  2)(x  +  2) 

=  ar*-8a:2  4.16. 

5.  arS  +  a8  and  x^  -  a2. 

a-8  +  a8=  (x  +  a)(ar2  — aa;  +  a*) 
ar2-a2=(a:  +  a)(a:-a) 
.-.  theL.C.M.=  (a:  +  a)(i:-a)(a:2_a^4.aa) 

=  ar*  —  ax*  +  a*a:  —  a*. 

6.  3^'\-aX'\-  a2,  x2  _  ^2,  and  a:*  —  a«. 

a:2  +  ax  +  a2  =  ar2  4-  aa:  +  "2 
x2  —  a2  =  (x  +  a)  (x  —  a) 
x8  -  a«  =  (x  -  a)(x2  +  ax  +  a^) 
.-.  theL.C.M.=  (x4-a)(ar-a)(x2  +  aa;  +  a2) 
=  X*  +  ax*  —  o*x  —  a*. 
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7.  i«(a:-3)2  and  ar2-6a-  +  6. 

a:3(x  -  3)2  =  3^{x  -  3)  (x  -  3) 
a:a«5a.^.6=(a._2)(a:-3) 
/.  theL.C.M.  =  ar2(a;_2)(a:-3)(ar-3) 

8.  x«  +  7i:+12  and  a:*-9jca. 

a:2+7a:+12=(a:  +  3)(a:  +  4) 
X*  -  9  a:2  =  ;ja(a.  +  3)  (2:  -  3) 
/.  the  L.  C.  M.  =  x2(x  +  3)(ar  -  3)(x  +  4) 
=  a:«  +  4a^-9x»-36xa. 

9.  a:a-7ar+lO,  a:«-4a:-6,  a:a-.x-2. 

xa-7x  +  10=(x-2)(x-5) 
a:2-4x-6=(*+l)(x-6) 
a:a-.x-2=(x+l)(x-2) 
.-.  theL.C.M.=  (x+l)(x-.2)(x-5) 
=  a:»-6a:a  +  3x+10. 

10.  l-3a:-4x2,  l-4x-6x3,  l-9x-10xa. 

l-.3x-4xa=(l-.4x)(l  +  a:) 

l-4x-6x2=(l-6x)(l  +  x) 
l-9a:~10x2=(l  +  x)(l-10x) 
.-.  theL.C.M.=  (l  +  x)(l-.4x)(l-5x)(l-10x) 
=  1  -  18x  + 91x2 -90x» -200x*. 

11.  6i2+7a:y-3y2,  3x2+ llxy-4y2,  2x2+ llxy  +  12y2. 

6x2+7xy-3y2=(2x  +  3y)(3x-y) 
3x2+llxy-4y2=(a;  +  4y)(3x-y) 
2r»+llxy  +  12y2=(2x  +  3y)(x  +  4y) 

/.  theL.C.M.=  (2x+3y)(3x  — y)(x  +  4y) 
=  6  x»  +  3 1  x2y  +  26  xy  2  -  1 2  y  8. 

12.  8-14o  +  6a2,  4a  +  4a2-3a8,  4a2  + 2a8-.6a*. 

8-14a  +  6a2  =  2(l-a)(4-3a) 
4a  +  4a2-3a«  =  a(2-a)(2  +  3a) 
4o2  +  2a8-6a*  =  2a2(l-a)(2  +  3a) 
/.  theL.C.M.  =  2a2(l-a)(4-3a)(2-a)(2  +  3a) 
=  32a2-24a8-66a*  +  66a6-  ISaO. 
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13.  6aH»+7a:2_3a^^  3a.2^14a;_5,  6a:2  +  39a:  +  46. 

6a:8+7j^2-3x  =  a:(2x  +  3)(3ar-l) 

3a:2  +  14x-5=(3x-l)(x  +  6) 
6a:2  4.  S9x'\^  45  =  3(x  +  6)(2x  +  3) 

.-.  theL.C.M.  =  3x(22:4-3)(3a:-l)(a:  +  5) 
=  18x*  +  Ilia:*  +  96:r2-46a:. 

14.  6ax  +  96a:  — 2aj^  — 36y,  6x2  + 3ax  — 2a:y  —  ay. 

6ax  +  96x-2ay-36y  =  3x(2a  +  36)  — y(2a  +  36) 
=  (3x-y)(2a  +  36) 
6x2  +  3ax  — 2xy  — ay  =  3x(2a:4-a)  — y(2x  +  a) 
=  (3x-y)(2x  +  a). 
.-.  theL.C.M.=  (3x-y)(2a  +  36)(2x  +  a). 

15.  12ax  — 9ay  — 8xy  +  6y2,  6ax  +  3ay— 4xy  — 2y2. 

12ax-9ay-8xy  +  6y2  =  3a(4x-3y)-2y(4x  — 3y) 

=  (3a-2y)(4x-3y) 
6ax  +  3ay  — 4xy  — 2y2  =  3a(2x  +  y)  — 2y(2x  +  y) 
=  (3a  — 2y)(2x  +  y) 
.-.  the  L. C. M.  =  (3a  - 2y)(4x - 3y)(2x  +  y). 

16.  27x8  — a8,  6x3  +  ax  — a2,  16x2  — 5ax+ 36x  — a6. 

27x8  -  a8  =  (3x  -  a)(9x2  +  3ax  +  a2) 
Q3fi-\-ax-a^=zlSx-aX2x-{-a) 
15x2  — 6ax  +  36x  — a6  =  6x(3x  — a)  ^b(Sx  —  a) 
=  (5x+6)(3x-a) 
.-.  theL.  C.  M.  =  (3x-a)(9x2  +  3ax+a2)(2x+a)(5x  +  6) 
=  (27  x8  -  tt8)  (10  x2  +  2  6x  +  5  ax  +  06). 

17.  x8-l,  2x2-x-l,  3x2-x-2. 

X8-1=(X-1)(X2+X+1) 

2x2-x-l=(x-l)(2x+l) 
3x2  -  X  -  2  =  (x  -  l)(3x  +  2) 
.-.  theL.C.M.  =  (x-l)(x2  +  x+l)(2x+l)(3x  +  2) 
=  (ar3-.l)(6x2+7x  +  2). 
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Exercise  42.    Page  119. 
Find  the  L.  C.  M.  of 

1.  6jc«-7ax2-20a2x,  3x2  + ax  — 4 a^. 

3x2+    ax  — 4a2      x)6  x^  —  7  ax2  —  20  a2x 
3x2  +  4ax  6x2 -7 ax  _20a2 

-3ax-4a2  6x2  +  2ax  -   8a2 

-3ax-4a2     -3a)-9ax  -12a2 

Sx  +    4a 
.-.  theH.  C.  F.  =  3x  +  4a. 

Hence,  3x2+ a:r-4a2=  (3x  + 4a)(x-a), 

and  6x«-7ax2-20a2x  =  x(3x  +  4a)(2x-6a) 

.-.  the  L.  C.  M.  =  x(3  X  +  4  a)  (x  -  a)  (2  X  -  6  a) . 

2.  3j«-13x2  +  23x-21,  6x8  +  x2-.44x  +  21. 


3x«-13x2  +  23x  -21 
3x8-10x2+    7x 

-  3x2+ 16x  -21 

-  3x2+ lOx  .   7 

2)6x-14 
3x-   7 


6x8+      ar2-44x  +  21 
6x«-26x2  +  46x-42 


9)27x2- 

90X  +  63 

3x2- 
3x2- 

10x  + 
7x 

7 

— 

3x  + 
3x  + 

7 
7 

x-1 
x-1 


.-.  theH.C.F.  =  3x  — 7. 
Hence,      3x8- 13x2  +  23x-21  =  (3x- 7)(x2-2x  +  3), 
Md  6x8  +  x2-44x  +  21  =  (3x-7)(2x2  +  5x-3). 

.'.  theL.C.M.  =  (3x-7)(x2-2x+3)(2x2+5x-3). 


3.  3x«-3x2y  +  xy2-y8^  4 x8  -  x2y  -  3  xy2. 
g)4j«-    x2v-3xy2 


4x2-    xy  -3y2 
4x2 -4xy 

3xy  —  3y2 
3xy  -3y2 


3x8-    3x2y  + 
4 


xy 


r2- 


12x8- 
12x8- 

-12x2y+    4x3/2- 
-   3x2y-   9x3/2 

•   4y8 

- 

-   9x2^/  + 13x3/2- 
4 

4/ 

. 

-36x2y  +  52x3/2- 
-36x2v+    9xy^-\- 

16  y8 

27  > 

43xy)43xy2- 

43,v8 

X  — 3/ 


3x 


-9y 


4x  +  33/ 


112 


SCHOOL   AliGEBBA. 


/.  theH.C.F.  =  ar— y. 

Hence,  4x«-.x«y-.3xy>  =  a:(:r~y)(4x  +  8y), 

and  3x«-3a:3y  +  xy2-y8=,(a,_y^(3^:j.y2). 

/.  the  L. C. M.  =  x(x-.y)(4a:  +  3y)(3a:a  +  5,2). 


4.  c*-.2c«+c,  2c*-2c«-2c-2. 


2)2c^-2c« 


-2c-2 


c)c<->2c«        +c 
c8  — 2c2        +1 

-  ca  +  c+1 

-  c^  +  c+l 


c2-    c-1 
/.  the  H.  C.  F.  =  c*  —  c  —  1. 

Hence,  c*  -  2c«  +  c  =  c(c2  -  c  -  1)  (c  - 1), 

and  2c*-2c«-2c  — 2  =  2(c2  — c-l)(c2+l). 

/.  theL.C.M.  =  2c(c2~c-l)(c-l)(ca+  1). 


-    c«             - 
.2c«            + 

c-1 
c 

c«             - 
c«-2ca 

2c-l 
+  1 

2)2  ca_ 

2c-2 

c+1 


c-1 


6.   aJ»-8ar  +  3,  :r«-.3a:fi  +  21a:-8. 


jfi         -8a:+3 
x8„3ar24.  a. 


3x2-9x+3 
3a:2-9ar+3 


afi         -8x*+  3x« 


+  21ar-.  8 


-3aHi+8x*-  3aJ»  +  21x^  8 

8ar*— 27x»+  9x2+  21x-  8 
8x*  -64x2+  24x 

-27x8+73x2-    3x-  8 
-27x8  +216X-81 


x«-3x2+8x-27 


73)73x2-219x+Y3 

^2-    3x+  1  I  x+3 
/.  the  H.C.F.  =  x2-3x+l. 

Hence,  a:«  -  8x  +  3  =  (x2  -  3x  +  l)(x  +  3), 

and  a:«-3x5  +  21x-8=  (x2-3x+l)(x*-x2-3x-8). 

/.  theL.C.M.=  (x  +  3)(x2-3x+l)(x*-x3-3x-8). 
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6.  o8-6a2x+12ajr2_8aJ»,  2a^  —  Sax  +  Sx^. 


2)2a2-8aar  +  8a:g 
a2  — 4aar  +  4a:3 


a8-6a2ar+12aa-2-8aH» 


a  —  2x 


:.  the  H. C  F.  =  a^  —  4aar  +  4  jr^. 
Hence,  2a^  —  Sax  +  8a:2  =  2(a2  _4aar  +  4*2, 

and  0«-6a2ar+12ax2-8a*=(a2-4aa:  +  4a:2)(a_2a:). 

.-.  theL.C.M.  =  2(a2-4aa:  +  4a:2)(a-2x) 
=  2a8-12a2a:  +  24aar2- 16z». 

7.  2x»+a:2«i2ar  +  9,  2a*- 7x2+ I2ar- 9. 


2j»+      x2_i2a:  + 


2a*-7a:2+i2ar-.   9 


2x»4 

a:2-. 

12x  + 

9 

-2)- 

■8a:2  +  24x- 

18 

4x2- 
4x2- 

12x  + 
6x 

9 

6x  + 
6x  + 

9 
9 

4a*+   2x2-24x+18 

4x»-12x2+    9x  4x2-12x+    9     x+7 

14x2  — 33x+18  4x2—   Qx  2x  — 3 

2 

28x2-66x+36 
28x2-.84x  +  63 

9)18x-27 
2x-3 

.-.  theH.C.F.  =  2x-3. 

Hence,  2x«  +  ar2  -  12x  +  9=  (2x  -  3)(x2  +  2x-  3), 

and  2x8-7x2+ 12x-9=  (2x-3)(x2-2x+ 3). 

.-.  theL.C.M.=  (2x-3)(x2  +  2x-3)(x2-2x  +  3). 


8.  7j:8-2x2-6,  7x8+ 12x2+ 10x+ 5. 


7a*-2x2  -6 

7x»  +  5x2  +  6x 

-7x2-5x-5 
-7x2  — 6x  — 6 


7x8+ 12x2  + 10x+    5 
7x8-   2x2  _   5 

2)14x2 +10x+ 10 
7x2+    5^.+    5 


x-1 
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/.  theH.C.F.  =  7a:2+5x+5. 

Hence,  7x8-2x2-6=  (7^2+ 5x+ 6)(a:- 1), 

and  7x«  +  12x2  +  10x  +  5=(7x2  +  6x  +  6)(x+l). 

.-.  theL.C.M.=  (7x2+6x  +  5)(x-l)(x+l) 
=  (7x2  +  6x+6)(x2-l). 

9.  x*-13x2  +  36,  x*-x*-7x2  +  x  +  6. 


x*-x«-    7x2+    x+    6 


x*  -13x2  +    36 

a4„6x«—      x2  +  30x 

6x8-12x2-30x+   36 
6x8-36x2-   6X  +  180 

24)24x2  -  24  X- 144 
x2-      X-      6 


/.  theH.C.F.  =  x2  — x-6. 

Hence,  x*-13x2+36=  (x2- x-6)(x2+ x  — 6), 

and  a4„<p8_7ar2  +  a:  +  6=(x2-x-6)(x2-l). 

.-.    theL.C.M.=  (x2-x-6)(x2  +  x-6)(x2-l). 

10.  2x8  +  3x2-7x-10,  4x8-4x2-9x  +  6. 


x* 

- 

13x2 

+  36 

-X8  + 
-X8  + 

6x2+    X 
x2  +  6x 

-30 

6x2-6x 
6x2-6x 

-30 
-30 

2x8+3x2-7x-10 
2x8-    ar2-6x 

4ar2-2x-10 
4x2-2x-10 


4x8-   4a4i_   9^+    5 
4x8+    6x2-14x-20 

-6)- 10x2+    6x  +  26 
2x2-      a._   5 


-x-6 

—  x  +  6 


ar  +  2 


.-.  theH.C.F.  =  2x2-x-6. 

Hence,  2x8  + 3x2- 7x- 10  =  (2x2-x-6)(x  + 2), 

and  4x8-4x2-9x  +  6=(2x2-x-6)(2x-l). 

.-.  theL.C.M.=  (2x2-x-6)(x  +  2)(2x-l). 

11.   12x8-x2-30x-16,  6x8-2x2-13x-.6. 


6x8-2x2-13x-6 
6x8-8x2-   8x 

6x2—   5a:_6 
6x2-   8X-.8 


3x  +  2 


12x8-    a:a_30a:-16 
12x8-4x2-26x-12 


8x2- 
3x2  + 

4x- 
2x 

4 

— 

6x- 
6x- 

4 
4 

2x  +  2 
x-2 
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;.  theH.C.F.  =  3ar  +  2. 

Hence,  6a:8-2a:2- l3a:-6=  (3a:  + 2)(2a:2-2a:-3), 

and  12x8-a:2-80ar-16=  (3a:+ 2)(4a:2-3ar- 8). 

.-.  theL.C.M.=  (3a:+2)(2a:2-.2x-.3)(4a:2-3ar-.8). 

12.  6a:«+.T2-.6a:-2,  6x8  + 5r*  -  3ar-2. 


Qa^^     a:2  — 6x  — 2 
6x8  +  3x2 

-2x2-6x-2 
-2x2-    X 

-4x-2 
-4x-2 


6x8  +  6x2-3x-2 
QjS^    x2-5x  — 2 

2x)4x2+2x 
2x  +1 


3a:2_a._2 


.-.  theH.C.F.=  2x+l. 

Hence,  6x8  +  x2-6x-2=  (2x+ l)(3x2- x-2), 

and  6x8  + 5x2 -3x- 2=  (2x+ l)(3x2  + x-2). 

.-.  theL.C.M.=  (2x+l)(3x2-x-2)(3x2  +  x-2). 

13   x8-9x»  +  26x-24,  x8-12x2  +  47x-60. 


a:8_9<c2'^26x-24 
x8-7x2+12x 

-2x2+14x-24 
-2x2  +  14x-24 


x8-.12x2+47x-60 
a^-   9x2  +  26x-24 

-3)-    3x2  +  21x-36 
x2-    7x+12 


x-2 


.-.  theH.C.F.  =  x2-7x+12. 

Hence,     *       x8-9x2  + 26x-24=  (x2- 7x  + 12)(x-2), 
and  x8-12x2  +  47x-60=  (x2-7x+12)(x-5). 

.-.  the  L.  C.  M.  =  (x2  -  7  X  +  12)  (x  -  2)  (x  -  6) . 


Exercise  43. 

Page  121. 

Reduce  to  lowest  terms : 

^   6a62 
9a2& 

o      3a62c 
*    15a262c2 

6a62     2x3a62      26 

3a62c             3a62c             l 

9a26     3x3a26      3a. 

16a262c2      3x5a262c2      6ac 
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3.    ?«^. 
39a:y» 

39xy»       3xl3a:y6      3^^ 

'   49  mna* 

42i»26^2x3x7mg6^6iii5 
49  »nn2         7x7wn2         7„2' 

30gy»g*  _  6  X  6gy»z*  __  6yz^ 


^    34aj«.ya 

34ax8^a^2xl7aj:«jr^^  2j^ 
61  a^xy'f      3x17  a^ary^      3  ay*" 


8. 


36a>6*ca 
6a86«c  ' 


6a8&«c  6a868c  "      ' 


«. 


68a62c« 


87a*68c2 
68 a62c»  __  2  X29a^__    2c 


6. 


21nAfi 


11 


12. 


28m2/> 

21  nfirfi  ^3x7 mgn« _  Sn^ 
28m2p       4x7m^       ^p' 

4o2-9ca 


87a*6«c2     3x29a*68c2     3a«6 

10.  o^ini?^. 

122:»-.iaary 
9Ty-12.y2  _  3y(3x-4y)  ^  3.y 
12ar2-16ary      4a:(3x— 4y)      4x 


4a2  +  6ac 

4a2-9c2^(2a  +  3c)(2a--3c)^2a-3c 
4o2  +  6ac  2a(2a  +  3c) 

3o2+6a 


2a 


a2  +  4a  +  4 


3a2  +  6a    ^     3a(a  +  2)      _    3o 


13. 


a2  +  4a  +  4      (a  +  2)(a  +  2)      a +  2 
62-5& 


62-46-6 

62-66 


6(6-6)       ^     6 
62-46-6      (6+ 1)(6-6)      6+1* 


^4       20(a8-c3) 
'  4(a2  +  oc  +  c2) 


20(a8  -,  c»)     ^  4  X  5Ca  -  c)  Ca2  +  ac  +  c^)  ^  ^  . 
4(a2  +  oc  +  c2)  4(a2  +  ac  +  c2)  ^  '^' 
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x'  +  y* 

J^  +  y'       _  (x  +  y)Ca^  —  xy  +  y^)  _x^ ^  xy  +  y* 
ia+2af^  +  /  (a:  +  y)(x  +  y)  x  +  y 

x«-27 


x2+2r-16 


x»-27       ^  (x-3)Cxg+3g  +  9)^a:3  +  3x  +  9 
a:2  +  2x  — 15  (x  — 3)(x  +  6)  a:+6 

■  2jca-.l3a:+21* 

xg-8x+15    ^    (a:-3)(ar-6)   ^  ar-6 
2x2-13x  +  21      (2a:-7)(x-3)      2x-7* 

18.     ^  —  20 


2x2-7x-15 


a:a.,a:-20    __    (g  +  4)(a:  — 6)   _  ar  +  4 
2x2-7a:-.16~  (2x+3)(a:-6)     2x  +  3* 

jg   4xg+12ax  +  9o« 
8x8 +  27  a* 

4T»+12aT  +  9ag^         (2x +  Sa)(2x +  Sa) 
8««  +  27a8  (2x  +  3a)(4a^2-6aa:  +  9a2) 

_.         2ar  +  3a 
4x3  — 6aar  +  9aa 

2Q   3:8~.v2-2.yz-;gg 
■  xa+2a:5r  +  y2_«2 

ar2-y2_2.V2~g3_  xg-C.v3  +  2yg  +  gg) 
a:«  +  2  xy  +  y a  -  22      (^rS  +  2  xy  +  y2)  „  ^a 

-,  (x-y-2)(x  +  y  +  g)_x-.v-g 
(x  +  y  +  2)(x  +  y— «)      x  +  y— z 

21.  ^  +  x2y2  +  y4^ 
x»-y« 

^  +  x2.y2+  .y*  ^  Cxg  +  xy  +  y^)(x^-xy  +  yg)  ^  x^- xy  +  y2 
x«-y«  (x-y)(x2  +  xy  +  y2)  x-y 


118  SCHOOL   ALOEBBA. 

22    2a2+17a  +  21 
3a2+26a  +  36 

2a2-|-17a  +  21  ^  (2a  +  3)(a  +  7)  ^ 2o  +  3 
3a2  +  26a  +  36      (3a  +  6)(o  +  7)      3a +6* 


23. 


(a  +  b) 


2-c« 


24. 


25. 


(a  +  6  +  c)a 

(g  -}-  6)2  ~  c'  _  (o  +  fe  +  c)Cg  +  fc-"c)  _  a  +  6-c 
(a  +  6  +  c)a       (a  +  6  +  c)(o  +  6  +  c)      a  +  6+c* 

y  — a?  y  — x 

(x  +  6)2-a2* 

(ar  +  a)g  -  6^  _  {x  ■\- a-\-b)(x  +  a  —  b)  ^  g  +  a  —  6 
(1  +  6)2  — aS      (a:  +  6  +  a)(a:  +  6  — a)      x-^-b^a 

26    (a  +  6)«-(c  +  rf)2, 

•  (a  +  c)2-(6  +  rf)2 

(g  -f  6)2  —  (c  +  </)2  ^  (a  +  6-f  c  +  rf)(a4-fe-c  — rf)  _  g  +  fc  — c  — rf 
(a  +  c)2 -  (6  +  c?)2 ~  (a  +  c  +  6  +  rf)(a  +  c  — 6-c?)      g  +  c  — 6  — rf" 

*  4a2c2-(a2  +  c2_62)2 

(g.fc)2-fc2  ^  (o-}-c-t-6)(g4.c-5) 

4a2c2 -  (a2  +  c2  -62)2      (2ac  +  a2  +  c2 - 62)(2ac  -  a2 - c2  +  62) 

(o  +  c  +  6)(a  +  c~6) 


[(a2  +  2ac  +  c2)  _62][62_  (a2_2ac+  c2)] 

^ (a  +  c  +  6)(a  +  c--6) 

(a  +  c  +  6)(a  +  c  — 6)(6  +  a  — c)(6— a  +  c) 
1 


(a  +  6  — c)(6  — a  +  c) 
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28. 


Reduce  bj  finding  the  H.  C.  F.  of  the  terms : 


a;S  -6X-.4 

—  2a:2  — 6a:  — 4 
-2a:2  — 4x 


-2ar-4 
-2x-4 


3x«-   8a:+    8 
3aH»-18a:-12 

10)103: +  20 
x+    2 


x2-2a:-2 


theH.C.F.  =  a:  +  2. 

:g8_6a:-4  ^    Car  +  2)(a:2 - 2 a: - 2)  ^  3^^2x-2 
3x8-8x  +  8      (ar  +  2)(3a:2-6x+4)      3x3-6a:  +  4' 


29. 


jg-3a:-f  2 
a4J  +  4x2-6' 

4 


-    3a:+    2 


4a:8  _12a:+    8 

4a:8_|.    3a:2_    7a: 


—  3x2—    ^x-\-    8 
4 

—  12x2 -20  a: +  32 

—  12x2—    9a:  +  21 

-ll)-llx+ll 

X-     1 

theH.C.F.  =  x-l. 

x8-3x  +  2^    Cx-l)(x2  +  x-2)  _  x2  +  : 


x8  +  4a:2  -6 

aJJ  -3x+2 

4a42^3aj_7 
4x2  — 4x 


7x-7 
7x-7 


x-3 

4x  +  7 


••:t«  +  4x2-6      (x-l)(x2  +  6x+5)      x2+5x  +  6 
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30. 


3x«-x2-x-l 


31 


3x»-4x2-x  +  2 

3x»-xa-    x-1 
3x8         _3^ 

3x«-4x3-x  +  2 

3x«-      X2-X-.1 

1 

-xa  +  2x-l 
-x2           +1 

2)2x-.2 
x-1 

-3)-.3x3        +3 
x^        -1 
xa-x 

3x-l 
x+l 

x-1 

x-1 

.-.  theH.C.F.  =  x-l. 
.     3x«-x2-x-l 
•*  3x8-4xa-x  +  2 

(x-l)(3x3  +  2x+l)_3x3  +  2x+l 
(x-l)(3xa-x-2)        3xa-x-.2 

a^-13xa  +  36 

r*  — a:«—   7ja+    x+    6 


a^-x8-7xa  +  x  +  6 
X*  -13xa  +    36 

a4_6x8-      xa  +  30x 

6x«-12x2-30x+    36         -x8+    6xa+    ar-30     -x-6 
6x8-36x2-   6x+180         -x8+      x2  +  6x  — x  +  6 

24)24  x2  -  24  X- 144 
x2  _      a:  -     6 

/.  theH.C.F.  =  x2-x-6. 

34,133,24.36        ^(x2-x-6)Cx«  +  g-6)^x3  4-a:-6 
"  a^^x^-'lx^  +  x-^-Q         (x2-x-6)(x2-l)  x^-l 


X* 

- 

13x3 

+  36 

-X8  + 
-X8  + 

6x2+    X 
x2  +  6x 

-30 

5x2-5x 
6x3-6x 

-30 
-30 

32. 


3x8+17x2+22x  +  8 
6x8+25x2  +  23x  +  6' 
3x8+17x2+    22x+      8 
3 

0x8+61x2+    66x+    24 
0x8  +  21x2+    lOx 

30x2+    66x+    24 
3 

0Ox2+168x+    72 
90x2 +  210X+ 100 

^14)~    42 r-    28 
3x+      2 


6x8  + 26x2 +  23x+   6 
6x8  +  34x2  +  44x+16 

-  9x2-21x-10 

-  9x2-   6x 

-16X-10 
-16X-10 


-x-10 
-3x-6 
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theH.C.F.  =  3a:  +  2. 

3j84-17arg  +  223:  +  8^   (3ar  +  2)(a^»+ 5ar  +  4)  _  x3  +  6ar  +  4 
6a:«  +  25ar2  +  23x  +  6      (3a:  + 2)(2a:2^  7^.  ^  3)      2x^-\-7x-\-S 


j8.3x2-15j:  +  25 

a:8_3;c2«i5a:  +  25 

-6a:2-10ar  +  26 
-5x2-10x  +  25 


ar8+    70:24.    6a.-25 
aH»-   3a:2-16x  +  25 

10)10x2  + 20  3r~  60 
x2+    2a:-    6 


r-6 


the  H.  C.  F.  =  a^i  +  2a:  —  6. 

j8_3aa_i5>g  +  25^(3:2  +  2a:-5)Ca--5)^a:-5 
'  18  +  7x2+ 5a:  — 25       (x2  +  2x  — 5)(x+ 6)      x+s' 


34. 


2j>  +  3:2_8x  +  3 
3i»  +  8x2  +  x-.2' 
2jJ»+    x2_8x  +  i 
2x8  +  4x2-2x 


35. 


-3x2  — 6x  +  3 
—  3x2  — 6x  +  3 


3x8+    8x2  + 
2 


6x8+16x2+    2x-   4 
6x8+    3x2-24x+    9 

13)13x2 +  26x- 13 
x2+    2x-    1 


2x-3 


theH.C.F.=x2  +  2x-l. 

2x8  +  x2-8x+3^(x2  +  2x-1)(2x-3)^.2x-3 
(x2  +  2x-l)(3x  +  2)      3x  +  2* 


"  3x8+8x2  +  x-2 

j8  +  4aJ!„8x  +  24 

x4-a^  +  8x-8 

,8  +  4x2-    8x  +  24 

x8-2x2+  Ax 

6x2-12x  +  24 

6x2-12x  +  24 

a4_    ofi  +    8x—     8     X  — 5 

ar4  +  4a^-    8x2  +  24x 

-5x8+    8x2-16x-     8 
-  5x8  -  20x2 +  40x- 120 

28)28  x2-66x+ 112 

x2—   2x+      4     x  +  6 
.-.  theH.C.F.  =  x2-2x  +  4. 

.  x8  +  4x2-8x  +  24_      (x2-2x  +  4)Cx  +  6)      ^      x  +  6 
a^-a^  +  8x-8        (x2-2x+ 4)(x2+ x-2)      x2  +  x-2 
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Exercise  44     Page  124. 
Reduce  to  integral  or  mixed  expressions : 


Ax 


x  —  y 


43:«-H2a:-t-8^4a;»  ^  12x  ^    3  ^^^     |x-y 


4x  4j;       4jr      Ax 


=  x  +  3  +  A. 


xS-arSy     0:2  +  3,^  +  ^2 


4^'  ^^y  +  y» 


83:g-9a:~2  xy2  +  y« 

3x  arv^— v* 


32:a-9ar-2     3^8     9a:       2 
3x               3x      3a:      3a: 

=  x-3-f 
8z 

3.  =^+y' 

:r»  +  .y«|:r  +  .v 

2y» 


a:2+gy    a:— y 
—  J^y  +  y* 


2y2 


f^±l?. 


^  — y*    I  J^  +  y 


4.    -P^'  x8  +  a:3y     x3-xy  +  y« 

*  — y  

x2-xy    x  +  y  "X^y-'xy^ 

xy^.y^  'y^-y^ 

xy-y^  xy^  +  y' 


2ya  -2y8 

X  —  y  x-y  ••    x+y  x  +  y 
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7.  ^+81  IQ     a^  +  23* 

x  +  3  '     a  +  2x  ' 


x*  +  3x«_x»-3a:a  +  9a:-27  a«  +  2a2ar    a2-.2aar  +  4x3 

-3x»+81  -2o2x  +  2x« 

-3x8-9a:2  — 2a2x  — 4ax2 


9x2  +  81  4aa:a  +  2x« 

93^»  +  27ar  4ax2  +  8x8 

-27X  +  81  -6x8 

Z5fl±  ...  «!±2£?==a..2ax+4x2- J«£!L. 
162  a  +  2x  a  +  2x 


.  ^=  x»-3xa+9x-27+  i?? • 
x+3  x+3 


0  +  6 
2a2_aft_ft2  I  fl  +  6 
2o2  +  2a6  2a  — 36 

-3o6-62 
-3a6-362 


11. 


4xg  — 3x  — 64 
x-4 

4x3-   Sx-H  I  x-4 


4x2- 16x  4x+13 

13x-54 
13x-62 


262  .   4x2-3x-64^^^^^3^_ 


2a«-a6-^^2a.36+l^. 
a+6  a+6 


X— 4  X— 4 


g   3^+2x+_l  ^2    3x8--x2-2 

x+4       '  '     x2+  r- 3  * 

3x2  +  2x+l  |x+4  3x»-    x2           -   2  |x2  +  x-3 

3x2+12x         3x-10  3x8  +  3x2-9x             3x-4 

-lOx  +  1  _4x2  +  9x—   2 

-lOx-40  -4x2-4x+12 

41  13x-14 


,3jl+2x+1^3^^10^jLl^.       .   3x8-x2-2^3^,^^ 


13x~14 

x+4  "'x  +  4       "    x2+x— 3       '"     "  '  x2+x— 3* 
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4x2  +  6aa:  +  9 

a2 

2x- 

-3a 

4x3+    6aa:  + 
4r2-   6aar 

9a2 

I2ar-3a 
2a:  +  6o 

12ax  + 

9a2 

12ax-. 

18  a* 
27  a2 

2a:  — 3a 

=  2x  +  6«+     27aJ. 
2ar  — 3a 

14. 

a'-f  4a2 

-6 
-2 

a»  +  4a2 
a8+    a2-2a 

3a2  +  2a 
3a2  +  3a 

-6[ 

-6 
-6 

a«  +  a  -  2 
a  +  3 

—    a 

+  1 

.    a« 

+  4»«-6^„, 

h3- 

a-1 

Exercise  45.    Page  125. 
Reduce  to  a  fraction : 

1.  ,+  l  +  3iZli. 
2x 

.      3j:-4^23?(a:+l)  +  3ar-4 

"*"     "^     2x  2x 

_2j:g  +  2ar  +  33:-4 

2ar 

_2^jf6^--4 

2x 

^      ^    _2ar-3^2a:(x+l)-(23r-3) 
2x  2x 

_2x^Ar2x—2xArZ 

2x 
^2x2  +  3 
"      2ar 


3.  a+6  — 
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2ab 


a  +  b 

a  ,  fr  _  2a6  ^  (a  +  fe)(a  +  &) --2ct6 
a+6  a+6 

a-f  6 

a  +  6  ' 


4,  x-1 ?-. 

.r-2 


5.  l-lZL^.. 
a  +  6 


x-1 2     _(x~2)C^->n-2 

x-2  x-2 

^jrg~3a:-f  2-2 
x-2 

x-2 


-,      g  —  5_o  +  ft—  (g  —  6) 
g  +  6  g  +  6 

2b 


a  +  b 


6.  5a-l±l^l 


6g      l  +  5g2^6a2-(l  +  6g2) 
g  g 

1 


g  +  T 


^  ^,^  _a^ ■\-  a^ ^(a-¥  x)(a-\-  x)  -^  (a^  +  x^) 
a-\-  X  a4-  X 

_  gg  +  2ga:  +  a;2  —  g2  —  "^ 

"-fa: 
_  2ga: 
a  + jc 
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8.   x  +  4-5-12 


a:-3 


X-.3  x-S 

_ar24-a:-12-x4-12 
a:-3 


:-3 


9.   a^-ax+a^-^.  ^ 


a  +  x 


a  +  a: 

10.   a2^ax  +  ar2--^. 
a  — X 

a2  +  ax+  x2_  -^  =  («-^)(a'+ax  +  2:g)-a8 
a  —  X  a  —  X 

a  — X 
^        x8 
a  — X 

. a  +  2x. 

4 

g,-:i_3^     .,  I  ^^_«-3x-4ra-2x-) 

4  4 

_o  — 3x--4a  +  8x 

4 

_5x  —  3a 

4 

12.   .Sa-2&-3a^ri2^. 
a  +  6 

n^_9A_3a2~262_(a  +  6)C3a-2^)~(3a2~26g^ 
a+6  a+6 

_3fl2  4-Q&-262-3a2  4-262 

a  +  6 
_    Q^ 


13.  2j-7- 
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21-13ar 


:-3 

2^  _y      21-13x^(x-3)(2a:-7)-(21-13ar) 
x-3  ar-3 

_2j^~13a:+21-21  +  13ar 

a:-3 
^  2ja 
a:-3* 

14.  5x-3+^£±21. 
a:  +  7 

6x-3  +  ^^^-±^=5ar-3  +  3 

ar+7 

=  5a:. 


Exercise  46.    Page  127. 
Express  with  lowest  common  denominator  : 

J    a-2x    S3^  —  2ax 

3o    '         9ax 
TheL.C.D.  isOaar. 

The  respectiYe  quotients  are  3^:  and^l. 
The  respective  products  are  3  a j?  —  6  x^  and  3  a;^  —  2  oar. 

Hence  the  required  fractions  are     ^^""    ^  and  -       —  2aaf 


9ax  9ax 

2.-1 2__. 

a:  +  2'    :r  +  3 

The  L.  C.  D.  is  (x  +  2) (ar  +  3). 

The  respective  quotients  are  a:  +  3  and  a:  +  2. 

The  respective  products  are  x  +  3  and  2  a:  +  4. 

Hence  the  required  fractions  are — and ^ 

(a:  +  2)(x  +  3)  (x+2)(ar+3) 

3       q  gg 

*  x-^a    x^  —  a^' 

The  L.  C.  D.  is  x^  -  a2. 

The  respective  quotients  are  x  +  a  and  1. 

The  respective  products  are  ax  +  o^  and  a^. 

Hence  the  required  fractions  are  °^"'"  "   and  — - — • 
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4    ^g^  +  g'     2a  +  c 

The  L.  CD.  is  4  a2-c2. 

The  respective  quotients  are  1  and  2a  +  c. 

The  respective  products  are  4  a*  +  c^  and  4a2  +  4ac  +  cK 

Hence  the  required  fractions  are  i^i±-^  and  ^a^  +  ^ac  +  c'. 


25x3-4^2'   6x  +  2y 

TheL.C.D.  is26x2-4y2. 

The  respective  quotients  are  1  and  6x  — 2y. 

The  respective  products  are  2^  +  y^  and  bx  —  2y. 

Hence  the  required  fractions  are :^^ — -  and    ,  ^."~  ^ .»' 

^  26x2 -4ya  25x2  — 4y 

g    x+2    x-2 

X  — 2'    x  +  2* 

TheL.C.D.  i8x2-4. 

The  respective  quotients  are  x  +  2  and  x  —  2. 

The  respective  products  are  (x  +  2)2  and  (x  —  2)2. 

Hence  the  required  fractions  are  — — — ^"^     and  ^  ""    ^    — 
^  x2-4  x2-4 

7.       ^  1  2  ' 


x-\-y     x  —  y     x2  — y2 
The  L.  C.  D.  is  x2  —  y^. 

The  respective  quotients  are  a:  —  y,  x  +  y,  and  1. 
The  respective  products  are  x  —  y,  x  +  y,  and  2. 

Hence  the  required  fractions  are    ^""^  .    ^     -^  .  and 

x2-y2'  ara.yU' 

8.        ^  13 


l  +  2x    1-4x2*   i«.2x 
The  L.C.D.  is  1-4x2. 

The  respective  quotients  are  1  —  2x,  1,  and  1  +  2x. 
The  respective  products  are  1  —  2  x,  1,  and  3  +  6  x. 

Hence  the  required  fractions  are  -— -t4;»  :: T-^f  ^^^  ^      .  ^^ 

1  —  4  x2    1  —  4  x2  1  —  4  x2 

9-a:2'    3^_<p*    S--x 
TheL.C.D.  is9-x2. 
The  respective  quotients  are  1,  3  —  x,  and  3  +  x. 
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The  respective  products  are  6,  21  —  7a:,  and  9  +  3a:. 

K        21 7  T  9  4-  3x 

Hence  the  required  fractions  are -,  — ^,  and  --^ — -• 

^  9  -  a:2     9  -  a:2  9  -  a^« 

M).  1  ' 


x2_-9a:+18'    a:2-10a:  +  24 
1  1 


r'-Ox+lS      (a:-3)(a:-6)     a^-10a:  +  24      (x-4)(a:-6) 

The  L.  CD.  is  (a:-3)(a:-4)(x-6). 

The  respective  quotients  are  a:  —  4  and  a:  —  3. 

The  respective  products  are  a:  —  4  and  a:  —  3. 

Hence  the  required  fractions  are 

^-4  and.  ^-3 


Simplify : 


(a:-3)(a:-4)(a:-6)  (a:  -  3)  (a:  -  4)  (a:  -  6) 

Exercise  47.    Page  129. 


x^l      x  —  S      x-7  ■  a:--2 


2  6  10 

TheL.C.D.  islO. 
The  respective  multipliers  are  5,  2, 1,  and  2. 

...  5(x  —  1)  =      6  a:  —  6  =  1st  numerator. 

—  2(a:  —  3)  =  —  2a:  +  6  =  2d   numerator. 

—  (ar  —  7)  =  —    a:  +  7  =  3d  numerator. 
2 (a:  —  2)=      2a:  —  4  =  4th  numerator. 

4  a:  +  4  =  the  sum  of  the  numerators. 

4a:  -4-  4      2x  +  2 
.*.  the  sum  of  the  fractions  is  — ^-  =  — ^— 

10  5 

2    2a:-l      a:+7  .  a:  — 4      a:-3 

'       3  6  4  2    * 

TheL.C.D.  is  12. 

The  respective  multipliers  are  4,  2,  3,  and  6. 

.-.  4(2a:  —  1)  =      8  a:  —   4  =  1st  numerator. 

—  2(a:+ 7)  =  — 2a:  — 14  =  2d   numerator. 
3(x  —  4)  =     3  a:  —  12  =  3d   numerator. 

—  6  (a:  —  3)  =  —  6  a:  +  18  =  4th  numerator. 

3  a:  —  12  =  the  sum  of  the  numerators. 

,*.  the  sum  of  the  fractions  is     ^"7 —  =  ^7   * 

12  4 
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I 
3    7-r  — 5      3t  +  2      r+1      6jr-10 

8  3  4  12  ! 

The  L.  C.  D.  is  24.  , 

The  respective  multipliera  are  3,  8,  6,  and  2. 

.-.  3(7  X  —   6)  =     21  a;  —  16  =  1st  numerator. 

—  8(3t+    2)=— 24a: -16  =  2d  numerator. 

6(ar+    1)=       6x+    6  =  3d  numerator. 

-  2(6  X  —  10)  =  — 10  a:  +  20  =  4th  numerator. 

—   7  x  —   6  =  the  sum  of  the  numerators. 

r»  I?  Wig 

.'.  the  sum  of  the  fractions  is "'" 


24  24 


-    2g  +  3.g  — 2      6x  +  4      2x  — 4 
9  6  12  3     ' 

The  L. CD  is  36. 
The  respective  multipliers  are  4,  6,  3,  and  12. 

.-.  4(2  X  +  3)  =        8x  +  12  =  1st  numerator. 

6(x  —  2)  =       6  X  —  12  =  2d  numerator. 

—  3(5x  +  4)  =  — 16x  — 12  =  3d  numerator. 

—  12(2  X  —  4)  =  —  24  X  +  48  =  |th  numerator. 

— 26x  +  36  =  the  sum  of  the  numerators. 

^,  **!,**.        .    —  26x  +  36      36  — 25x 

.-.  the  sum  of  the  fractions  is  —P- — =  — — • 

36  36 


5    2x-f  3      x+3      18x+6      x-3 
2x  4x  8x2  X    ' 

The  L.  CD.  is  8x2. 
The  respective  multipliers  are  4x,  2x,  1,  and  8x. 

.•.  4  x(2  X  +  3)  =      8  x2  +  12  X        =  Ist  numerator. 
2x(x+3)=      2x2+    6  J.        _  2d  numerator. 

—  (18  X  +  6)  =  —  18  X  —  5  =  3d  numerator. 

—  8  x(x  —  3)  =  —  8  x2  +  24  X        =  4th  numerator. 

2x2  -f  24x  —  6  =  the  guQ]  of  the  numerators. 

.".  the  sum  of  the  fractions  is     ^  "^ ^~    • 

8x2 
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'2  3  4  6  12   * 

The  L.  CD.  is  12. 
The  respective  multipliers  are  6,  4,  3,  2,  and  1. 

/.  Qx  =  Ist  numerator. 

-4(2x  — ll)  =  -8a:  +  44  =  2d   numerator. 

-  3(a:  +  3)  =  —  3  ar  —   9  =  3d   numerator. 

2(a:  —  7)  =      2  a:  —  14  =  4th  numerator. 

—  (x— 1)  =  —    X  -\-    1  =  5th  numerator. 

—  4  a:  +  22  =  the  sum  of  the  numerators. 

.-.  the  sum  of  the  fractions  is  =1^+^  =  1^1^  ^  IJ^. 

12  6  .6 

«    4a2      a+6      46^      ag6  +  a6g-4q* 

*     62         ah         a^  d^i^ 

TheL.C.D.iso262. 
The  respective  multipliers  are  a^,  ah,  h\  and  1. 

.•.  4a*  =  Ist  numerator. 

—  ah{a  +  6)  =  —  a^j  _  ^6^  =  2d  numerator. 

4  M  =  3d   numerator. 
—  4  a*  +  a^fc  +  afc^  —  4tii  numerator. 

46*  =  the  sum  of  the  numerators. 

46^ 
o262         a^ 


46*        46^ 
.-.  the  sum  of  the  fractions  is  = 


g    5.T-11      or-l      11j:-1      12x-6 
'4  10  12  3      ' 

The  L. CD.  is  60. 
The  respective  multipliers  are  15,  6,  5,  and  20. 

.'.  15 (5a:—  11)  =        75a:  —  165  =  Ist  numerator. 

—  6(x—    1)  =  —     6a:  +      6  =  2d   numerator. 

6(11  a:  —    1)  =        55  a:  —     5  =  3d  numerator. 

-  20(12  a:  —   5)  =  —  240  x  +  100  =  4th  numerator. 

—  116 X  —   64  =  the  sum  of  the  numerators. 
.'.  the  sum  of  the  fractions  is 

-116x-64^-29.T-16^      29x4-16^ 
60  15  16       ' 
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I 


The  L. CD.  is  40. 

The  respective  multipliers  are  20,  8,  10,  and  6. 

.-.  20(a:  +  1)  =      20  r  +  20  =  Ist  numerator. 

8(3r  — 4)=     24x  — 32  =  2d   numerator. 

10  =  3d  numerator. 

—  6(6x  +  7)  =  —  30ar  —  36  =  4th  numerator. 

14  X  —  37  =  the  sum  of  the  numerators, 

1 4.  v*  —  ^7 

.*.  the  sum  of  the  fractions  is 


40 


10    2.r-r)      8t-4      56r-48 
6  a:  16  X  46  jr 

The  L.  CD.  is  46x. 

The  respective  multipliers  are  9,  3,  and  1. 

.-.  9(2  X  —  6)  =      18  X  —  54  =  1st  numerator. 

—  3(8x-4)  =  -24x+12  =  2d   numerator. 

66  X  —  48  =  3d  numerator. 


the  sum  of  the  fractions  is 


60x  —  90  =  the  sum  of  the  numerators. 
60X-90      lOx-18 


46x  9x 


jj     llT.y-f2      6y2-3      6x2-6 
x'^y'^  xy*  x^y 

The  L.  C  D.  is  x«y8. 

The  respective  multipliers  are  xy,  x*,  and  y^. 

.-.  ry (11  xy  +  2)  =      11  x^y*  +  2  xy  =  1st  numerator. 

—  x2(6y2-3)=—   6x2y2+3x2  =  2d   numerator. 

—  y2(6x2  — 6)  =  -   6x2y2  +6y^  =  3d   numerator. 

3  x2  -f  6y2  +  2  xy  =  the  sum  of  the  nu- 
[merators. 

/.  the  sum  of  the  fractions  is  3x2.f6y2.f2xy^ 
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12.  -^  +  -1 L.  +  2£-£^^>6 


2x8^        63^2^        2X^2^    4x2^2    ^    4x2y2* 

The  L.  CD.  is  12 x^y^z^. 

The  respective  multipliers  are  Qyz^,  2x%  Qxy\  Sy^,  Zyse, 

.'.  IS  yz^=  1st  numerator. 

2x2^  =  2d   numerator. 

—   Qxy^  =  Sd  numerator. 

3  tf2(2  X  -  «)  =  6  xy2  -    3  3^2;^  =3  4th  numerator. 

Zyz(y  -6z)  =  Sy^z  —  lSyz^  =  6th  numerator. 

2x2^  =  the  sum  of  the  numerators. 
.-.  the  sum  of  the  fractions  is     *  x  z  1 


12x2y2«2        Qy2g 

Simplify:  Exercise  48.    Page  130. 

1.  -L  +  ^L_. 

ar  +  e      x-6 
The  L. CD.  is  (x  +  6)(x-6). 

/.  X  —  6  =  Ist  numerator. 
X  +  6  =  2d  numerator. 
2  X  +  1  =  the  sum  of  the  numerators. 

.-.  the  sum  of  the  fractions  is  2x_+J ^     2x-\-'[ — 

(x+6)(x-6)      X2  +  X-30 

2.  -1 1_. 

1  +  x     1-x 

The  L. CD.  is  (1  +  x) (1-x). 

.*.  1  —    X  =  Ist  numerator. 
--  (1  +  x)  =  —  1  —    X  =  2d  numerator. 

—  2  X  =  the  sum  of  the  numerators. 

/.  the  sum  of  the  fractions  is  — 

3.  1  2 


2x  2j 


(I4.x)(l-x)      x2-l 


1  +  x     1  -  x2 
TheL.CD.  isl-x2. 

1  —  X  ==  Ist  numerator. 

—  2        =  2d  numerator. 

—  1  —  X  =  the  sum  of  the  numerators. 
.*.  the  sum  of  the  fractions  is  ""^~^  =  l^L^  =  -L 


l-.a:2       x2-l      x-1 
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The  L. CD.  is  (x-yy, 

.••  (x  —  y)(x  +  y)  =     a:^  —  y2  =  Ist  Dumeraior. 
—  (xa  —  y2)  -  __  ^2  ^  ^2  _  2d  numerator. 

0       =  the  sum  of  the  immerators. 

.*.  the  sum  of  the  fractions  is  0. 

The  L.  C.  D.  is  (x  +  y)*. 

/.  (jr  -\-  y)(x'~y)=     x^  —    yS  =  Ist  numerator. 

—  (x  —  y)2  =  —  x*  +  2  ary  —    y^  _  2d  numerator. 

2xy'~2y^  =  the  sum  of  the  numerators. 

2  xj/  —  2 1/2 
.-.  the  sum  of  the  fractions  is  — -^ ^. 

(^  +  y)-^ 
6 


2a(a  +  6)      2a(a  — 6) 
The  L.  C.  D.  is  2 a(o  +  6)  (a  -  6). 

.'.  a  —  6  =  1st  numerator, 
a  +  6  =  2d  numerator. 

2  a        =  the  sum  of  the  numerators. 
.*.  the  sum  of  the  fractions  is 

2a  ^  1  ^       1 

2a(a  +  6)(a-6)       (a  +  6)(a-6)      aS-fca' 

«  l  +  x  1-ar 


1  +  X  +  a:2      1  —  a:  +  a:2 
The  L.  C.  D.  is  (1  +  a:  +  x2)(l  -  x  +  t2). 
.-.  (1  + j:)(1  — x+x2)=      1+    a:*  =  Ist  numerator. 
- (1  - a:)(l  +  a:  +  j:^)  =  -  1  +    aH»  =  2d  numerator. 

2x^  =  the  sum  of  the  numerators. 
.'.  the  sum  of  the  fractions  is  2  a* 


(1  +  a:  +  a:2)(l  -  ar  +  a:2)      1  +  a^»  +  ar* 
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•  a-3c      o8-27c3 
TheL.C.D.  isa3-27c8. 

.*.  a^  +  3ac  +  9c2  r=  Ist  oumerator. 
-(o-3c)g  =  — a'  +  6qc~9cg=:2d  numerator. 

9ac  =  the  sum  of  the  numerators. 

9ac 

.-.  the  sum  of  the  fractions  is  — — — • 

a8-27c« 

j?-yj?  +  y^  — y* 

TheL.C.D.  i8x2-^2. 

•  •  (^  +  y)  (^  +  y)  =     a^  +  2  x^  +  y2  _-  ist  numerator. 

-  (x  —  y)  (a:  —  y)  =  —  a:2  +  2  a:.y  —  y*  =  2d  numerator. 

— 4xy         =  3d  numerator. 

0  =  the  sum  of  the  numerators. 

.'.  the  sum  of  the  fractions  is  0. 

10.-^  +  ^-+^^. 
a  —  x      a-\-  X      a2  +  J^• 

The  L.  C.  D.  is  (a  -  a:)  (a  +  x)  (a^  +  jt^). 
•.  (a  +  x)  (a2  +  x^)x  =  o^a:  +     a^ar^  +     ax^  +    a:*  =  Ist  numerator. 
(a  —  x)((fi  +  a:2)  J.  _  ^8^  __    ^2^2  _|.     oa:8  _    a^  =  2d  numerator. 
(a-ar)(a  +  a:)2a^*=  2a^x^  —  2a:*  =  8d  numerator. 

2a8a:  +  2a2a:a  +  2aa:8  — 2a:*  =  the  sum  of  the  nu- 
.-.  the  sum  of  the  fractions  is  [merators. 

2o8j  ^2aV  +  2qa:8  —  2a:*  _  2a8a:  ^2d^x^  +  2aar8  —  2a:* 
(a-a:)(o  +  x)(a2  +  a:2)  a^  -  3!^ 

11.  l-_^  +  .    1 


X     a:+l      a:+2 
The  L.  C.  D.  is  a:(a:  +  1) (a:  +  2). 

.-.  (a:  +  1)  (a:  +  2)  =        a:^  +  3  a:  +  2  =  1st  numerator. 

—  2  ar(a:  +  2)  =  —  2  a:^  —  4  a:         =  2d  numerator. 

a:(a:  +  1)  =        x^ -\-    x        =  3d  numerator. 

2  =  the  sum  of  the  numerators. 
2  2 


the  sum  of  the  fractions  is 


a:(a:+l)(x  +  2)      a:«  +  3a^»  +  2a: 
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j2    6-2a  2  1 


9_a2      3  +  a      3-o 

TheL.C.D.  i8  9-a2. 

.-.  6  —  2  a  =  Ist  numerator. 
—  2(3  -  a)  =  —  6  +  2a  =  2d  numerator. 

0         =r  the  sum  of  the  first  two  numerators. 
.'.  the  sum  of  the  first  two  fractions  is  0. 

/.  the  sum  of  all  the  fractions  is  the  last  fraction ,  or 

3  _  a        a  —  3 

13.  — 1— +       ^ 


x-\-2y      x-^2y      x^  —  ^y^ 
TheL.C.D.i8z2-4y2. 

.-.  x  —  2y  =  1st  numerator. 

X  +  2  y  =  2d  numerator. 

—  X  =  3d  numerator. 


X  =  the  sum  of  the  numerators. 


.*.  the  sum  of  the  fractions  is 


14.  -i-_?+     1  1 


X 


a:2-4y2 


y-1      y      y+1      ya_i' 
TheL.C.D.  isy(y2-l). 

.'.  y(y  +  1)  =       y^  +  y  =  Ist  numerator. 

—  2(y2_-i)  =  — 2y2  +  2  =  2d  numerator. 

y(y  —  1)  =        y2  _  y  _  3(j  numerator. 

—  y  =  4th  numerator. 

2  —  y  =  the  sum  of  the  numerators. 

2 ft 

.'.  the  sum  of  the  fractions  is  *^ — • 

15.  ^ — i__!_  +  l. 

a*  —  1  x^  —  ar      ar 

TheL.C.D.  isx2-x. 

.-.  x2        =  Ist  numerator. 

—  x2  +  x  =  2d  numerator. 

—  1  =  3d  numerator. 

X  —  1  =  4th  numerator. 

2  X  —  2  =  the  sum  of  the  numerators. 

.-.  the  sum  of  the  fractions  is  ^^I^  =  2(x-l)^  2 

a^  —  x      x(x— 1)      X 
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jg       b  ah  alP' 


0+6      (a +  6)2      (a  +  6)» 
TheL.C.D.  i8(a  +  6)«. 
.-.  h{a  +  6)2  =      a26  +  2  ah^  +  6«  =  Ist  numerator. 
-  ah{a  +  6)  =  —  a26  —    a62  =  2d  numerator. 

—    a63         =:  3d  numerator. 

6^  =  the  sum  of  the  numerators. 

6^ 

/.  the  sum  of  the  fractions  is 

(a  +  6)8 

17.  x  +  y        2x        arg(j:-.y)  ^g+.y        2x  x^ 

y       x-\-y    y^x^-y^)       y       ^  +  y    y{x-\-y) 

TheL.C.D.  isy(a:  +  y). 
.-.  (x  +  y)2  =      a^»  +  2  xy  +  y2  =  igt  numerator. 
—  2ary  =  2d   numerator. 

—  ar2  =  3d  numerator. 

y2  =  the  sum  of  the  numerators. 

.-.  the  sum  of  the  fractions  is        ^ —  =  — ^ 


y(ar  +  y)      ar  +  y 


18.-3_+       4a  6a2 


X  —  a      (a:  —  a)*      (a:  —  d)^ 
The  L. CD.  is  (a:  — o)«. 

.-.  3(x -  a)2  =  3a~»  -  6aar  +  3o2  =-.  Ist  numerator. 
4  a(ar  —  a)  =  4  oar  —  4  a*  =  2d  numerator. 

—  5  o2  =  3d  numerator. 
3x2  _  2aa:  —  6  a2  =  the  sum  of  the  numerators. 

.'.  the  sum  of  the  fractions  is  ?^^--2ax~6a2 

(x  -  a)8 

19.  -J_+       «^       -  ^  +  « 


x-2a      x8-8a8      x2+2ax  +  4a2* 
TheL.C.D.i8x8-8a». 

.*.  x2  +  2ax  +  4a2  =  Ist  numerator. 

a2  =  2d  numerator. 

"(ar  +  a)  (x  —  2  a)  =  —  x2  +    ax  +  2  a2  =  3d  numerator. 

3ax  +  7a2  =  tlie  sum  of  the  numerators. 

.'.  the  sum  of  the  fractions  is      f'^J^  • 
aH»-8a8 
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TheL.C.D.i8x»+l. 

/.  x^  —  2  a:  +  3  =  Ist  numerator. 

(ar  +  l)(a:  — 2)  =  jr2».    a:- 2  =  2d  numerator. 

—  j:^^    X— l  =  3d  numerator. 

a^  —  2x        =  the  sum  of  the  numerators. 
xa-2x 


.-.  the  sum  of  the  fractions  is 


x»+l 


21  1      .        j:-1        .Tg  +  g-3 
'  x-3     xa+3x  +  9        x»-27 

TheL.C.D.isaJ»-27. 

.*.  a:*  +  3  X  +  9  =  1st  numerator. 

(x  — 3)(x  — 1)  =  J^'  — 4x  +  3=2d  numerator. 

x^+    X  — 3  =  3d  numerator. 

3x*  +  9  =  the  sum  of  the  numerators. 

.'.  the  sum  of  the  fractions  is  ——^ — 

x»-27 

22  xa+8x+16      x- 1  ^  (x  + 3)(x+ 5)      x~l 
•   x2+7x+10      x-2      (x  +  2)(x+6)      x-2 

_x+3     X— 1 

~  X  +  2     X  —  2* 
TheL.C.D.is    (x  + 2)(x-2)  =  x2-4. 
.-.  (x  —  2)  (x  +  3)  =     x2  +  X  —  6  =  1st  numerator. 
—  (x  +  2)  (x  —  1 )  =  —  x«  —  X  +  2  =  2d  numerator. 


—  4  =  the  sum  of  the  numerators. 
-4  4 


.*.  the  sum  of  the  fractions  is  — 

a:2_4      4-x2 

23     xg-6ax  +  6o2       x- 7a^  (x-2a)(x--3a)      x-7a 
'x2  — 8ax+15o2      x-5a      (x-3a)(x-6«)      x-5a 
_  x  —  2a      X  — 7a 
X  — 5a      X  — 6a 
_x--2a  — x+  7a 

X  — 6a 
^     6a 
X  — 6a 
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24.-1-  + 1 2 


ar-2      (ar-l)(x-2)      (x-l)(x-3) 
The  L. C.  D.  is  (a:  -  l)(r  -  2)  (x  -  3). 
.'.  (x  - 1)  (x  —  3)  =  a:*  —  4  j:  +  3  =  Ist  numerator, 
a:  —  3  =  2d  numerator. 
-  2(t  —  2)  =      —  2  X  +  4  =  3d  numerator. 

^2  —  5ar  +  4  =  the  sum  of  the  numerators. 
.-.  the  sum  of  the  fractions  is 

3Ji_6x  +  4  ^         (a:~l)(ar-4)         ^  x^i 

(.-.l)(x-2)(x-3)       (x-l)(a:-2)(x-3)       (x  -  2)  (x  -  3) ' 

0.  1  .  2  3 


a2_7o+12      a2-4o  +  3      oa-6o  +  4 

1.2  8 


(a-.3)(a-4)       (a-l)(a-3)       (a-l)(a-.4) 
TheL.C.D.i8(a-l)(a-3)(a-4). 

.'.  a  --  1  =  1st  numerator. 

2  (a  —  4)  =     2  a  —  8  =  2d  numerator. 

-3(a  —  3)  =  — 3o  +  9  =  3d  numerator. 

0      =  the  sum  of  the  numerators. 
.'.  the  sum  of  the  fractions  is  0. 

26. 

3  4  3  4 


lOaHa-3     2a2+7a-4      (2a-l)(6a  +  3)      (2a-l)(a  +  4) 
The  L.C.D.  is  (2a  -  l)(6a  +  3)(o  +  4). 

.-.  3(a  +  4)  =       3a  +  12  =  Ist  numerator. 
-  4(6  a  +  3)  =  -  20  a  —  12  =  2d  numerator. 

—  17  a  =  the  sum  of  the  numerators. 

1  "7  /I 

/.  the  sum  of  the  fractions  is 


(2a-l)(5a  +  3)(a  +  4) 


27.  3  1  3  1 


2-3-_6xa     l-a:-2a:2     (2  +  3a:)(l-2a:)      (H-x)(1-2t) 
The  L.  CD.  is  (2  +  3x)(l  -  2a:)(l  +  x). 
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.*.  3(1  +  a:)=      3  +  3a:=  Ist  numerator. 
—  (2  +  3a:)  =  —  2  —  3jr  =  2d  numerator. 


1  =  the  srum  of  the  numerators. 

1 


.'.  the  sum  of  the  fractions  is 

(2  +  3x)(l-2x)(l  +  ar) 

Exercise  49.    Page  134. 
Simplify : 


x^—l      x+1       1— X      jra-1      a:+l      ar— 1 

TheL.C.D.  isa:2-l. 

.-.  x^  =  Ist  numerator. 
x(^x  —  1)  =  jr^  —  ar  =  2d  numerator. 
a:(a:+l)=    x^-\-  x  =  Sd  numerator. 

3  3^         =  the  sum  of  the  numerators. 
3x2 


the  sum  of  the  fractions  is 


x2-l 


2         a      ,     Sa     .     2ax            a      ,3a  2  ax 

• 1 ; —  +  "s :,  = r  ■ 


a  —  x      o  +  X      x^  —  a^      o  —  x      a  +  x      a-^  —  x*** 
TheL.C.D.  isa3-x2. 

.'.  a(a  +  x)  =    a^-\-    ax  =  1st  numerator. 

3a(a  —  x)  =  3a2  —  3  ax  =  2d  numerator. 

—  2  ax  =  3d  numerator. 


4  a^  —  4  ax  =  the  sum  of  the  numerators. 

the  sum  of  the  fractions  is  i^SlA££  =     ^o{a-x)      ^  _4a_. 
a2  —  x2         (a  +  x)  (a  —  x)      a  +  x 

,3  2        .       15  3  2  16 


2a-3      3  +  2a      9-4a2      2A-3      2a  +  3      4a2-9 
TheL.C.D.  i8  4a2-9. 

.-.  3(2  a  +  3)  =      6a  +    9  =  1st  numerator. 

—  2(2a  —  3)=  —  4o+    6  =  2d  numerator. 

—  15  =  3d  numerator. 


the  sum  of  the  fractions  is 


2  a  =  the  sum  of  the  numerators. 

2a 


4a2-9 
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4    g-^  I     2a        gg  +  ggfc^a  — 6        2a  0^(0  +  fc) 

6     ■'"a-fe"^  68«.o25  5         a-6      6(6-a)(6  +  a) 


.  a  —  6        2a  a^ 


6         0-6      6(ft-a) 
a  — 6        2a  a2 


6         a-6      6(a-6) 
TheL.C.D.i8  6(a-.6). 
.-.  (a  -  6)2  =      o2  —  2  a6  +  62  =  igt  numerator. 
2  a6         =  2d  numerator. 
—  a2  =3(1  numerator. 


.*.  the  sum  of  the  fractions  is 


62  =  the  sum  of  the  numerators. 

6a       ^     6 
6(a-6)      a-6* 


5    3  6  2x-7  _8  .        6  2ar-7 

*  X     l-2x      4t2-1      il-2a:      1-4x2* 

TheL.C.D.  i8x(l-4x2). 

/.  3(1  -  4  x2)  =  3  -  12  x2  =  1  St  numerator. 

6 j(l  +  2x)  =         5x  +  10x2  =  2d  numerator. 

x(2 X  -  7)  =     -  7  X  +    2  x2  =  3d  numerator. 

3  —  2x  =  the  sum  of  the  numerators. 

.-.  the  sum  of  the  fractions  is      ^-^-^      -     ^^-3 


x(l-4x-^)      x(4x2~l) 
6._1_  +  _J^  +  -JL.  =  _1_  +  _L_+.     1 

/    -     .  NO      '       .^  NO      '  o  ft  >  .  vo      '       ^  xn     • 


(x  +  a)2      (o-x)2      x2-a2      (x-fa)2      (x-a)2      x2-a2 
The  L.  C.  D.  is  (x  +  a)2(x  -  0)2. 

.'.  (x  —  a)2  =  x2  —  2  ax  +  a2  =  Ist  numerator. 

'     (x  +  a)2  =  x2  +  2  ax  +  a2  =  2d  numerator, 
(x  +  a)  (x  —  a)  =  x2  —  a*  =  3d  numerator. 

3  x2  +  a2  =  the  sum  of  the  numerators. 

.-.  the  sum  of  the  fractions  is        l^'i«i        -  ^Jx24-  a2      _ 


(x  +  a)\x  -  a)2      X*  —  2  a2a:2  +  a* 

^      1     ■       x  —  y xy--2x2_^     1  3^— -.y        I  xy-'2x2 

x-y     x^ ■}- xy -{- y^      y^  —  ^       x-^y     x2  +  xy  +  y2      aH^  — yS 

TheL.C.D.  i8x8-y«. 
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/.  X*  +    xy  +    y*  =  Ist  numerator. 

(x  —  ^)2  =        X*  —  2  xy  +    y3  --  2d  numerator. 

—  2  x*  +    xy  =  3d  numerator. 


2y3=  the  sum  of  the  numerators. 


.*.  the  sum  of  the  fractions  is 


2.yg 
2 


(x-.2)(x-3)      (x-l)(3-x)      (x-l)(x-2) 
1  2.1 


(x-2)(x-3)      (x-l)(x-3)      (x-l)(x-2) 
The  L.  C.  D.  is  (x  -  l)(x -  2)(x  -  3). 

.'.  X  —  1  =  Ist  numerator. 

—  2(x  —  2)  =  — 2x  +  4  =  2d  numerator. 

X  —  3  =  3d  numerator. 


0    =  the  sum  of  the  numerators. 
.*.  the  sum  of  the  fractions  is  0. 


g  6c  ,  ac  ,  aft 


^c-^aXa-b)      (a-ft)(6-c)       (b-c)(^c^a) 
The  L.  C.  D. is  (a  -  6) (6 -  c) {c-a). 

,'.  ftc(6  —  c)  =  6c2  —  ftc^  =r  Ist  numerator. 
ac(^c  —  a)  =  ac^  —  a^c  =  2d  numerator. 
ab(a  —  6)  =  a^b  —  aft*  =  3d  numerator. 

a^ft  —  aft2  +  ft2c  —  ftc*  -f  ac^  —  a^c  =  the  sum  of  the  numerators. 
.'.  the  sum  of  the  fractions  is 
ggft  .-  aft2  -f.  ft2c  -  ftc2  -f  ac*  -  a^c  ^       (g  -  ft)(ft  ^  c)(c  -  a)  ^       j^ 
(a-ft)(ft-c)(c-a)  (o-ft)(ft-c)(c-a) 

See  School  Algebra,  page  133,  Example  (2). 

10.* ^-±^ + ^^±^ + 5^+^ 

(a  -  ft)  (a  -  c)       (ft  -  c)  (ft  -  a)      (c  -  a)  (c  -  ft) 

_  ft  +  c o  +  c g  4-  ft 

(^a-^b)(c-a)       (ft-c)(a-ft)       (c~a)(ft-c)' 

The  L.  C.  D.  is  (a  -  ft)  (ft  -  c)  (c  -  a). 
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.*.  —  (6  —  c)(6  +  c)  =  c2  —  62  —  igt  numerator. 

—  (C'-a)(a-{-c)=a^'^c^  =  2d  numerator. 

-  (a  —  6)  (a  +  6)  =  62  «  a2  =  3d  numerator. 

0      =  the  sum  of  the  numerators, 
the  sum  of  the  fractions  is  0. 


11. 


(a-6)(6-c)       (^b^a)(^c-'a)      (^a^c)(^c^b) 
3,4  6 


(a-6)(6-c)       ^a-^b)(^c-'a)      {c^a)(b-^c) 
The  L. C. D.  is  (a  —  6) (6  -  c) {c^a^, 

.'.  3(c  —  a)  =     3  c  —  3  a  =  1st  numerator. 

4(6—  c)=     46— 4c  =  2d  numerator. 

-6(a- 6)  =  — 6a  +  66  =  3d  numerator. 

—  9a  +  106  —  c  =  the  sum  of  the  numerators. 

.-.  the  sum  of  the  fractions  is  — -Qa-^lOb-^c — 
(a-6)(6-c)(c  — a) 


12. 


1  1 


a:(x-y)(x-«)      y(ar-y)(y-2)      xyz 
The  L.  C.  D.  is  a:y<:c  -  y)  (y  -  2)  (x  -  2) . 

•'•  y^(y  —  ^)  =     y^«  —  y«2  =  ist  numerator. 

—  X2:(a:  —  2:)  =  —  A  4-  3:22  =  2d  numerator. 

~(^-y)  (y—^)  (^— ^)  =  x^z—x^y-{-xy^^xz'^-{-yz^'-y^z  —  3d  numerator. 

— a:2y+ary2                           __  ^^q  g^m  Qf  ^i^g  nu« 
.'.  the  sum  of  the  fractions  is  [merators. 

. xy^  —  X'^y xy(y  —  x) 

^  ~1  ^  1 

<y  - «) (^ - ^)    «(y  -«)(«- *) 

13         g^  — fee  ,  62  +  ac         .         c2+  a6 

•  (a-6)(a-c)       (6-a)(6  +  c)"*"(c-a)(c  +  6) 

_        6c  —  a2 62  4- ac  c2+a6 

(a  -  6)  (c  -  a)       (a  -  6)  (6  +  c)       (c  -  a)  (6  +  c) 
The L. CD.  is  (a-6)(c-a)(6  +  c). 
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.-.  (be  —  a2)  (6  +  c)  =     bVi  +  ftc^  —  a%  —  d^c  =  Ist  numerator. 

—  (62  +  ac)  (c  —  a)  =  —  68c  +  a62  +  a^c  —  ac^  =  2d  numerator. 

(c2  +  ab)  (o  —  6)  =  —  6ca  —  a62  +  a*6  +  ac^  =  3d  numerator. 

0  =  the  sum  of  the  numera- 

.*.  the  sum  of  the  fractions  is  0.  [ton. 

Exercise  50.    Page  137. 
Simplify : 

,  12:ra      14xy^l2xl4x8y 

3yz«' 

2  SaV^     20mhi*  ^  3  X  20gg62c8mgn» 

4amn       21  aM      4x    21  a^c^mn 
__66^mnf 
7a»c2  •     ' 

3  6  0^6 V      6  mM  ^6x6  a26gc^wax» 

7ma?y        SaM        7X3a«c«mxy 
^106W»^ 
7acy 

^  9mH^      43^.yg  _  9  X  4ti|gng3^^.yg 

8aH»y«      15  mn      Sxl^mnofiy^ 

""  10  V 
g  16a<62  .   4a«6^16a*62     3j^.y 

^  4a6 
7a:y 

6  la  ^  35arg  _  7£y      36  .yz^ 
12^2  •  36  ^z2      i2;j2      35a.;j 

=  3^ 

7  ^izl?  X  ^^  =  (3^  +  .y)(^  — -v)  X  ^^ 

a;2  +  y2      ar  +  y  ar^  +  ^/a  ^r  +  y 

—  4  r(a:  —  y) 

x2  +  y2     • 


11. 
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3x2  — g  2a        ^x(Sx^l)  2a 

a  2a:2.4^  «  2a:(x~2) 

Sx-l 


a:-2 


3x2 


^  3£^ ^  _3^_  ^ 3{x-2) 


•5x— 10         4x8         6(x-2)  4x« 

9 
20  x' 

10        8a8      .  4a2         _     8a»        gg  +  afe  +  fe^ 

•     a8-6»  ■  a2^a5  +  j2      a«-68  4a2 


8af x^^^^i-^^-^ 

(o-6)(a2  +  a6  +  62)  4ta^ 

2a 


a-h 


xa  +  .y^  .  3x2  +  3y2^x2  +  .V^v.     x-\-y 
^-y^'       ar  +  y  x2-y2      3x2  +  3y2 

x2  +  y2  j.4.y 

(a:+y)(:r-y)      3(x2  +  y2) 
^         1 
3(x-y)* 

12  <^-^     .  ^^         ^   a6-fc2       a(a2_^,2) 
'    a(a  +  6)   '  a(a2-62)      a(a  +  6)  62 

^&(a-6)      a(a  +  6)(a-6) 
a(a+6)  62 

6 

13  q^--4x2    .  o2-.2ax_«2^4a:2      qj.4.4a;2 
a2  +  4aar  '  ax  +  4x2"a2+4ax      a2  — 2ax 

^  (a  -  2x)(a  4-  2x)  ^  x(a  +  4x) 
a(a  +  4x)  a(a  — 2x) 

__xCa  +  2x) 
a2 

14.  «*  — y*    .  x^-¥xy_  X*  — y*  ^  x  — y 

(x-y)2       a:  — y        (ar  — y)2      x2  +  xy 

^(x2  +  y2)(a.4.y)(a:--y)^^     x^y 
(x-y)2  a:(x  +  y) 

a? 
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15  2^-\-a^       x-\-Sa^(x+a)(s^-ax-{-d^)      x-{-Sa 

xa-9aa       x+o  (x+3a)(x-3a)  x  +  a 

_x^-ax  +  a^ 
X  — 3a 


16. 


17. 


a»  +  6«  *  g2-a6  +  62      (g  +  6) (g2 - g6  +  62)  «  — 6 

g  +  6 

x^-l  x2-26     ^Cx+l)(x-l)      (x  +  6)(x-5) 

^-4x-6      x2  +  2x-3      (x-6)(x+l)      (x-l)(x  +  3) 
__x+_6 
x  +  3* 


XV 


18.  /l-^U^±i^  =  ^ill^X-^ 

\        x*/  xy  X*  x2  + 


x» 


19         /4x2        W    2x         .\      4x2-.y2      2x-2x  +  .y 


2x-y 

^4x2 -y2^        y 

y2  2x  — y 

^2x  +  .y 

y 


20. 


/8x8      ^\/     4x24-2xy         ^\_8x«-.v8      4xg  +  2xy— 4x2— 2xy— y^ 
W«         A4x2  +  2xy  +  y2        j  yS 


4x2  +  2xy  +  y2 

^8x8-.y8  ->y2 

y8  4x2  +  2xy  +  y2 

^  (2x-.y )  C4x2+2xy+.y2)  ^^         -  .y2 

y*  4x2+2xy+y2 

=  «2x-i/ 

y 
y 
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"{-^)('-^)-(-^) 


_ x(x  +  y)  - xy  4-  y^  ..  x(x^  +  y^)  ~ ar.y^  +  .v«  .  x^^xy  +  y^ 
x+y  a^-^-y^  "  a:^ 

x  +  y  :r2  +  y2  x2-a:y  +  j^a 

=  x2. 


8a26      c^      4a6       6crf  -  c<f2 


c        8  a*       cd  4(62 -6<;) 

^  8a26  c26?  4afe      crf(6  -  d) 

c  8a8  cd       46(6 -d) 
=  6c(f. 


x{x  +  y)        x2  +  a:y  +  y2  "   (a:  +  y)2 


^  .yCx  -  .y)  (^^  +  ^y  +  y«)  ^  (:g  -  .y)^(a:  +  .y)^  ^  (x  +  .y)2 

a:(ar  +  y)  aj^+ary  +  y-*  (a^  — y)* 

or 

2^    r(a4.fc)2^c2      (a  +  c)2-62n       (a-6)2-c2 
La2  +  a6  —  oc  a  J       a6  —  62  —  6c 

L         a(a  +  6  — c)  "^  a  J 

(a-6  +  c)Co-6-c) 
^  6(o-6-c) 


^  ro  +  6  +  c  ^  Ca  +  c  +  6)Ca  +  c-6)-|  ^  a-6  +  ( 
La  a  J  6 

^jLE-x - 

a  (a  +  c  +  6)  (a  +  c  —  6) 


^l±A±-£  V ^ ^g  — 6+c 
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ai-(6-c)2      c^^^a  +  by      ac-^a^  -{■  ab 
^(oH-fe  +  c)(a  +  6~c)^(c  +  a-6)(c~a  +  6)^     c^a-^h 

(a  +  6  —  c)  (a  —  6  +  c)      (c  +  a  +  6)  (c  —  a  —  6)      a  (c  —  a  +  //) 
_a  +  ft+c^  (c  +  a--6)(c  — g  +  ft)  ^     c  — o  — fe 

o  —  6  +  c      (c  +  a  +  6)(c  —  o  —  6)      a(c  —  a  +  6) 

1 


26     C^-«)^~6^^Jr«-Cfe-«)^v.a^+a'"a& 

^  (x  -  g  +  fe) (ar  -  g  >-  6)  (a:  +  6  -  g)  (ar  —  6  +  g)  aCa:  +  fl - &) 

(x  -  6  +  a)(jr-  6  ~  a)  (a:  +  g  -  6)(a- -  g  +  6)  fc(a: -a  +  6) 

_  ar  — g  +  b      t  — 6+  g  g(y+  g  — 6) 

x  —  6  +  g      x  +  g  —  6  6(a:  —  g  +  6) 

_  g 

^    aa^2g6  +  fc^-c2g  +  6^c 
*   g2  +  2g6  +  62_c2      g-6  +  c 
^  (a^6)2-c2      g  +  fc  — c 
(o  +  6)2  -  c2      g  -  6  +  c 
—  (g  —  ^  +  c)  (g  ~  fe  —  c)      g  +  6--C 
""(g  +  i  +  OCg  +  fc  — c)      g  — 6  +  c 
g  —  6  — c 


g  +  6  +  c 


'    L     a:(x  +  1)  x2  ^  J.       J           a- 

^x2  +  (ar+l)2  a:(a:+l)      2a:+l 

x(x-\-l)  2a:+l             x 
^xa+C:r+l)g 

X 


2ax^-^2a^x  x^  —  a^    >^g  +  a 

(ar  -  g)2(a:  +  g)2      2(a:2  +  g'-^)         ax 
^     2gx(j:2  +  g2)  (r  +  g)Cx- g)      ar  +  a 

(a:-g)2(a:  +  g)2  2(^2+ a2)  ax 

1 
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3Q   a3-62--c2~26c^    /^  2c      \ 

a2  — a6  — ac  \        a  +  b-\-c/ 

a(a  —  6  —  c)  a  +  6  +  c 

_  (o  4-  6  +  c) (g  —  &  —  c)  ^a_+_b--£ 
a(a^b-~c)  a  +  6  +  c 

_a4-  ft  — c 
a 

3,    a*  +  a2ft2_|,fc4       a  +  fe  x"^""^ 
•        a6-ft6        ^a8+ft3  a 

^(o2+aft  +  ft2)(a2-aft+6g)        a  +  ft  yO^-fe' 
(a8  +  ft3)(a8-6S)  a»  +  68  a 

(gg  +ab  +  ftg)  (g2  -  aft  +  6^) 
(g  +  ft)  (g2  -  aft  +  62)  (o  -  ft)  (g3  +  aft  +  ft2) 

(g  +  ft)(aa-gft  +  62)  a 


a(a2  — gft  +  ftS) 


2   x2+7jr.y+12.v2       a:^  +  3?.y  -  2 .y^ 
x2  +  5a:y  +  63/2       a^«+3a:y-4y2 

(x-\-2y){x  +  33/)       (a:  -  y)(a:  +  4^) 
=  1. 

Exercise  51.    Page  141. 

Simplify : 

5  +  1 
^    m fn_fx      y\m__x-^y      m__x-\-y 

z  \to      mj  z         m  z  z 


,   y      xz-{-  y 

2    g_      g      -^^"^^x      ^      __x^z-{-xy 

_y      xz^  y  z  xz-^y      xz^  —  yz 


aft__o^     aft  —  3  cc? 
-c  _         c        _aft  —  3cc?  c?        — _^ 

'   o        aft      3  erf  — aft  ~         c-  3  erf  —  ah  c 

rf  d 
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1  x-1+1  X 


1  + 


X—   1_  X—   1  _*  —  1_  *  w^"^^  —  ^"^^ 


^  _       1 X+  1  —  1  X  X  —  1  X  X  —  1 


1  + 


x+1         x+1         x+1 
y         x-^y  +  y         X 


5  J^  — y  _     x  —  y     _.  J^  — y  __      ^      ^  3?  +  y  _  ar  +  y 

l__     y  3^  +  .y  —  y         J?  ar  —  y         X  X  — y 

ar  +  y         ar  +  y         x  +  y 

,      mn        m^  —  mn-^  mn         m* 

m  + 

^  m  — «  m  —  n  m  —  n         m^wi  +  n      m-^  n 


7. 


mn         in^  +  mn  —  mn         m^         m^n         m^         m  - 
m  +  n  m-\-n  m -{■  n 

3  2a-l  3  2a-l 


**       2      2  2 

^_3 2(2a~l) 

o+l      2o2  +  a  — 1 

__3 2(2o~l) 

a+1      (2a-l)(a+l) 
3  2  1 


2m  +  n      .. 


a+1      a+1      a+1 


g      m  -\-  n 


1 =— 

m  +  n 

Multiply  numerator  and  denominator  by  m  +  n.     Then, 

2m  +  n      - 

m-\-n  _2m  +  n  —  m  —  n  _  m  __ - 


I  +  n-^n  m 


m  -\-  n 
x«  +  y» 

X  — y 
Multiply  numerator  and  denominator  by  x^  —  y^.    Then, 

x«+y« 

3,a_y2      _  x«  +  y«  ^^  +  y'^i 

x2-xy  +  y3      (4-3-xy  +  y2)(x  +  y)      x»  +  y8        * 
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a^b      a^-b^ 


Multiply  numerator  and  denominator  by  ah(a^  —  ft^).    Then, 

_1 a 

a^b      a^^b^  _       ahja  +  6)  - a% 


ab-\-b^      a^  +  ab  _     gib  +  gb^ -  a%         ab^ 


o8  -  a26  -  o62  +  6«     a«  -  a26  -  afta  +  6« 


i  +  i+i 
o6      ac      be 


gi  -  (6  +  c)--^ 

ab 
Multiply  numerator  and  denominator  by  abc.    Then, 


fl6 

ac 

-(6  + 

a6 

6c 

c  +  6  +  a 

02- 

c(a2-(6  +  c)2) 
a  +  6  +  c 

12. 


c(a  +  6  +  c)  (a  —  6  —  c)      c(a  —  6  —  c) 

g     6     c 

6     c      a 

Multiply  numerator  and  denominator  by  abc.    Then, 

1+1+1 

a     6      c        6r  +  ac  +  a6 


13. 


a     6      c      a2c  +  a62  +  6c'» 
6     c     a 

ab     ac      be 


a2-.(6-c)2 

a 
Multiply  numerator  and  denominator  by  a6c.    Then, 

a6ac6c  c  —  6  —  a  c  —  6  —  a 


o2-(6_c)2      6c(a2-(6-c)2)      6c(a  +  6- c)(a  -  6  +  c) 

«  ^ a4.6-c  ^ 1 

6c(a  +  6  —  c)  (a  —  6  +  c)  6c(a  —  6  +  c) 
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14. 


1  —X  1  —X  1— X  I 

~^^l  +  xg~^^    1  +  xa  ' 

1  — X 

1 4-  a:*  1  +  «*" 


15. 


a+ ?^ a  + ^ a  +  — 

^^      g-f  1         ^3-a  +  a+l  4 


3-a  3-a  3-a 

1  1  4 


16. 


3-a     4a  +  3  — g     3g  +  3 
""*"     4  4 

jF  +  y 3?  +  y 


x  +  y  x  +  y 

_  x  +  y  _  x+y 

x  +  y 


x  +  y 
x+y 


(x  +  y)(x2-.y«+l)  +  a:  +  y 
a:«-y«+l 
^(x  +  y)(xa-yg+ 1)^x2 -^yg+l 
(x  +  y)(x2-y2  +  2)      x2-.y2+2 


:.  +  !  'J±L 

17 JL 


J  I       1  y(ary«  +  x  +  2)      J.  I        z  y(xy«  +  x  +  2) 


y  +  i  ^^+^ 

2 


^(xy  +  l)Cyg+l)  1 

y(xy«  +  a:  +  2)        y(xy«  +  x  +  «) 
_  xy2g  ^-  ary  ^  yg  4-  1  —  1 

y(xyz  +  x  +  «) 
_  xy^z  +  xy  +  yz  _  y(xyz  +  x  +  g) 
y(xy2  +  x  +  «)      y(xy2+x  +  2) 
=  1. 
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a-1      6-2      c-1 


.Q        t3a6c  a  b  c 


bc  +  ac-^ab  l  +  l  +  i 

a      b      c 

Maltiply  numerator  and  denominator  of  the  second  fraction  by  abc. 
Then, 

g-l      6-1  ^  c-1 
Sabc  abc 


abc 
_        Sabc  (a~l)6c+ (6-l)ac+ (c  — l)a6 

6c  +  ac  +  a6  6c  +  ac  +  a6 

3a6c  a6c  — 6c  + a6c  — ac+ a6c  — tt6 

6c  +  ac  +  a6  6c  +  ac  +  a6 

_  3a6c  —  (3  a6c  —  6c  —  ac  —  a6) 

6c  +  ac  +  a6 
_  6c  +  ac  +  a6 
6c  +  ac  +  a6 
=  1. 


'   \m  —  n      m^^n^J  '   \m-\-n      m^  —  n^J 

_>n2  +  2>wn  +  n2  +  w2  +  n2  .  ffl2 ^ 2 tww  4- n'^  —  w^  —  n^ 
wi2  — n2  '  TO2-n2 

_2m2  4-2>n«  +  2ng_^  — 2mn 
wi2  — n2  '  fn2_,i2 

_  2(m2  -f  wn  +  w2)      m2  -  n2 
m2  —  n2  —  2  m» 

_  >n2  +  mn  +  n2 

—  mn 
__     w2  -f  ywn  +  n2 
mn 
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x  —  y  ^  sfi  —  y^  _  (^  —  .v)  (3^  —  Jf.y  +  .y^)  _  g*  — .y* 

_  3:8  _  2  jgy  +  2  g^g  —  yg      jr^  —  y8 
JE«  +  y«  a:*  +  y' 

_  JC»  —  2g^y  +  2xy^  —  y8  _  34t  ^  y8 

__2xyg~2a:gy 

X  — y      x^  — y^       x3  — ya       a^^y^ 

^3:g  +  2ir.y  +  .vg  +  a:8  +  .vg 

X2.y2 

_2gg  +  2a:.y  +  2yg 
ars-ys 

.     /ar-y      3:'--.y»\  y  /3:+.V  ,  arg+.y^\     2 3?yg-- 2 ar^y      2x^+2  xy+ 2. y^ 
••    Wy      ^+W       W-y^^yV  ^  +  y«  x2-y2 

^  2ary(y  -  x)  ^  ^ja^  +  ary  +  y^) 

x*  +  y«        (a^-y)(a^  +  y) 

^      4ary(xg-fgy  +  y^) 
(a:«  +  y8)(x  +  y) 


1 L_\  26c        J~6  +  c-a^  26c 

a     6  +  c 

^6  +  c  +  a^(6+c)g~aa 

6  +  c  — a  26c 

_  6  +  c  +  g  ^^  (6  +  c  +  a)  (6  +  c  —  c) 
6  +  c  — a  26c 

^(6  +  c  +  a)g. 
26c 
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Exercise  52.    Page  142. 


i  1.  Find  the  value  of  V'a8+6»  +  c8-(a  — 6  — c)2,  when  a  =  2,  6  =  — 2 

:        and  c  =  4. 


Va8  +  68  +  c«-(a-6-c)2=  V8-8  +  64-(2  +  2-4)2 
=  \/64 
=  8. 


2.  Reduce  to  lowest  terms  i^  + l^f  +  ^^"^'> 


3x8+10x2  +  8jr 

-    x-2 


.-.  theH.C.F.  i8a:  +  2. 


3x8+ 13x2+ 17x  +  6 
3x8+10x2+    7x-2 

3x2+10x+8 
3x2+    Qx 

4x  +  8 
4x+8 


-3x-4 


Hence  3^+10^+7x-2  ^  (x  + 2)(3t2  + 4x- 1) 
3x8+13x2+17x  +  6      (x  +  2)(3x2+7x+3) 
^3x2+4x-l 
3x2+7x+3 


Simplify : 


3. 


1 


x-4 


-3 


(x-3)(x-2)      (x-l)(x-3)      (x-l)(x-2) 

theL.C.D.is(x-l)(x-2)(x-3). 

.*.  X  —  1  =  1st  numerator, 
(x  —  4)(a: -  2)  =  —  x2  +  6x  —  8  =  2d  numerator, 
(x  —  3)  (a:  -  J)  =      x2  —  6  X  +  9  =  3d  numerator. 

X        =  the  sum  of  the  numerators. 


.*.  the  sum  of  the  fractions  is 


(x-l)(x-2)(x-3) 


156  SCHOOL   ALGEBRA. 

(ar-y)(a:-2)       (y-2;)(y-a:)       (z-x)(z-^y) 

_  x^  +  yz y'^  4-  x^ g^  +  r  y 

(a:-y)(2-ar)       (^-z)(^x-y)      (z-x)(y-2) 

The  L. CD.  is  (j: -y)(y -«)(«- ^)- 
..  —  (y  —  2)  (a:2  ^  y^;)  =  —  x^y  —  y^^;  ^.  ^22  +  yz^  =  Ist  numerator. 

—  (z  —  x)  (y2  -|-  X2)  =  —  y2;j;  ^  j;y2  _  j.-j;2  +  x^z  =  2d  numerator. 

—  (ar  —  y)  (z2  +  ar_y)  =  —  arz*  —  x^y  +  yz^  +  ry^  =  3d  numerator. 

—  2a^^y  +  2xy2  — 2y2«  +  2yz2_j.2j:2z  — 2xz2=the   gum   of    the   nu- 

[merators. 

.*.  the  sum  of  the  fraction  is 

2x//2  -  2xgy  +  2.yz2  -  2.ygz  +  2x^z  ^2xz^ 
{x'-y){y-z){z^x) 
^  (2  zyg  ~  2  xhi)  +  (2  j2z  -  2  y^z)  +  (2  .yz^  -  2  arz^) 

^  2xy(.y  -  x)  +  2zCx2  -  y^)  4-  2z2Cy  -  x) 

{x-y){y-'z)(z-x) 
_  (—  2  37.y  +  2  xz  +  2  yz  —  2  z^)  (a:  —  y ) 

ix-y){y-z){z-x) 
^2(x^z)(z^y)(x-~y) 
ix-y^iy-z^^z-x) 


Vl  +  a:^     X     y      Vl  +  x         X    I 


.xa+(l-:c)(l  +  a:)    .  x^- (1  4- a:)Cl -x) 

(H-x)x  (l  +  x)x 

.3r2+l-x2         (l  +  x)x 

(1  +  X)X  x2-l+x2 

■    1    ^(l+^>-    1 

■(l  +  a:)a;       2x^-1       2x2-1 


6.   lf-^+-i-l ^ 

c\x  — c      x  +  2c/      x2+cx  — 

^1/  X  +  2C  +  X  — c  \ 3_ 

cV(x  — c)(x  +  2c)/      x2  +  cx  — 


2c2 

_3 

2c2 


2x+c 3 

'  C(x2  +  ex  —  2c2)         x2  +  ex  —  2c2 
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2r4-c~3c     _         2x  —  2c 
'  c{x^  +  ex-  2c2)      c(x2  +  ca:  —  2c2) 
2(3:-c)  ^         2 

c(ar  — c)(a;  +  2c)      c(a:  +  2c)' 


^LizJtl^ l  +  .-i^'^ 

O^^^a        ^  (:,2  4.y2)(^2_y2)  J 


_  a4  _  y4  7^4  4.  a:2y2  ^  ^4  ■}.  y4  4,  j2y2  _  y4\ 
X^y2      [  '  a4^yi  ) 

=  2. 


g    3(ja  +  3:-2)      3(jg-a:-2)         8x 
j2-x-2  x2  +  x  — 2         a^^-4 

^  3(ga+x-2)         3(a:g-j-2) 8g 

(a:-2)(x+l)       (a:  +  2)(:r-l)       (x  +  2)(t-2)' 
.•.TheL.C.D.  is  (ar+ l)(ar- l)(x  + 2)(x-2) 

...  3(xa+x-2)(a:-.l)(ar  +  2)  =      3x*  +  6t«- 9.r2- 12a:  +  12 
-3(xa-a:-2)(ar+l)(T-2)  =  -3x*  +  6x8  +  9a:2-12a:-12 
8j:(a:+l)(a:-l;=  -Sar^  +    8x 

4x«  -16a: 

.'.  the  Bnm  of  the  fractions  is 

4a:8— 16x 4a:(a:2  — 4)       _     4a: 

{a:+l)(x-l)(x  +  2)(x-.2)       (a^  -  1)  (a:2  -  4)      a:2-l" 

9.  fi±2i(  +  £Wf£  +  2 ^^ 

\ar  +  y     yl     \y         x-\-yl 

_  (x  +  2.v).y  +  x(x  +  y)   .  a:(a:  +  V)  +  2.y(j:  4-  y)  -J.V 
_a-jy  +  2.y2  +  a-2  +  a:.y  .  ar^  +  x.y  +  2 a:.y  +  2 .y^ - a:.y 

y(^  +  y)         '  y(j?  +  y) 

_2v2  +  J^  +  2a:y  .  a:3  +  2a:y  +  2y2 

i^(*  +  y)  y(a^  +  y) 


_a:'  +  2a:y  +  2va  y(x  +  y)         ^^ 

y(a:  +  y)  a:a  +  2a:y  +  2y2 
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V     x-1    x-sA     '  +  1    x  +  sy 

^(x-l)(j~3)-4(x-3)  +  12(x->l) 
(x~l)(x-3) 
(x+  l)(x-f  3)  +  4(x  +  3)  -  12(x  +  1) 
(x+l)(x+3) 
^  x«^x+3~4x+12-H2x-12     xg+4x-f  3+4r+12-12x-12 

(x-l)(x-3)  ^  (x+l)(x  +  3) 

_    xg-f4x  +  3  x3~4x4-3 

(x-l)(x-3)       (x4-l)(:«:  +  3) 

^(x+l)(x  +  3)      (x-l)(x-3)_.^ 

(x-l)(x-3)      (x+l)(x+3) 

jj     rx2-TV+yg      x8-.v«-1  .   C.v~x)a 

^rr^-xy  +  ya      (x-..y)(xg  +  J:.y  +  .y^)"1   .   (■y-^r)^ 
|.x2  +  xy  +  y2      (j:^.^)(^2_j,^4.y2)J  •   (^x-yy 

=  ^-v  _j.  Cj^--.v)^  =, 3^-.y  X  (^ Hh .y)^ ^  j^4-.y 

12     _2a  — 6  — c       ,      26  — c  — a      ,      2c  — a  — 6 


(„-.6)(a-c)       (6-c)(6-a)       (c-a)(c-6) 

2a  — 6  — c  26  — c  — a  2c  — a  — 6 


(a-6)(c-a)       (6-c)(a-6)       (c-a)(6-c) 
The  L.  C.  D.  is  (a  -  6)  (6  -  c)  (c  -  a). 
...  -  (6  -  c)  (2  a  —  6  —  c)  =  —  2  a6  +  62  4-  2  ac  —  c2  =  Ist  numerator. 

.-(c  — a)(26  — c— a)  =  — 26c  +  c^  4-2a6  — a2  =  2d  numerator. 

—  (a  —  6)  (2  c  —  a  —  6)  =  —  2  ac  +  a^  +  2  6c  —  62  =  3d  numerator. 

0  =  the  sum  of  the 

.*.  The  sum  of  the  fractions  is  0.  [numerators. 


T  +  2 


13. 


x+1      (x-f2)(x+l)_^(j:+2)(x+l)      (x+2)(x-f  1) 

J 1^ x+  1 1 

i+2      (x+l)(x+2)      (x+l)(x  +  2)      (x+l)(:r  +  2) 
x  +  2-2. 
_(x+l)(x  +  2) 
x+l-l 
(x+l)(x  +  2) 

(x+l)(a:  +  2)  X 
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i+1    1+1 

^        68-f  q' 

(6  +  a)(6  +  a) 
^  feg  +  gg 

\        l  +  x^   l-a:2;V2a:4-iy 
^/l--3:2      (l-xy      l  +  2r2W:c+l\ 
\^l_a^»        l-x2    '^    l-x'i  )\2x'^l) 
^l-j4t_i4.2x-- 3:^+1  +  2x3       x+l 
1-0:2  2x+l 

_l  +  2ar       x+1  _     1 


l-x2       2x+l      1-a: 

16.   ^-8.y8         a:2,^y+y2        x(x^^y^ 
x{x-y)      a:3  4.2xy  +  4y2         a:«  +  y8 
_(ar-2.y)(x2-f2xv+4v2)^    x^-xy+.y^    ^^      x(x+.v)  (x-y) 

x(x-y)  x2+2xy+4ya      (^x-\-y)(^x^-xy-\-y^) 

=  r-2y. 

17    2     2     2      6  +  c  — g      c  +  o  — &      a  +  6  — c 

a      6      c  &c  ac  a6 

_ 26c      2ac      2a6  _  a(6  +  c  — a)  _  6(c  +  o  —  6)  _ cCa  +  6  —  c) 

a6c      a6c       a6c  a6c  abc  abc 

_26c  +  2ac  +  2a6  —  q6  —  gc  +  gg  —  6c~fl6  +  62  —  ac  —  6c  +  c2 

g6c 
_  flg  +  62  +  ca 

g6c 

Exercise  53.    Page  145. 
Solre: 

1    3x-l     2x4-1      4x  — 6_. 

4  3  '    6  * 

Multiply  through  by  60. 

45x-15-40x-20-48x  +  60  =  240 

-43x=216 

x  =  -6 
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6  4 

Multiply  through  by  12. 

24-.14a:  +  2  =  36x-67x-9 

7a:=-36 

x  =  -6 

3    5a:+l  ■  19t  +  7      3y~1^7x-l 
3  9  2  6      * 

Multiply  through  by  18. 

30x  +  6  +  382'+14-27x  +  9  =  21jr-.3 
^x  =  -32 
x  =  -| 

A     A  ,  X     Zx  —  2      llx  +  2      2  — 7x 

7  2  14  3 

Multiply  through  by  42. 

168  +  6x  =  63x-42-.33x-6-28  4-98x 
-122x  =  -.244 
x  =  2 

K    6x-4      o      18-4x  , 

6.   — 2  = h  X. 

3  3 

Multiply  through  by  3. 

6a:-4-6=18-4x  +  8x 

7x  =  28 

/.  x=4 

g    6x  +  7  .  7x-13^2x  +  4 
9  27  3     ' 

Multiply  through  by  27.  , 

18x  +  21  +  7x-13==18x  +  36 
7x=:28     • 
.-.  x=4 

7    03^  +  5     8x  — 7^36x4-16     41 
14  14  66       "^66' 

Multiply  through  by  56. 

36x  +  20 +  32X-.  28  =  36x4-15+ 41 
32x=64 
••.  x  =  2 
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8    3:  +  3      x-2^3ir~6      1 
'2  3  12         4* 

Multiply  through  by  12. 

6a:+18-4x  +  8  =  3x-5  +  3 
-  r  =  -  28 
a:  =  28 

9.  li_(3£-1^2£j:i\      j^_/2£-^ 

Multiply  through  by  24. 

264  -  (18  X  -  6  +  16  a:  +  8)  =  240  -  (16  a:  -  40  +  21  x  -  3) 
264-18x  +  6-16x-8  =  240-16x  +  40-21x  +  3 
3x  =  21 
.-.  x=7 

10    7x-4      3x~l      6(x-l)^3(3x-l)      x 
9  5  6  20  7* 

Multiply  through  by  2x2x3x3x5x7  or  1260. 
980x  -  660  +  756  X  -  252  - 1050  x  +  1050  =  567  x  -  189  +  180  x 

-61x  =  -427 
x=7 

11.  6x-?l£^-?ii^^^  =  ^^:^-ll^^  +  22 
4  5  4  3       ^      * 

Multiply  through  by  60. 

360x -  405x  +  15  -  96x  +  24  =  135x- 75 -220x4-40 +1320 

-56x=1246 

.-.  ^  =  -^F  =  -¥ 

12    lOx+11      12X-13      |^7-6x 
6  3  4      * 

Multiply  through  by  12. 

20x  +  22  -48x  +  52  -48  =  21  -  18x 
-10x=-5 
.-.  x=4 
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3 


0 


^^'  y-4  '  2(y-4)  '  2(y-4)      2 
Add  the  second  and  third  terms  together. 
3  14       ^1 

y-.4'*'2(y-4)      2 
3  7     _1 


y-4     y-4     2 
10    ^1 
y-4     2 
20  =  y-4 

y  =  24 


14. 


2 


8 


r-1      2(2r-l)      3(a:-l) 
Multiply  through  by  18. 

36  45 


X  5_ 

'x-1      18* 


48 


18jr 


X—l        X—l        X^l         X— 1 

;-45_48+18a:      ^ 


+  5 


ar-l 

18  a 


-57 


=  5 


x-1 
18a:-57  =  5r-5 
13a:=62 

x  =  4 


15. 


2ar-3 


2a:~4 
Transpose  —  6  and 


Q^  ar+5       11 


10-7x      5ar-4 


3ar-6       2 

a:+5 


3ar~6 
2j:-3       a:  +  6 


2x-4      3ar-6 

23:-3  a:+5     ^1 

2(x-2)      3(2: -2)      2 


=  6-11 


Multiply  through  by  6. 
6x-^9     2x+10_ 
a:  — 2  a:  — 2 

Qx  —  9  —  2x'-10 
x-2 

4ar-19 


3 


=  3 


=  3 
x  —  2 

4a:  — 19  =  3x  — 6 

.-.  a:  =13 


16. 

6  — 7a:  5a: 

Multiply  through  by  6  a:  (6 — 7  x). 

6x(10-7a:)  =  (6a:-4)(6-7a:) 

50x-35a:2=58a:_24-36a:a 

-8x==-24 

.-.  x  =  3 

yj    5-f  8x^45-8x 

3  +  2a:      13-2x 

Multiply  through  by 

(3  +  2  x)  (13 -2a:). 

(5+8x)  ( 13-2x)  =  (3+2x)  (45-8x) 
65+94x-16x2=136+66x-16x2 

28x=70 

.-.  x=i 
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18. 


5a:-.l      6jr-3 


2:c  +  3      2j:-3 
Multiply  through  by 

(2x  +  3)(2a:-3). 
(2x-3)  (5x-l)= (2a:+3)  (5a:-3) 
10x2- 17  j:  +  3  =  10^2  +  9  j:  -  9 
-26x  =  -12 


19.  ?- 


x2  — 5j:_2 
3* 


3      3r-7 
Multiply  through  by  3(3  a:  -  7). 
x(3x-7)-3(x2-5a:)=2(3x-  7) 
3x2-7x-3a:2  4.i5a.==6a:-14 
2x=-U 
/.  a:  =  -7 


2J-H 


8 


2ar-l 


2a:-l      4x2-1      2ar+l 
Multiply  through  by  4x2  —  1. 

(2x+l)2-8  =  (2x-l)2 
4x2  +  4x+1-8  =  4.t2-4x+1 
8x  =  8 
.-.  x=l 


21. 


5-2t 


2- 7x^6x2 4-4 
.r  +  1     "  x2  -  1  * 


x-1 

Multiply  through  by  x2  —  1. 
(a:+l)(6-2x)-(x-l)(2-7x) 

=  6x2+4 
5+3x-2x2+2-9x+7x2=  6x2+4 
-6x  =  -3 
/.  x=i 


22. 


6 


x  +  2 


=  0. 


x  +  2      X  —  2      x2  —  4 
Multiply  through  by  x2  —  4. 

6(a:  -  2)  -  (x  +  2)2  +  x2  =  0 
6x-12-x2-4x-4  +  x2  =  0 
2x=10 
/.  x  =  8 


23. 


4         x+1 
1+x      1-x 


x2-3 

"  1  -  X2  " 


=  0. 


Multiply  through  by  1  —  x2. 
4(l«.a:)  +  (x  +  l)2-x2  +  3  =  0 
4— 4x  +  x2  +  2x+l— x2  +  3  =  0 

-2x  =  -8 
.-.  x  =  4 


24   2x+1^7x-l      2x2-3x-46 

'  3x-3     6x  +  6  4x2-4 

Multiply  through  by  12(x2  -  1). 

4(x+l)(2x+l)  =  2(x-l)(7x-l)- 3(2x2 -3x-45) 
8  x2  +  12  X  +  4  =  14  x2  —  16  X  +  2  -  6  x2  +  9  X  +  136 
19x=133 
/.  x=7 


26. 


jg-x  +  l      x2  +  x+l_g^ 
x-1  x+1 


Multiply  through  by  x2  —  1. 

(X+I)(x2-X+1)  +  (X-.1)(X2+X+I)  =  2x(x2-1) 

2x  =  0 
.-.  x  =  0 
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26     Q^  +  5        3xg~61ar-71^  15r-7 
*  6(r-l)  18(a:2-l)  9(a:+l)* 

Multiply  through  by  18  (x-*  —  1). 

3(z+l)(9a:  +  6)  +  3ir2_61ar-71  =  2(jr-l)(16jr-7) 
27x2  +  42ar+16  +  3x3-61a:-71  =  30a:2-44a:+U 

35x=r70 
.-.  x  =  2 
.7  37         _^ 


27.  -^-4.-1—- 

x+2      a:+3      ^2^5-^4.6 

Multiply  through  hj  x^-\- ^x -^-Q, 

4(x  +  3)  +  7(a:  +  2)-37  =  0 

4x+12  +  7x+U--37  =  0 

llx=ll 

.-.  x=l 

_1 1_^_1 1 

X  — l'x-.2      X  — 3      x-4* 

.    X--2  — x+1  _  X  — 4  — x  +  3 
(x-l)(x-2)~(x-3)(x-4) 

1  r 


28. 


(x-l)Cx-2)  (a:-3)(x-4) 

(:,-3)(x-4)  =  (x-l)(x-2) 
x2-.7x+ 12  =  x2- 3x4-2 
-4x  =  -10 


Solve: 


Exercise  54.    Page  147. 


^     4x4-3  _  2x-5  ^  2x  — 1 
10         6x-l  6     * 

Multiply  by  10. 

6x  — 1 

10(2  x- 6). 

6x-l 

Divide  by  —  6  and  multiply  by 
Sx-l. 

4x-10  =  5x-l 
/.  x=-9 


:-6 


2    9x4-20_4x 


12  +  x 
6X-.4      4 
Multiply  by  36. 

9x4-20  =  ?«^i^^Ll2)+9. 
6x-4 


20  = 


.36(4x-12) 
6x-4 

Divide  by  4  and  multiply  by 
6x-4. 

26x-20  =  36x-108 
llx  =  88 
.-.  X  =  8 
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3    lOx+17       12a:  +  2  ^6a:-4 

18  13jr-16  9 

Multiply  bj  18. 

13X-16 

13a: -16 

216a:  +  36  =  325jr-400 
-109  a:  =-436 
/.  x  =  4 


5     63^  +  7      23:-2^2t+1 
16  7ar-6  6 

Multiply  by  15. 

7a:  — 6 
16(2x-2)^ 
7x-6 

30j:-30=28x-24 
2x=6 
.-.  x=3 


^    6x-f7     7x-13^2x+4 

9  6x  +  3  3 

Multiply  by  9. 

6x+ 7  +  ?^l^-=ll?l  =  6x+ 12 
6x  +  3 

9(7x-13)^^ 

6x+3 

63x-117  =  30x+15 

33x=132 

.-.  x  =  4 


6    Qa:  +  1       2x-4  ^2x-l 
15         7x-16         6       * 
Multiply  by  15. 

6:r+l-18(2x^dQ  =  6x-3 
7x  — 16 

15(2x-4)^^ 

7x-16 

30x-60  =  28x-64 

2x  =  -4 

.-.  x  =  -2 


7    llx-13     22x-76^    13x4-7 

14  28  2(3x+7)* 

Multiply  by  28. 


J-22x+75=lM13£+7} 
3x4-7 
^^^14(13x4-7) 
3x4-7 
.2(13x4-7) 
3x4-7 
21x4-49  =  26x4-14 
-5x  =  -35 
.-.  x=7 


g    2x4-8jt      13x-2    .  a^^7x     x4-16 

9  17X-32      3      12  36 

Multiply  by  36. 

8x4-34-?^il^^L=^4-12x  =  21x-x-16 
17X-32 
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17X-32 
36(13  X  -  2)  =r  60(17  a:  -  32) 
468x-72  =  860x-1600 
1628  =  382  X 
/.  x  =  4 

g    6~6x       7-2x8  ^l-f3x     2x-2jk       1. 
16         14(x-l)  21  6  106 

Multiply  by  210. 

84  -  70  X  -  i^i^-:!^^  =  10  +  30  X  -  70  X  +  7  7  +  S 
,15(7-2x8)^3^^^^ 

x-1 

21-6x2  =  -6x2  +  6x+l 
20=  6x 
.-.  x=4 

in    2x  — 6  .     X  — 3    _4x~3      ,j 

^^'  "T~"^2^:r[5-~To     ^^^'• 

Multiply  by  10. 

4x-10  +  i5^^-:^  =  4x-3-ll 
2x~16 

2x-15 

10x-30  =  -8x  +  60 

18x^90 

.*.  X  =  6 


Exercise  55.    Page  148. 
Solve: 

1.  ax  +  26  =  36x  +  4a.  2.  x^  +  62  =  (a  -  x)8. 

•    ax-36x  =  4a  — 26  X84.  62  =  a2-2ax  + x^ 

(a-36)x  =  4a-26  2ax  =  a2-62 

.    ^_4g-26  .  a2_52 

•  •    X  —  ,  .    X  =    ^^— ^^ 

a  — 36  2a 
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3.  (a+x)(6+x)  = 

ax  +  6x  +  ex  = 
(a  +  6  +  c)x  = 


4.  (j:-a)(x+6)  = 

x^—ax-\-bx-^ab  = 

-aar+26x  +  cx= 

(26  +  c-o)xr 


x(x  — c). 
x2  —  ex 
-aft 

aft 


a  +  ft  +  c 
:(x-ft)(x«e). 

:  X^ — ftx— CX+ftc  • 

:  ftc  -f  aft 
:ft(a  +  c) 
■    ft(a-fc) 
"2ft  +  c  — o 


a  +  ax     e  +  ex 


6  c-f  <^  _   wi  —  X 
aft  -h  ftx      an-\-  nx 

c  -^  d    _    m  —  X 
ft(a  +  x)      n(o  +  x) 
Multiply  by  a  +  X. 

c-\-  d _  m  —  X 

ft     ""     n 

en  +  c?n  =  ftm  —  ftx 

ftx  =  ftin  ^cn  —  dn 
hm  —cn-^dn 

.-.»= — - — 

7  ^  +  2_  TO  +  », 
X  — 2      ?n  —  n 

(m  -  n)  (x  +  2)  =  (m  +  n)  (x  -  2) 
mx— nx4-2m— 2n  =  mx+nx— 2?n— 2n 
—  2  nx  =  —  4  TO 
2m 


a(l  +  x)      c(l  +  x) 
Multiply  by  1  +  X. 


x_2 

,a     e 

aft 
x  =  — 


8. 


OT  +  n_  TO  ~n 


2  +  ar      2  — X 
(m  +  n)  (2  -  x)  =  (to  -  n)  (2  +  x) 
^TO+2n— TOX— nx =2to— 2n+TOX— nx 
—  2  TOX  =  —  4  n 
.2n 

TO 


.',   X  = 


Q   0  +  ftx  _  e  4-  dx 
a  +  6  ~  c  +  «f  * 

(a  4-  fta:)(c  +  d)  =  (c  +  rfx)(a  +  h) 
ac-\-ad  -\-  hex  +  ftrfx  =iac-\-hC'\-  adx  +  ftc?x 
(ftc  —  ac?)x  =hc'~ad 
.-.  x=l. 


10. 


6x  +  a_3x-6 


4x  +  ft     2x  — a 
(2x-a)  (6x+o)  =  (4x+ft)  (3x-6) 
12x2-4ax-a2=12x2-ftx-ft2 
(6-4a)x=a2-ft2 

a2-ft2 

.*.  X  = 

ft-4a 


11.   -  +  7  +  : 
a      0      c 


\a      ft      e/ 
^ftc  -i-  ac-f  ah\_  , 


/ftc  -i-  ac-f  aft\ 
\         abc         I 


abed 


ab-^bc-\-ac 
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12.  2illi_*i+£  =  a6c. 

c  a 

a(ax  —  6)  —  c(bx  +  c)  =  a^bc^ 

a^x  -^ah-^  hex  —  c*  =  a%(^ 

(aS  -  6c)x  =  o6  +  c2  +  aZfec^ 

.       _  a6  4-  c'  -f  g^fegg 
•  •  X  ^  _ — . 

a»  — 6c 

13.  l££._3a  =  8*.  18.  i  +  -^  =  £i5. 
a  — 6  n      x  +  n        *u: 

6ax-.3a(a-6)  =  8x(a-6)  x(x  +  n)  +  n^x  =  (a:  +  n)^ 

6ax- 3a2  +  3a6  =  8ax  -  86x  x*  +  nx  +  n^o:  =  x2  +  2nx+ w^ 

(86-3a)x=3a2-3a6  (n2-n)x=n2 

"  "^       86-3a 

X  5a  2bx 


14. 


a  — 6      a  +  6      a2  — 6^ 


(a+6)x-6a(a-6)  =  26x  16.   -  + 


n2 

_     n 
~n-l 

a 


fc  —  a      6  + « 


ax+6x  — 5a2  +  6a6  =  26x 

(a  -  6)x  =  6a2  -  6  a6  x(62-a2)+a^(6+a)     ^2(6  -  a) 

_  6a2-6a6  a:(62-a2  +  aft  +  a2)  ^  a2(6  _ «) 

•'•  "^  -      a-6  a:(62  +  o^)  =  a2(6  -  a) 

62  +  a6 


17    3^-«^  /2x-a\2 
a:-6       \2x-6y 


(x-a)(2x-6)2=(x-6)(2x-a)2 
4x8--(4a+46)x2  +  (4a6+62)a;-a62  =  4x8-(4a+46)x2+(4a6+a2)x-a?ft 

(4  a6  +  62)a:  -  ab^  =  (4  aft  +  a*)^:  -  a26 
(62-a2)x  =  a62-a26 

ab^-a^b        ab 


b^^a^       ft  +  a 
18. 


X  — a_  (x  — 6)2 


2  2x  — a 

(x-a)(2x-a)  =  2(x-6)2 
2x2-3ax4-a2=2x2-46x  +  262 
(46-3a)x  =  262-a2 
.    ^^262 -.a2 
46-3a 
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19.  -i-  =  ^.  21. 


X 

1 

a 

m 

1R(7II 

"6* 

/im(»! 

i  +  n)  = 

=  oa: 

/.  x  = 

_  bm(m 

JL 

«1 

ax  — 6     ax  +  fc 


20. 


22. 


cx  +  rf 

a          2d 
ex           a 

• 

d(cx  +  d)_ 

2d 

acx 

a 

d(cx  4-  d)  = 

cdx  +  cP  = 

-cdx  = 

2cdx 
.2cdx 

.*.  x  = 

d 
c 

a  +  x-3 

3 

b 

a--xjf3" 
3 


6(ax-6)_a(ax  +  6)  ^4.^:^3             3         _6 

ax                   bx  3             o  — x  +  3c 

62(ax-6)  =  a\ax  +  6)  a  +  r-3_6 

a62x_  68  ==083. 4.^26  a-x+3      c 

^  ^  ac  +  cx  — 3c=a6  — 6x  +  36 

...  ^.^fl^fc-f  fc»  (fc  +  c)x=ra6-ac  +  36  +  3c 

«^-«*  a6-ac4-36  +  3c 

.*.  a:  = — ^ = 

6  +  c 

g  — &   .    a  +  fc  _  Q 

6x  +  c     ax  —  c 

(a-6)(ax-c)  +  (a  +  6)(6x  +  c)  =  0 

(a»  —  06)  X  —  ac  +  6c  +  (a6  +  62)  X  +  ac  +  6c  =  0 

(a2  +  62)x=-26c 

26c 


aa  +  62 
24.  ^  +  fl     X  — 6_2(a  +  6) 
X  — o     x  +  6  X 

x(x  +  a)(x  +  6)  -  x(x -  a)(x-  6)  =  2(a  +  6)(x-  a)(x  +  6) 
**+(a+6)xHa6x-x«+(a+6)x2-^6x  =  2(a+6)x2-2(a2-62)x-2a6(a+6) 
2(a  +  6)x2  =  2(a+6)x2-2(a2-62)x-2a6(a+6) 
2(a2  -  b^)x  =  -  2  a6(a  +  6) 
2(a-6)x  =  -2a6 

ab    _    ah 

"      a—b     b^a 
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6  c  b 

c(x  +  a)  -  6cx  =  62c  -  6(t  —  6)  +  c(c  —  6x) 
ex  +  ac  —  6cx  =  62c  -  6a:  +  63  +  c2  _  6cz 
(6  +  c)  X  =  62c  +  62  +  c2  -  ac 
^       _  62c  4-  62  +  c2  —  ac 
~  6  +  c 

og    20a  —  6x  ,  9c  — ax  ,  Qd-^cx _  -q 

6cc?(20«  —  6x)  +  10a«f(9c  —  ax)  +  15ac(6«f  —  ex)  =  300  occ? 
120  acd  —  6  6crfx  +  90  ac«f  —  10  a^dx  +  90  ac</  —  16  ac2x  =  300  acd 
—  (66crf  +  lOa^d  +  16ac2)ar  =  0 
.'.  X  =  0 

6         2c   ^      3(/ 

6oc«fx  -  36rf(6  -  x)  4-  2a6c(6  —  x)  =  6a6c6f 
6acc?x  —  362d  +  36c?x  +  2a62c  —  2a6cx  =  6a6crf 

(Oocc?  +  36rf  —  2a6c)x  =  6a6crf  +  362rf  —  2a62c 
.    ^^6a6crf-f  362<f-2a62c 
6acrf  +  36(i  — 2a6c 
=  6 

Exercise  56.    Page  150. 

1.   The  sum  of  the  sixth  and  seventh  parts  of  a  number  is  13.    Find 
the  number. 


Let 

x  = 

=  the  number. 

Then, 

-+-  = 
6     7 

=  the  sum  of  its  sis 

But, 

13  = 

=  this  sum. 

.-.  ^  +  ^  = 

13 

6     7 

7x  +  6x  = 

646 

13x  = 

646 

.*.  x  = 

42 

Therefore  the  number  is  42. 

2.  The  sum  of  the  third,  fourth,  and  sixth  parts  of  a  number  is  18. 
Find  the  number. 
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Let 

x  = 

the  number. 

Then, 

3     4     6 

the  sum  of  its  thi 

But, 

18  = 

:  this  sum. 

• 

•.-+-  +  -  = 

18 

12 1 

+  9a:  +  ex  = 

648 

27a:  = 

648 

.•.  x  = 
Therefore  the  number  is  24. 

24 

3.  The  difference  between  the  third  and  fifth  parts  of  a  number  is 
4.   Find  the  number. 


Let 

x  = 

:  the  number. 

Then, 

x_ 
3" 

_x_ 
"5" 

:  the  difference  be 

But, 

4  = 

•  this  difference. 

.-.^-^  =  4 
3      6 

5a:-3x=60 

2ar  =  60 

.-.  x=m 

Therefore  the  number  is  30. 

4.  The  sum  of  the  third,  fourth,  and  fifth  parts  of  a  number  exceeds 
the  half  of  the  number  by  17.    Find  the  number. 
Let  x=  the  number. 

Then,     £  +  ^  +  -  =  the  sum  of  the  third,  fourth,  and  fifth  parts  of 
the  number. 


-  =*:  half  the  number. 
2 

|  +  ^-ff-f  =  the  given  excess. 
3     4      5      2 

17  =  the  given  excess. 

3^4^6     2 

:17 

V3      4^6     2) 

17 

17  X 
60 

.\  x  = 
Therefore  the  number  is  60. 

:17 
:60    ^ 
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5.  There  are  two  consecutiye  numbers,  x  and  jc  -f  1,  such  that  one- 
fourth  of  the  smaller  exceeds  one-ninth  of  the  larger  by  11.  Find  the 
numbers. 

-  =  one-fourth  of  the  smaller  number. 
4 

^-i-i  =  one-ninth  of  the  larger  number. 
9 

-i—  =  the  given  excess. 

4        9 

But,  11  =  the  given  excess. 

...  £-^±i  =  ii 

4        9 
9ar-4a:-4  =  396 
5.r  =  400 
.-.  a:=80 
Therefore  the  numbers  are  80  and  81. 

6.  Find  three  consecutive  numbers  such  that  if  Ihey  are  divided  by 
7,  10,  and  17,  respectively,  the  sum  of  the  quotients  will  be  15. 

Let  X  =  the  smallest  number. 

Then,  x  +  1  =  the  middle  number, 

and  X  +  2  =  the  largest  number. 

X      X  4-  1  X  4-  2 

-  +     ^     +     ^     =  the  sum  of  the  respective  quotients. 
But,  15  =  this  sum. 

;.  f^  +  £±l4-?il=16 
7        10  17 

170x  +  119x  +  119 +70x+ 140  =17860 

369  x=  17691 
.-.  x  =  49 

x-f-l  =  60 

x  +  2  =  61 
Therefore  the  numbers  are  49,  60,  61. 

7.  Find  a  number  such  that  the  sum  of  its  sixth  and  ninth  parts 
shall  exceed  the  difference  of  its  ninth  and  twelfth  parts  by  9. 

Let  X  =  the  number. 

Then,  f  -f-  -  =  the  sum  of  its  sixth  and  ninth  parts. 

o     9 
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-  —  —  =  the  difference  of  its  ninth  and  twelfth  parts. 
9     12  ^ 


X  ,  X      (x       x\       ,, 

-  +  —  I 1  =  the  riven  excess. 

6    9     V9      12;  * 

Bat,  9  =  the  given  excess. 


£_  /£ ^\  _ 

9      U      12/' 


1+^(^-^1  =  9 


±  +  ^  =  9 
6      12 

3x=108 

.-.  a:  =  36 

Therefore  the  number  is  36. 

8.  The  sum  of  two  numbers  is  91,  and  if  the  greater  is  divided  by 
the  less  the  quotient  is  2,  and  the  remain(fer  is  1.    Find  the  numbers. 

Let  x=  tlie  smaller  number. 

Then,  91  —  ar  =  the  greater  number. 

— — ^  =  the  greater  number  divided  by  the  less. 

X  ^x 

91-.ar  =  2ar+l 
-3x=-90 
.-.  ar  =  30 
91-0:=  61 
Therefore  the  numbers  are  30  and  61. 

9.  The  difference  of  two  numbers  is  40,  and  if  the  greater  is  divided 
bj  the  less  the  quotient  is  4,  and  the  remainder  4.    Find»  the  numbers. 

Let  x=.  the  smaller  number. 

Then,  40  +  a:  =  the  greater  number. 

X  X 

40  + J?  =  4a: +  4 
—  3a:  =-36 
.-.  a:  =12 
40  +  a:  =  52 
Therefore  the  numbers  are  12  and  62. 
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10.  Divide  the  number  240  into  two  parts  such  that  the  smaller  part 
is  contained  in  the  larger  part  5  times,  with  a  remainder  of  6. 

Let  X  =  the  smaller  part. 

Then,        240  —  :r  =  the  larger  part. 

.    240  — ar      -  ,  6 

X  X 

240-.a:=6a:  +  6 
-.6a:  =  -234 
.•.  ar=39 
240-ar  =  201 
Therefore  the  parts  are  30  and  201. 

11.  In  a  mixture  of  alcohol  and  water  the  alcohol  was  24  gallons 
more  than  half  the  mixture,  and  the  water  was  4  gallons  less  than  one- 
fourth  the  mixture.    How  many  gallons  were  there  of  each  ? 

Let  X  —  the  entire  number  of  gallons  in  the  mixture. 

Then,  ^  +  24  =  the  number  of  gallons  of  alcohol, 

and  f  .  4  =  the  number  of  gallons  of  water. 

4 

f  +  24  +  7  —  4  =  the  number  of  gallons  of  both  alcohol  and  water. 
2  4 

But,  X  =  the  number  of  gallons  of  both  alcohol  and  water. 

...  £  +  24  +  1-4  =  . 

"4" 
.-.  x  =  80 

-+24  =  64 
2 

X 

4 

There  were  16  gallons  of  water  and  64  gallons  of  alcohol  In  the 
mixture.  > 

12.  The  width  of  a  room  is  three-fourths  of  its  length.  If  the  width 
was  4  feet  more  and  the  length  4  feet  less,  the  room  would  be  square. 
Find  its  dimensions. 

Let  X  =  the  length  of  the  room  in  feet. 

3x 
Then,  -—  =  the  width  of  the  room  in  feet. 

4 
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q  «. 

-—  +  4  =  the  width  increased  by  4  feet. 
4 

r  —  4  =  the  length  diminished  by  4  feet. 

Bat  the  last  two  lengths  would  be  equal. 

4 

.-.  x=S2 

?£  =  24 
4 

The  room  is  24  feet  wide  and  32  feet  long. 

13.  A  is  60  years  old,  and  B  is  three-fourths  as  old.    How  many  years 
since  B  was  just  one-half  as  old  as  A  ? 

Let  X  =  the  number  of  years  since  B  was  one-half  as  old 

as  A. 
Then,  60  —  or  =  A's  age  in  years  at  that  time. 

46  —  a-  =  B*s  age  in  years  at  that  time. 

,.45-x  =  ?5zi£ 
2 

90-2a:  =  00  — X 

.-.  x=30 

Therefore  it  is  30  years  since  B  was  half  as  old  as  A. 


14.  A  father  is  60  years  old,  and  his  son  is  half  that  age.  How 
many  years  ago  was  the  father  two  and  one-fourth  times  as  old  as  his 
son? 

Let  X  =  the  number  of  years  since  the  father's  age  was 

2}  times  that  of  the  son. 
Then,  60  —  x  =  the  father's  age  in  years  at  that  time. 

26  —  X  =  the  son's  age  in  years  at  that  time. 
.-.  60-x  =  2J(26-.x) 
4(60 -.x)  =  9(26 -x) 
200-4x=226-.9x 
.'.  X  =  6 
Therefore  it  is  6  years  since  the  father  was  two  and  one-fourth  times 
u  old  as  the  son. 
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15.  A  father  is  40  yean  old,  and  his  son  is  one>third  that  age.     In 
how  many  years  will  the  son  be  half  as  old  as  his  father  ? 

Let  X  =  the  number  of  years  before  the  son  is  half  as  old 

as  the  father. 
Then,  40  +  x  =  the  father's  age  in  years  at  that  time. 

13^  +  X  =  the  son's  age  in  years  at  that  time. 
.-.  40  +  x  =  2(13}+.r) 
40  +  ar  =  AA+2ar 
...  :r=Af=13J 
Therefore  the  son  will  be  half  as  old  as  the  father  in  13^  years. 

16.  A  can  do  a  piece  of  work  in  3  days,  B  in  4  days,  and  C  in  6  days. 
How  long  will  it  take  them  to  do  it  working  together  ? 

Let  X  =  the  number  of  days  it  will  take  them  all  together. 

Then,  i  =  the  part  they  can  do  together  in  one  day. 

X 

\  =  the  part  A  can  do  in  one  day. 
^         J  =  the  part  B  can  do  in  one  day. 
\  —  the  part  C  can  do  in  one  day. 
J  +  i  +  i  =  t^c  part  *l*cy  all  can  do  together  in  one  day. 

3     4      6     X 
4x  +  3a:  +  2T=12 
9a:  =12 
/.  x=l} 
They  can  do  the  work  together  in  IJ  days. 

17.  A  can  do  a  piece  of  work  in  2\  days,  B  in  3}  days,  and  C  in  4} 
days.    How  long  will  it  take  them  to  do  it  working  together  ? 

Let  X  =  the  number  of  days  it  will  take  them  all  together. 

Then,  -  =  the  part  they  can  do  together  in  one  day. 

X 

13 

—  =  -  =  the  part  A  can  do  in  one  day. 
2J     7 

1       2 

--  =  -  =  the  part  B  can  do  in  one  day. 
oj      7 

1        3 

— -  =  —  =  the  part  C  can  do  in  one  day. 

H     14 

•'•  f  +  i  +  A  =  *li6  pa^^t  ^^^y  can  all  do  together  in  one  day. 
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131=14 

i  •••^  =  1A 

They  can  do  the  work  together  in  l^^^  days. 


18.  A  and  B  can  separately  do  a  piece  of  work  in  12  days  and  20 
days,  and  with,  the  help  of  C  they  can  do  it  in  6  days.  How  long 
would  it  take  C  to  do  the  work  ? 

Let  :r  =  the  number  of  days  it  would  take  C  to  do  the 

work. 

Then,  -  =  the  part  C  can  do  in  one  day. 

X 

^^  =  the  part  A  can  do  in  one  day. 
^  =  the  part  B  can  do  in  one  day. 

.*.  -  H 1 —  =  the  part  they  can  all  do  together  in  one  day. 

X     12     20  ^ 

But  i  =  this  part. 

•  U-i  +  i  =  i 

"  a:      12      20      6 
60  +  5a:  +  3a:=10a: 
2x  =  60 
.-.  x=30 
Therefore  C  can  do  the  work  in  80  days. 


19.  A  and  B  together  can  do  a  piece  of  work  in  10  days,  A  and  C  in 
12  days,  and  A  by  himself  in  18  days.  How  many  days  will  it  take  B 
and  C  together  to  do  the  work?  How  many  days  will  it  take  A,  B, 
and  C  together  ? 

Let  X  =  the  number  of  days  it  will  take  6  and  C  together 

to  do  the  work. 

Then,  -  =  the  part  B  and  C  can  do  together  in  one  day. 

X 

But  ^  =  the  part  A  can  do  in  one  day, 

*nd  ^  =  the  part  A  and  B  can  do  together  in  one  day. 

Hence  A ""  A  =  *^6  P*rt  B  can  do  in  one  day. 
Also  ^  =  the  part  A  and  C  can  do  in  one  day. 
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Hence       i^  —  iV  =  the  part  C  can  do  alone  in  one  day. 

xV  —  A  +  T  J ""  A  =  t^®  P*'"'  ^  *od  C  can  do  together  in  one  day. 

"10      18      12      18     X 

180     i 

Therefore  B  and  C  can  do  the  work  in  13} J  days. 
Again,  since  B  and  C  do  f^y  and  A  ^j,  of  the  work  in  one  day,  all 
together  do  -j^  of  the  work  in  one  day. 
Therefore  they  can  do  the  work  together  in  -y^S  or  7J}  days. 

20.  A  and  B  can  do  a  piece  of  work  in  10  days,  A  and  C  in  12  days, 
6  and  C  in  15  days.  How  long  will  it  take  them  to  do  the  work  if  thej 
all  work  together  ? 

Let  X  =  the  number  of  days  it  will  take  them  all  together 

to  do  the  work. 

Then,  -  =  the  part  they  can  do  all  together  in  one  day. 

But  yV  =  ^^  P^^t  ^  ^^^  ^  ^^^  ^0  together  in  one  day. 

Hence,         =  the  part  C  can  do  in  one  day. 

X     10  ^ 

Similarly, —  =  the  part  B  can  do  in  one  day. 


=  the  part  A  can  do  in  one  day. 

X     16 


Hence, 


-H 1 =the  part  they  can  all  do  together  in 

a:      10      a:      12      ar      16  , 

one  day. 

.    l_i^l_J_^l_i_^l 

or      10      ar      12      or      16     ar 

X     10      12      15 

X     4 
.-.  a:  =  8 
Therefore  they  can  do  the  work  together  in  8  days. 

21.  A  cistern  can  be  filled  by  three  pipes  in  15,  20,  and  30  minutes 
respectively.  In  what  time  will  it  be  filled  if  the  pipes  are  all  running 
together  ? 
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Let  X  =  the  number  of  minutes  it  takes  all  the  pipes  to 

fill  the  cistern. 

Then  -  =  the  part  that  all  the  pipes  can  fill  in  one  minute. 

X 

But  ^  =  the  part  the  first  pipe  can  fill  in  one  minute. 

■^j^  =  the  part  the  second  pipe  can  fill  in  one  minute. 
•^  =  the  part  the  third  pipe  can  fill  in  one  minute. 
•*•  A  +  A  +  tV  =  *^6  P*''*  *^1  *^^  PiP^*  c*°  ^^^  ^"  ®°®  minute. 

16     20     30     X 

60     X 
.-.  x  =  6} 
Therefore  the  three  pipes  running  together  can  fill  the  cistern  in  6} 
minutes. 

22.  A  cistern  can  be  filled  by  two  pipes  in  25  minutes  and  80  minutes, 
re8pectively,  and  emptied  by  a  third  in  20  minutes.  In  what  time  will 
it  be  filled  if  all  three  pipes  are  running  together  ? 

Let  X  =  the  required  time  in  minutes. 

Then  -  =  the  part  the  three  pipes  can  fill  in  one  minute. 

X 

But  5*5  =  the  part  the  first  pipe  can  fill  in  one  minute. 

-^j^  =  the  part  the  second  pipe  can  fill  in  one  minute. 
^^  =  the  part  the  third  pipe  can  empty  in  one  minute. 
.*.  A  +  iV ""  jV  =  *^®  P*^^*  *^®  *^''®®  pipes' can  fill  in  one  minute. 
.  1.  .  JL_1  =  1 
"  26     80     20     X 

800     X 

.-.  a:=rAfft  =  42f 
Therefore  the  cistern  will  be  filled  in  42f  minutes. 

23.  A  tank  can  be  filled  by  three  pipes  in  1  hour  and  20  minutes,  2 
hours  and  20  minutes,  and  8  hours  and  20  minutes,  respectively.  In 
how  many  minutes  can  it  be  filled  by  all  three  together  ? 

1  hour  20  minutes  =  J  hours. 
2  hours  20  minutes  =  |  hours. 
8  hours  20  minutes  =  y  hours. 
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Let  X  =  the  required  time  in  hours. 

Then  -  =  the  part  that  the  three  pipes  can  fill  in  one  hour. 

X 

But  }  =  the  part  the  first  pipe  can  fill  in  one  hour. 

f  =  the  part  the  second  pipe  can  fill  in  one  hour. 
^  =:  the  part  the  third  pipe  can  fill  in  one  hour. 
.*.  f  +  f  +  A  =  t^e  par*  *11  the  pipes  together  can  fill  in  one 
hour. 
.   3     3      3^^1 
"4     7      10     X 
207^1 
•     140     X 

Therefore  the  tank  can  be  filled  by  the  three  pipes  together  in  \^^ 
hours,  or  40^  minutes. 

24.  A  sets  out  and  travels  at  the  rate  of  9  miles  in  2  hours.  Seven 
hours  afterwards  B  sets  out  from  the  same  place  and  travels  in  the 
same  direction  at  the  rate  of  6  miles  an  hour.  In  how  many  hours  will 
B  overtake  A  ? 

Let  X  —  the  number  of  hours  in  which  B  will  overtake  A. 

Then  ar  +  7  =  the  number  of  hours  A  will  have  travelled. 

f(a:  +  7)  3=  the  number  of  miles  A  will  have  travelled. 
bx=  the  number  of  miles  B  will  have  travelled. 
These  two  distances  are  equal. 

.-.  |(x+7)  =  5ar 
9a:  +  63=10a: 
.-.  a:  =  63 
Therefore  B  will  overtake  A  in  63  hours. 

25.  A  man  walks  to  the  top  of  a  mountain  at  the  rate  of  2}  miles  an 
hour,  and  down  the  same  way  at  the  rate  of  4  miles  an  hour,  and  is  out 
6  hours.    How  far  is  it  to  the  top  of  the  mountain  ? 

Let  X  =  the  number  of  miles  to  the  top  of  the  mountain. 

Then  —  =  the  number  of  hours  required  for  the  ascent. 

2i 

-  =  the  number  of  hours  required  for  the  descent. 
4 

—  +  -  =  the  number  of  hours  required  for  both. 
2i      4 
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8a:+6a:=100 
Therefore  it  is  7j®y  miles  to  the  top  of  the  mountain. 

26.  In  going  from  Boston  to  Portland,  a  passenger  train,  at  27  miles 
an  hour,  occupies  2  hours  less  time  than  a  Areight  train  at  18  miles  an 
hour.    Find  the  distance  from  Boston  to  Portland. 

Let  X  =  the  number  of  miles  from  Boston  to  Portland. 

Then  ^  =  the  number  of  hours  required  by  the  passenger 

train  for  the  trip. 

^  =  the  number  of  hours  required  by  the  freight 
^®         train. 

...  j^  =  £.  +  2 
18     27 

3ar=2a:  +  108 

a:  =108 

Therefore  the  distance  is  108  miles. 


27.  A  person  has  6  hours  at  his  disposal.  How  far  may  he  ride  at  6 
miles  an  hour  so  as  to  return  in  time,  walking  back  at  the  rate  of  3 
miles  an  hour  ? 

Let  X  =  the  number  of  miles  he  may  ride. 

Then  ^  =  the  number  of  hours  he  may  ride. 

6 

-  ac  the  number  of  hours  he  must  walk. 
3 

f  +  ^  =  the  number  of  hours  required  to  go  and  to  return. 
6     3 

•••M=« 

a:+2a:=36 

.-.  a:=12 

Therefore  he  may  ride  out  12  miles. 
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28.  A  hoy  starts  from  Exeter  and  walks  towards  Andover  at  the 
rate  of  3  miles  an  hour,  and  2  hours  later  another  boy  starts  from  Ando- 
ver and  walks  towards  Exeter  at  the  rate  of  2|  miles  an  hour.  The 
distance  from  Exeter  to  Andover  is  28  miles.  How  far  from  Exeter 
will  they  meet  ? 

Let  X  =  the  number  of  miles  their  meeting  point  is  dis- 

tant from  Exeter. 
Then  x  =  the  number  of  miles  the  first  boy  walks. 

28  —  X  =  the  number  of  miles  the  second  boy  walks. 

-  =  the  number  of  hours  the  first  boy  walks. 
3 

— — ^  =  the  number  of  hours  the  second  boy  walks. 
But  the  first  boy  walks  2  hours  more  than  the  second. 

x^  2(28-0:) 
3  5 

5x^6(28 -a:) +  30 
6a:=168-6a:  +  30 
11  a:  =198 
.-.  x=18 
Therefore  the  boys  will  meet  at  a  point  18  miles  distant  from  Exeter. 

29.  A  hare  takes  7  leaps  while  a  dog  takes  6,  and  5  of  the  dog's  leaps 
are  equal  to  8  of  the  hare's.  The  hare  has  a  start  of  50  of  her  own 
leaps.    How  many  leaps  will  the  hare  take  before  she  is  caught  ? 

Let  7  X  =  the  number  of  leaps  the  hare  will  take. 

Then  5  a:  =  the  number  of  leaps  the  dog  will  take. 

Also,  let  5  a  =  the  number  of  feet  in  one  leap  of  the  hare. 

Then  8  a  —  the  number  of  feet  in  one  leap  of  the  dog. 

Hence,  35  aa:  =  the  number  of  feet  the  hare  will  have  run. 

40  ax  =  the  number  of  feet  the  dog  will  have  run. 
250  a  =  the  number  of  feet  start  that  the  hare  has. 
.-.  40  aa:  =  35  aa:  + 250  a 
5aj:  =  250a 
.-.  a:  =  50 
7a:=350 
Therefore  the  hare  will  have  taken  350  leaps. 
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30.  A  dog  makes  4  leaps  while  a  hare  makes  5,  but  3  of  the  dog*s 
leaps  are  equal  to  4  of  the  hare's.  The  hare  has  a  start  of  60  of  the 
dog's  leaps.     How  many  leaps  will  each  take  before  the  hare  is  caught  ? 

Let  6  a:  =  the  number  of  leaps  the  hare  will  take. 

Then  4x=  the  number  of  leaps  the  dog  will  take. 

Also,  let  Sa  =  the  number  of  feet  in  one  leap  of  the  hare. 

Then,  4a  =  the  number  of  feet  in  one  leap  of  the  dog. 

Hence,  15  ax  =  the  number  of  feet  passed  over  by  the  liare. 

16  ax  =  the  number  of  feet  passed  over  by  the  dog. 
240  a  =  the  number  of  feet  start  that  the  hare  has. 
.-.  16ax=  Wax  +  240a 
ax  =  240  a 
.-.  a:  =  240 
5ar=1200 
Therefore  the  hare  will  take  1200  leaps ;  dog,  900  leaps. 

31.  A  rectangle  whose  length  is  2^  times  its  breadth  would  have  its 
area  increased  by  60  square  feet  if  its  length  and  breadth  were  each  6 
feet  more.     Find  its  dimensions. 

Let  2  ar  =  the  breadth  of  the  rectangle  in  feet.  * 

Then  5  a:  =  its  length  in  feet. 

10a^  =  its  area  in  square  feet. 
2  ar  +  5  =  the  increased  breadth  in  feet. 
5x4-5  =  the  increased  length  in  feet. 
(2  X  +  6)  (5  a:  +  5)  =  the  increased  area  in  square  feet. 
.-.  (2a:+5)(5x  +  5)  =  10a:2  +  60 
10xa  +  35a:  +  25=10a:2  +  60 
35x  =  35 
.-.  x=l 
2x  =  2 
5x=5 
Therefore  the  rectangle  is  2  feet  wide  and  5  feet  long. 

32.  A  rectangle  has  its  length  4  feet  longer  and  its  width  3  feet 
shorter  than  the  side  of  the  equivalent  square.    Find  its  area. 

Let  X  =  the  length  of  the  equivalent  square  in  feet. 

Then  x^  =  the  area  of  the  square  in  square  feet. 

X  +  4  =  the  length  of  the  rectangle  in  feet 
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jr »  3  =  the  width  of  the  rectangle  in  feet, 
(ar  —  3)  (ar  +  4)  =  the  area  of  the  rectangle  in  square  feet. 
/.  (a:-3)(a:  +  4)  =  x3 
j^»  +  ar  -  12  =  ar2 
/.  ar  =  12 
a:2=144 
Therefore  the  area  of  the  rectangle  is  144  square  feet. 

33.  The  width  of  a  rectangle  is  an  inch  more  than  half  its  length, 
and  if  a  strip  5  inches  wide  is  taken  off  from  the  four  sides,  the  area  of 
the  strip  is  610  square  inches.    Find  the  dimensions  of  the  rectangle. 

Let  X  =  the  width  of  the  rectangle  in  inches. 

Then,  2(ar  —  1)  =  its  length  in  inches. 

2ar(ar  —  1)  =  the  area  in  square  inches. 

or  — 10  =  the  width  of  the  diminished  rectangle  in 
inches. 
2(ar  —  1)  —  10  =  the  length  of  the  diminished  rectangle  in 
inches. 
[2(a:  — 1)  —  10](a:  — 10)  =  the   area  of  the  diminished  rectangle    in 

inches. 
2  a:(ar  —  1)  —  [2(a:  —  1)  —  10]  (ar  —  10)  =  the  area  of  the  strip  in  inches. 
.-.  2a:(a:-l)-[2(ar-l)-.10](x-10)  =  510 
2x(ar-  1)  -  (2ar-.  12)(x-  10)  =  610 
2xa-2a:-2a^+32a:-.120=510 
30ar=080 
.-.  ar=r21 
2(ar-l)  =  40 
Therefore  the  rectangle  is  21  inches  wide  and  40  inches  long. 

34.  If  1  pound  of  tin  loses  -f^  of  a  pound,  and  1  pound  of  lead  loses 
^j  of  a  pound,  when  weighed  in  water,  how  many  pounds  of  tin  and  of 
lead  in  a  mass  of  60  pounds  that  loses  7  pounds  when  weighed  in  water  ? 

Let  X  =  the  numher  of  pounds  of  tin  in  the  mass. 

Then,  60  —  a:  =  the  number  of  pounds  of  lead  in  the  mass. 

5ar 

—  =  the  number  of  pounds  the  tin  loses. 

37 

^     Z"^*^  =  the  number  of  pounds  Hhe  lead  loses. 

"of  ^"        Q.T"  ^   =  t^®  entire  number  of  pounds  lost. 
37  2o 
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"37  23 

115  or  +  74  (60  -  r)  =  7  X  37  X  23 

116  a:  +  4440 -74ar  =  6967 

41  x=  1617 
.-.  a:  =37 
60-ar  =  23 
Therefore  there  are  37  pounds  of  tin  and  23  pounds  of  lead  in  the 
mass. 

35.  If  19  ounces  of  gold  lose  1  ounce,  and  10  ounces  of  silver  lose  1 
ounce,  when  weighed  in  water,  how  many  ounces  of  gold  and  of  silver 
in  a  mass  of  gold  and  silver  weighing  630  ounces  in  air  and  495  ounces 
in  water  ? 

Let  X  =  the  number  of  ounces  of  gold. 

Then,        530  —  ar  =  the  number  of  ounces  of  silver. 

—  =  the  number  of  ounces  the  gold  loses. 
1" 

— ^=  the  number  of  ounces  the  silver  loses. 

10 

;p  53Q  ^ 

--  + =  the  entire  number  of  ounces  lost. 

19  10 

.-.  4+^5^^=^=630-495 
19  10 

lOr  +  19(530  -  a:)  =  190  X  35 

10  a:  +  10070- 19  ar  =  6660 

9  a:  =  3420 

.-.  a:  =380 

630-ar=160 

Therefore  there  are  380  ounces  of  gold,  and  160  ounces  of  silver. 

36.  At  what  time  between  2  and  3  o'clock  are  the  hands  of  a  watch 
at  right  angles  ? 

When  the  hands  are  at  right  angles  to  each  other  the  minute  hand 
will  be  15  minute  spaces  ahead  of  the  hour  hand. 

At  2  o'clock  the  hour  band  is  10  minute  spaces  ahead  of  the  minute 
hand. 

Hence,  when  the  hands  are  at  right  angles  to  each  other  the  minute 
hand  has  gained  26  minute  spaces  on  the  hour  hand. 

Let  ar  =  the  number  of  spaces  the  minute  hand  moves  over. 
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Then,  x  —  26  =  the  number  of  spaces  the  hour  hand  moves  over. 

12(x  — 25)  =  the  number  of  spaces  the  minute  hand  moves 
over. 
.-.  12(T~26)  =  r 
12a:-300  =  a: 

llar=300 
.-.  ^  =  27A 
Therefore  the  required  time  is  2733,.  minutes  past  2  o'clock. 

37.  At  what  time  between  3  and  4  o'clock  are  the  hands  of  a  watch 
pointing  in  opposite  directions  ? 

When  the  hands  point  in  opposite  directions  the  minute  hand  is  30 
minute  spaces  ahead  of  the  hour  hand. 

At  3  o'clock  the  hour  hand  is  15  minute  spaces  ahead  of  the  minute 
hand. 

Hence  at  the  instant  when  the  hands  point  in  opposite  directions,  the 
minute  hand  has  gained  45  minute  spaces  on  the  hour  hand. 
Let  X  =  the  number  of  minute  spaces  the  minute  hand 

has  moved  over. 
Then  .r  —  45  =  the  number  of  minute  spaces  the  hour  hand  has 

moved  over. 
.*.  12  (a:  —  45)  =  the  number  of  minute  spaces  the  minute  hand 
has  moved  over. 
/.  12(x-45)  =  x 
12  ar- 540  =  a: 

...  x  =  W-  =  49,lt 
Therefore  the  hands  will  point  in  opposite  directions  at  49^  minutes 
past  3  o'clock. 

38.  At  what  time  between  7  and  8  o'clock  are  the  hands  of  a  watch 
together  ? 

At  7  o'clock  the  hour  hand  is  35  minute  spaces  ahead  of  the  minute 
hand. 
Let  X  =  the  number  of  minute  spaces  the  minute  hand 

has  moved  over. 
Then,  a:  —  35  =  the  number  of  minute  spaces  the  hour  hand  has 

moved  over. 
,.••  12  (x  — 35)  =  the  number  of  minute  spaces  the  minute  hand 
has  moved  over. 
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.%  12(ar-36)  =  x 
12ar-420  =  ar 

Therefore  the  hands  will  be  together  at  38]^  minutes  past  7  o'clock. 

39.  A  trader  adds  yearly  to  his  capital  one-fourth  of  it,  but  takes 
from  it,  at  the  end  of  each  year,  $  800  for  expenses.  At  the  end  of  the 
third  year,  after  deducting  the  last  $800,  he  has  Ij^  times  his  original 
capital.    How  much  had  he  at  first  ? 

Let  a:=  the  number  of  dollars  he  has  at  first. 

Then,  -- —  800  =  the  number  of  dollars  he  has  at  the  end 

of  the  first  year. 
^^  —  800^  -  800  =  the  number  of  dollars  he  has  at  the  end 
^  '  of  the  second  year. 

§r§/^  -  800  V  800]  -  800  =  the  number  of  dollars  he  has  at  the  end 
^L^^^  '  -^  of  the  third  year. 

15  J. 
But,  — -  =  the  number  of  dollars  he  has  at  the  end 

of  the  third  year. 
...  |r|J^-.800)-800]-800  =  l|£ 

4^  16  I  8 

Ibx 
8 

V^  a: -2250 -800  =  — 
8 

^=3060 
64 

.-.  a:  =  39040 
Therefore  he  had  $39,040  at  first. 

40.  A  trader  adds  yearly  to  his  capital  one-fifth  of  it,  but  takes  from 
it,  at  the  end  of  each  year,  $2500  for  expenses.  At  the  end  of  the  third 
year,  after  deducting  the  last  $2500,  he  has  1^^  times  his  original  cap- 
ital.   Find  his  original  capital. 

Let  x  =  the  number  of  dollars  he  had  at 

first. 


4U6  ) 
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Then,  ~_  2500  =  the  numher  of  dollars  he   had  at 

the  end  of  the  first  year. 
?/^-.  2600^ -2500  =  the  number  of  dollars  he  had  at 
^  '  the  end  of  the  second  year. 

?  r?  ^?£  _  2500^ -2500l- 2500=  the  number  of  dollars  he  had  at 
^  L^  ^  ^  '  -^  the  end  of  the  third  year. 

VI X 

But,  =  the  number  of  dollars  he  had  at 

10 

the  end  of  the  third  year. 


?r?/?iE  -  2500^  -  2500l  -  2500  =  Hf 
6L5V  5  y  J  10 

!r§^-3000-2500l-2500  =  — 
►  L  25  J  10 


6l 

6V  25  /  10 

n\x  -  6600  -  2500  =  — 

-^  =  9100 
250 

.-.  2- =  325000 
Therefore  his  original  capital  was  %  325,000. 

41.  A's  age  now  is  two-fifths  of  B's.    Eight  years  ago  A's  age  was 
two-ninths  of  B*s.    Find  their  ages. 

Let  5  X  =  B's  ag^  in  years. 

Then,  2  x  =  A's  age  in  years. 

5ar  —  8  =  B's  age  in  years,  8  years  ago. 
2ar  —  8  =  A*s  age  in  years,  8  years  ago. 
.-.  2x-8  =  f(5a:-8) 
18ar-72=10x-.16 
.•,  a:  =  7 
6a:  =  35 
2a:=14 
Therefore  A's  age  is  14  years,  and  B's  is  35  years. 

42.  A  had  five  times  as  much  money  as  B.    He  ga^e  B  5  dollars, 
and  then  had  only  twice  as  much  as  B.     How  much  had  each  at  first  ? 

Let  X  =  the  number  of  dollars  B  had  at  first. 

Then,  hx  —  the  number  of  dollars  A  had  at  first. 

ar  +  5  =  the  number  of  dollars  B  had  finally. 

5x  —  5  =  the  number  of  dollars  A  had  finally. 
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/.  6x  — 6  =  2(x  +  6) 
6ar  — 5  =  2a:+10 
•.  x=5 
6a:  =  26 
Therefore  A  had  $25  and  B  1 5  at  first. 

43.  At  what  time  between  12  and  1  o'clock  are  the  hour  and  minute 
hands  pointing  in  opposite  directions  ? 

At  12  o'clock  the  hands  are  together. 

When  the  hands  point  in  opposite  directions  the  minute  hand  has 
gained  30  minute  spaces  on  the  hour  hand. 
Let  X  =  the  number  of  minute  spaces  the  minute  hand  has 

passed  over. 
Then,  x  —  30  =  the  number  of  minute  spaces  the  hour  hand  has 
passed  over. 
/.  12(ar-.30)  =  ar 
llar=860 
/.  x  =  82A 
Therefore  the  hands  will  point  in  opposite  directions  at  dQ^j  minutes 
past  12  o'clock. 

44.  Eleven-sixteenths  of  a  certain  principal  was  at  interest  at  6  per 
cent,  and  the  balance  at  4  per  cent.  The  entire  income  was  §  1500. 
Find  the  principal. 

Let  16a:  =  the  number  of  dollars  in  the  principal. 

Then,  11a:  =  the  number  of  dollars  invested  at  6%. 

5  a:  =  the  number  of  dollars  invested  at  4  %. 

— -  =  the  number  of  dollars  interest  on  the  first 
amount. 

20  jc 

=  the  number  of  dollars  interest  on  the  second 

amount. 

5^  4-  ?2£  =  the  total  number  of  dollars  interest. 
100      100 

...  ^+20£^150o 
100       100 

15^=1500 
100 

•.  a:  =  2000 

16  a:  =  32000 

Therefore  the  principal  was  $32,000. 
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45.  A  train  which  travels  36  miles  an  hour  is  |  of  an  hour  in  advance 
of  a  second  train  which  travels  42  miles  an  hour.  In  how  long  a  time 
will  the  last  train  overtake  the  first  1 

Let  X  —  the  number  of  hours  in  which  the  last  train 

will  overtake  the  first.  I 

Then,  42  r  =  the  distance  the  second  train  will  have  passed         , 

over.  ' 

36jc=  the  distance  the  first  train  will  have  passed         I 
over.  I 

But  the  second  train  was  27  miles  behind  the  first  at  the  start. 
.-.  42jc  =  36x  +  27 
6a:  =  27 
x  =  ^\ 
Therefore  the  last  train  will  overtake  the  first  in  4 J  hours. 

46.  An  express  train  which  travels  40  miles  an  hour  starts  from  a 
certain  place  50  minutes  after  a  freight  train,  and  overtakes  the  freight 
train  in  2  hours  and  5  minutes.  Find  the  rate  per  hour  of  the  freight 
train. 

Let  X  —  the  rate  of  the  freight  train  in  miles  per  hour. 

Then,  ^^-  x  =  the  number  of  miles  the  freight  train  travels 

before  it  is  overtaken. 
40  X  Vj^-  =  the  number  of  miles  the  express  train  has 
travelled. 
But  these  two  distances  are  equal. 

.-.  J^-a:=40xW 
a:  =  -i^A  =  28^ 
Therefore  the  rate  of  the  freight  train  is  28f  miles  per  hour. 

47.  A  messenger  starts  to  carry  a  despatch,  and  5  hours  after  a  sec- 
ond messenger  sets  out  to  overtake  the  first  in  8  hours.  In  order  to  do 
this,  lie  is  obliged  to  travel  2\  miles  an  hour  more  than  the  first.  How 
many  miles  an  hour  does  the  first  travel  ? 

Let  X  =  the  number  of  miles  the   first  messenger 

travels  per  hour. 
Then,  a: +  2|  =  the  number  of  miles  the  second  messenger 

travels  per  hour. 
13  X  =  the  number  of  miles   the   first  messenger 

travels  before  he  is  overtaken. 
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8(a:  +  2^)  =  the  number  of  miles  the  second  messenger 
travels  before  he  overtakes  the  first. 
But  these  two  distances  are  equal. 

.-.  13a:  =  8(a:  +  2i) 

Therefore  the  first  messenger  travels  4  miles  per  hour. 

48.  The  fore  and  hind  wheels  of  It  carriage  are  respectively  9  J  feet 
and  11|  feet  in  circumference.  What  distance  will  the  carriage  have 
made  when  one  of  the  fore  wheels  has  made  160  revolutions  more  than 
one  of  the  hind  wheels  ? 

Let  x  =  the  number  of  feet  the  carriage  will  have 

travelled. 

Then,  ^  =  the  number  of  times  the  fore   wheel  will 

^         have  revolved. 

~-  =  the  number  of  times  the  hind  wheel  will 

^         have  revolved. 

/.  ^-^-  =  160 
9J      lis 

19      57 

—  =  160 
57 

X  =  9120 

Therefore  the  carriage  will  have  travelled  9120  feet,  or  l^j  miles. 

49.  When  a  certain  brigade  of  troops  is  formed  in  a  solid  square 
there  is  found  to  be  100  men  over ;  but  when  formed  in  column  with  5 
men  more  in  front  and  3  men  less  in  depth  than  before,  the  column 
needs  5  men  to  complete  it.    Find  the  number  of  troops. 

Let  X  =  the  number  of  men  in  a  side  of  the  solid 

square. 
Then,  x^  +  100  =  the  entire  number  of  troops, 

(jr  +  6)  (a:  —  3)  —  5  =  the  entire  number  of  troops. 
.-.  (a:  +  5)(a:-3)-5  =  a:2+100 
a:2+2a:-15-5  =  a:2+100 
2a:  =120 
07  =  60 
x2  +  100  =  3700 
Therefore  there  are  3700  troops. 
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50.  An  officer  can  form  his  men  in  a  hollow  square  14  deep.  The 
whole  number  of  men  is  3136.  Find  the  number  of  men  in  the  front  of 
the  hollow  square. 

Let  X  =  the  number  of  men  in  the  front  of  the  hollow  square. 

Then,   jr  —  28  =  the  number  of  men  in  an  inside  face  of  the  hollow 
square, 
x*  =  the  number  of  men  required  to  form  a  solid  square 
of  the  same  size  as  the  hollow  square, 
(r  —  28)2  _  the  number  of  additional  men  required  to  fill  out 
the  hollow  square. 
/.  JT*  —  (a:  —  28)2  _  the  entire  number  of  men. 
...  a:3_(ar- 28)2  =  3136 
x2-x2+66x- 784  =  3136 
56x  =  3920 
x=70 
Therefore  there  are  70  men  in  the  front  of  the  hollow  square. 

51.  A  trader  increases  his  capital  each  year  by  one-fourth  of  it,  and 
at  the  end  of  each  year  takes  out  $  2400  for  expenses.  At  the  end  of 
3  years,  after  deducting  the  last  $2400,  he  finds  his  capital  to  be 
$10,000.    Find  his  original  capital. 

Let  X  =  the  number  of  dollars  he  had  at  first. 

Then,  ^  ~  2400  =  the  number  of  dollars  he  has  at  the  end  of 

the  first  year. 
^^5f-2400^- 2400  =  the  number  of  dollars  he  has  at  the  end  of 


-  2400 ")  -  2400'|-  2400  =  10000 

5/25£  _  30^  _  2400^  -  2400  =  10000 
4V16  J 

5  /  ?^  _  5400\  _  2400  =  10000 
4U6  J 

1?^  _  6760  -  2400  =  10000 
64 

1?^=  19150 
64 


-[-(^  -  2400V  2400] -  2400  =  the  number  of  dollars  he  has  at 
^^^^  I  ^  the  end  of  three  years. 

5r5/5x     f 
4L4V4 


Therefore  his  original  capital  was  $0804.80. 
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52.  A  and  B  together  can  do  a  piece  of  work  in  H  days,  A  and  C 
together  in  1|  days,  and  B  and  C  together  in  1|  days.  How  many  days 
will  it  take  each  alone  to  do  the  work  1 


Let 

Then, 

But, 

Hence, 

Also, 

Hence, 

Bat, 


X  =  the  number  of  days  in  which  A  alone  can 

do  the  work. 
-  =  the  part  A  can  do  in  one  day. 

X 

I  =  the  part  A  and  B  can  do  together  in  one  day. 
-  -  =  the  part  B  can  do  alone  in  one  day. 

X 

^  =  the  part  A  and  C  can  do  together  in  one  day. 


4      1 

=  the  part  C  can  do  alone  in  one  day. 


.1  +  4 

X     7 


-  =  the  part  B  and  C  can  do  together  in  one  day. 


j9^  =  this  part. 
8 


3      ar      7      x      15 

_^  2^  _   74 
X         105 

3     X     105     35 
4_1^^ 
'   7      a:      105 


Therefore  A  can  do  the  work  alone  in  -\9j?'  ^'  ^W  days;  B,  in  ff  or 
3j?j-  days ;  and  C,  in  V/  or  4^1  days. 


53.  A  fox  pursued  by  a  hound  has  a  start  of  100  of  her  leaps.  The 
fox  makes  3  leaps  while  the  hound  makes  2  ;  but  3  leaps  of  the  hound 
are  equivalent  to  5  of  the  fox.  How  many  leaps  will  each  take  before 
the  hound  catches  the  fox  ? 

Let  2  X  =  the  number  of  leaps  the  hound  makes. 

Then,  3ar  =  the  number  of  leaps  the  fox  makes. 

Also  let  5a  =  the  number  of  feet  in  a  leap  of  the  hound. 

Then,  3  a  =  the  number  of  feet  in  a  leap  of  the  fox. 

10  ax  =  the  number  of  feet  passed  over  by  the  hound. 
Oax  =  the  number  of  feet  passed  over  by  the  fox. 

300  a  =  the  number  of  feet  start  the  fox  has. 
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/.  10ax=:9ax  +  300a 
aar  =  300a 
/.  X  =  300 
2x=600 
3x=900 
Therefore  the  hound  will  take  600  leaps  and  the  fox  900  before  the 
fox  is  overtaken. 

Exercise  57.    Page  161. 

1.  The  sum  of  two  numbers  is  40,  and  their  difference  is  10.    Find 
the  numbers. 

8-\-d  _  40  4-  10  _  25      s--d  __  40  —  10  _  ^^ 
2     ~       2  '        2     ~       2 

Hence  the  numbers  are  25  and  15. 

2.  The  sum  of  two  angles  is  100^,  and  their  difference  is  21°  30'. 
Find  the  angles. 

s4-rf^lOO  +  21^^gQa      s-rf^l00-21i^3gi 
2  2  *'        2  2 

Hence  the  angles  are  60°  46'  and  39°  15'. 

3.  The  sum  of  two  angles  is  116°  24' 30",  and  their  difference  is 
66°  21'  44".    Find  the  angles. 

s±d  ^  116°  24' 30" +66°  21' 44"  ^  g^o  23/  7/J 

2  2 

£-rf  ^  116°  24' 30" -66°  21' 44"  ^  3Q0  j,  23" 

2  2 

Hence  the  angles  are  86°  23' 7"  and  30°  1'23". 

4.  A  can  do  a  piece  of  work  in  6  days,  and  B  in  5  days.    How  long 
will  it  take  both  together  to  do  it  ? 

a  =  0,     6=6.  .'. =  — • 

a  +  b      11 

Hence  they  can  both  do  it  together  in  2^y  days. 

5.  Find  the  interest  of  $2760  for  3  years  at  4 J  per  cent. 

t  =  prt 
;)  =  2760,r=3jg^,«  =  3 

.-.  i  =  2750x3Xi^=371J 
Hence  the  interest  is  $371.25. 
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6.  Find  the  interest  of  $  950  for 
2  years  6  months  at  5  per  cent. 

I  =prt 
p=950,r  =  T^,<  =  2i 

.-.  i  =  950XT*TrXf 
=  118i 
Hence  the  interest  is  $118.76. 

7.  Find  the  amount  of  $2000 
for  7  years  4  months  at  6  per 
cent. 

a  =  p-\-  prt 

.-.  a  =  2000  +  2000XT^TrX-2/ 
=  2880 
Hence  the  amount  is  $2880. 

8.  Find  the  rate  if  the  interest 
on  $680  for  7  months  is  $36.70. 

a— p 
^  =  -^ 

^     36.70 
••'*     680XA 

Hence  the  rate  is  9%. 

9.  Find  the  rate  if  the  amount 
of  $750  for  4  years  is  $900. 

pt 
a  =  900,j»=760,  f  =  4 
^^900-750 
760X4 

=  7^7 

Hence  the  rate  is  6%. 

10.  Find  the  rate  if  a  sum  of 
money  doubles  in  16  years  and  8 
months. 


a—p 
a  =  2p,t=  16} 

•      mp 

^    1 
16} 

•    Hence  the  rate  is  6%. 

11.  Find  the  time  required  for 
the  interest  on  $2130  to  be 
$436.66  at  6  per  cent. 

I  =prt 
j9  =  2130,r=T§^,  1  =  436.66 

.-.  436.66  =  2130  Xtoij' 
100X436.65 
6  X  2130 

Hence  the  time  is  3  years  and 
6  months. 

12.  Find  the  time  required  for 
the  interest  on  a  sum  of  money  to 
be   equal   to    the    principal   at   6 

per  cent. 

I  =  prt 

i  =  p^r=ji^ 

'''P  =  PTh^ 
t  =  20 
Hence  the  time  is  20  years. 

13.  Find  the  principal  that  will 
produce  $  161.25  interest  in  3  years 
9  months  at  8  per  cent. 

i  =  prt 
{=  161.25,  r  =  Tf^,<  =  3i 

.-.  161.26  =  />t|^  XV- 
^4x16126 
^         8X16 
=  637.60 
Hence  the  p^-incipal  is  $637.50. 
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14.  Find  the  principal  that  will 
amount  to  $1500  in  3  years  4 
months  at  6  per  cent. 


a  =r  1000,  p  : 


1  +  rf 
...,  =  ,       1^ 


=  1260 
Hence  the  principal  is  $  1250. 

15.  How  much  money  is  re- 
quired to  yield  ^2000  interest 
annually  if  the  money  is  invested 
at  6  per  cent  ? 

i  =  prt 
i  =  2000,r  =  x4^,f=l 
.-.  2000  =  t|^p 
;>  =  40000 
Hence  tl>e  principal  is  $40,000. 

16.  Find  the  time  in  which  $  640 
will  amount  to  $  1000  at  6  per  cent. 

pr 


t  =  - 


Exercise  58. 
Solve  by  addition  or  subtraction  : 
1  |6:r  +  2y  =  39  (1) 

y=    3  (2) 


f6x-\-2y  = 

l2.r-    y  = 

Multiply  (2)  by  2,  and  add  to  (1) 

6x  + 2^  =  39  (1) 

4tx-2y=    6  (3) 


:640,r  =  T*ir 
1000  -  640 


640XTfir 

Hence  the  time  is  9  years  4J 
months. 

17.  Find  the  principal  that 
will  produce  $  100  per  month,  at 
6  per  cent. 

i  =  prt 

-'  ioo=,j^xA;» 

;>  =  20000 
Hence  the  principal  is  $20,000. 

18.  Find  the  rate  if  the  interest 
on  $700  for  10  months  is  $26. 

i  =  prt 
t  =  26,jo=700,  ^:-f 
.-.  25  =  700X|/ 

r  x=  A  =  -^L 
^^      100 

Hence  the  rate  is  ^%. 


Page  165. 


9a: 


=  46 
/.  X  =  6 

Substitute  the  value  of  x  in  (2). 
10-y  =  3 

'.y  =  l 


2  f    ar+3y  =  22  (1) 

l2a:-4y=    4  (2) 

Multiply  (1)  by  2,  and  subtract 
(2)  from  the  result. 

2x+6j^  =  44  (3) 

2a:-4y=    4  (2) 

10y  =  40 

.-.  y=    4 
Substitute  the  value  of  ;/  in  (1). 
a:  +  12  =  22 
.-.  a:  =10 
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3. 


r7a:-2y=ll 


(1) 


I    a:  +  5y  =  28  (2) 

Multiply  (2)  by  7,  and  subtract 
from  (1). 

7z-   2y=        11        (1) 
1x-\-Sby=      196        (3) 
-37y  =  -186 

Substitute  the  value  of  y  in  (2). 
r+25  =  28 
/.  x  =  S 

4  r4a:-5y  =  26  (1) 

l3ar-6y=15  (2) 

Divide  (2)  by  3,  multiply  by  4, 
and  subtract  from  (1). 

4x-5y  =  26  (1) 

4ar-8.y  =  20  (3) 

Sy=    6 
.-.  y  =  2 
Substitute  the  value  of  3^  in  (1). 
4x-10  =  26 
/.  x  =  d 


(1) 
(2) 


5.  /    :r+2y  =  36 
lSx-'2y  =  n 

Add  (1)  and  (2). 

4x=52 
/.  a:  =  13 
Substitute  the  value  of  x  in  (1). 
13+2y  =  35 

.-.  y  =  n 

6.  f    a:+4y  =  35  (1) 
l2a:-3y  =  26  (2) 

Multiply  (1)  by  2,  and  subtract 
(2)  from  the  result. 

2a:+8y  =  70  (3) 

2a:~3y  =  26  (2) 

11^  =  44 


.-.  y  =  4 
Substitute  the  value  of  y  in  (1). 
X  +  16  =  36 
.-.  ar=19 


r3a:+6y  =  50 


(1) 


7  r3a:+6y  = 

I    x^ly=    8  (2) 

Multiply  (2)  by  3,  and  subtract 
from  (1). 

3x+    6y  =  60  (1) 

3jr~21y  =  24  (3) 

26y  =  26 

Substitute  the  value  of  y  in  (2). 
ar-7  =  8 
.-.  a:  =16 


8. 


r5x  +  2y  =  36 

Is 


(1) 
1 2a: +3^  =  43  (2) 

Multiply  (1)  by  3,  and  (2)  by  2, 
and  subtract. 

16a:  +  6y  =  108  (3) 

4a:  +  6y=    86  (4) 

11a:  =    22 

.-.  3-  =  2 
Substitute  the  value  of  x  in  (1). 
10  +  2^  =  36 
.-.  y  =  13 

(1) 
5y=l0  (2) 

Multiply  (1)  by  6,  and  (2)  by  3, 
and  subtract. 


g  r3a:  +  7y  =  60 

\6x-2i/=16 


16a:  +  36y  =  260 
16x-6y=    46 


(3) 
(4) 


41y  =  205 
/.  y  =  6 
Substitute  the  value  of  y  in  (1). 
3a: +  36  =  60 
/.  a:  =  5 
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10.         |2x+    y=   3 
\7x  +  6y  =  21 

0) 

(2) 
btract 

4x-3y  =  39            (1) 
4x-4y  =  32            (4) 

Multiply  (1)  by  5,  and  8U 

y=    7 

(2)  from  the  result. 

Substitute  the  value  of  y  in  (2). 

10a:+6y=      16 

(3) 

3x-28  =  17 

7a:+5y=      21 

(2) 

.-.  x  =  15 

3x           =-6 
.-.  a:  =-2 

f7x-.   2y  =  69            (1) 
I    X- 10^^  =  39            (2) 

Substitute  the  value  of  x  in 

(1). 

Multiply  (1)  by  5,  and  subtract 

-4  +  y  =  3 

(2)  from  the  result. 

.-.  y  =  7 

36x-10y  =  345 

f    a:  +  2y=--    9 
l3T-3if  =  90 

0) 

x-10y=    39 

(2) 

34x             =306 

Divide    (2)   by    3,  and   subtract 

.-.  x  =  9 

from  (1). 

Substitute  the  value  of  x  in  (2). 

a:  +  2i^=        9 

(3) 

9-10i^  =  39 

X-    y=      30 

(2) 

.•.y  =  -3 

3y  =  -21 

14           r3x  +  7y  =  16             (1) 
I2x+5^  =  13             (2) 

.-.  y  =  -7 

Substitute  the  value  of  y  in 

(1). 

Multiply  (1)  by  2,  and  (2)  by  3, 

X  - 14  =  9 

and  subtract. 

.-.   X=:23 

6x  +  14y=      32 

-o           f4x-3i^  =  39 
I3x~4y  =  17 

(1) 

6x+16i^=     39 

(2) 

-     y  =  -  7 

Add,          7x-73^  =  66 

.-.  y  =  7 

x-3,  =  8 

(3) 

Substitute  the  value  of  y  in  (2). 

Multiply  (3)  by  4,  and  subtract 

2x  +  36  =  13 

from  (1). 

.-.  x  =  -ll 

Exercise  59 

.    Page  167. 

Solve  by  substitution : 

-            r2x-7y=    0 
\3x-5y  =  ll 

(1) 

Substitute  the  value  of  x  in  (2). 

(2) 

¥y-5y  =  ii 

Transpose— 7^  in  (1). 

21y- 10^^  =  22 

2x=7y 

.-.  .y  =  2 

*=Jy 

(3) 

Substitute  the  value  of  y  in  (3). 
/.  x  =  7 
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2          /4^-5i^=   4 
l3x-2y  =  10 

(1) 

5            r2x-    y=    6             (1) 
I    a:  +  2y  =  26              (2) 

(2) 

Transpose— 6 y  in  (1). 

Transpose  2  y  in  (2). 

4x  =  4  +  6y 

x  =  26-2y    (3) 

4 

(3) 

Substitute  the  value  of  x  in  (1). 
2(25-2y)-y  =  5 

Substitute  the  value  of  x  in 

(2). 

50-4y-y  =  6 

3(*Y*)-2y  =  10 

.-.  y  =  9 
Substitute  the  value  of  y  in  (3). 

12+15y-8y  =  40 

.-.  a:  =  7 

•••  y  =  4 

g        (19a:-15y  =  23              (1) 
tl3jc-   6y  =  21             (2) 

Substitute  the  value  of  y  in 

(3). 

.-.  x  =  6 

Transpose  13zin  (2) 

-.6y  =  21-13a: 

3          r2x-3y=    1 
l3a:-2y  =  29 

0) 

y  =  13x-21(3) 

(2) 

Substitute  the  value  of  y  in  (1). 

Transpose -3y  in  (1). 

2ar=l  +  3^ 

19x    15(13--21\     23 

\    5    y 

2 

(3) 

19ar-39ar  +  63  =  23 
.-.  x  =  2 

Substitute  the  value  of  x  in 

(2). 

Substitute  the  value  of  x  in  (3). 

3(1  +  3'')     2^_2, 

3  +  9y-4y  =  68 
/.  y  =  ll 
Substitute  the  value  of  y  in 
.-.  x=17 

.-.  y  =  i 

(3). 

^          f    x+10y  =  73             (1) 
l7x-.   2y=    7             (2) 
Transpose  10  y  in  (1). 

ar  =  73-10y  (3) 
Substitute  the  value  of  x  in  (2). 

7(73-10y)-2y=7 

l2r+7y  =  88 

(1) 

611-70y-2y=7 

(2) 

.••3^  =  7 

Transpose  y  in  (1). 

Substitute  the  value  of  y  in  (3). 

a:=19-y 

(3) 

.•.  a:  =  3 

Substitute  the  value  of  x  in 

(2). 

g            f3ar-2y  =  28              (1) 
\2a:+6y  =  63              (2) 

2(19-y)  +  7y  =  88 

38-2y+7y  =  88 

Transpose  —  2y  in  (1). 

/.  y  =  10 

3x  =  28  +  2y 

Substitute  the  value  of  y  in 
/.  x=9 

(3). 

,_28  +  2.    (3) 
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Substitute  the  value  of  x  in  (2). 

.-.  y=7 
Substitute  the  value  of  y  in  (3) 
.-.  a- =14 


9. 


f2:r-3y  =  23  (1) 

t5x+2y  =  20  (2) 

Transpose  —  3y  in  (1) 

2x  =  23  +  3y 
,^23±3^    (3^ 

Substitute  the  value  of  x  in  (2). 
116+15y  +  4y  =  68 

/.  y  =  -3 
Substitute  the  value  of  ^  in  (3). 


10  i6a:-7y  =  ll  (1) 

Ua:--6y=    8  (2) 

Transpose  —7^  in  (1). 

62:=ll  +  7y 


(3) 


Substitute  the  value  of  y  in  (2). 

55  +  35y-36y  =  48 
.-.  y  =  7 
Substitute  the  value  of  y  in  (3). 
/.  a:  =  10 


11.  r7x  +  6y  = 

l2a:  +  5y  = 


7a:  +  6y  =  20  (1) 

(2) 


Transpose  5y  in  (2). 

22:=32-6y 
,  =  32-5^ 

2  ^^ 

Substitute  the  value  of  x  in  (1). 

224-35y+12y  =  40 
•••  y-8 
Substitute  the  value  of  y  in  (3). 
.-.  ar=-4 


12  /    ar  +  5y  =  37  (1) 

l32r+2y  =  46  (2) 

Transpose  6y  in  (1), 

x  =  37-5y    (3) 
Substitute  the  value  of  x  in  (2). 
3(37-6^)+2y  =  46 
lll-16y  +  2y  =  46 
.-.  y  =  5 
Substitute  the  value  of  y  in  (3). 
/.  a:  =  12 


13  i3a:-7y  =  40  (1) 

l4a:-3y=    9  (2) 

Transpose  —  7y  in  (1). 

3x  =  40  +  7y 

-^   (3) 

Substitute  the  value  of  x  in  (2). 

160  +  28y-9y  =  27 
•••  y  =  -7 

Substitute  the  value  of  y  in  (3). 
.-.  a:  =  -3 
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14  i5:r+   9y  =  -17  (1) 

l3a:+lly  =  l  (2) 

Transpose  9y  in  (1). 

5x=-17-9y 

^  =  ^XL±ll  (3) 
5 


Sabstitute  the  value  of  x  in  (2). 

-51-27y  +  65y  =  5 
.-.  y  =  2 
Substitute  the  value  of  y  in  (8). 
•.  2:=-7 


Exercise  60.    Page  168. 
Solve  by  comparison : 


{ 


1+   y  =  30 


(1) 


(3) 
(6) 

(6) 


Transpose^  in  (1),  and— 2^  in  (2). 

a:  =  30-y  (3) 

3ar  =  26  +  2y        (4) 

Divide  (4)  by  3. 

x  =  30  — y 
^^25  4-2.v 

Equate  the  values  of  a:. 

^  3 

90-3y=?25  +  2y 
/.  .y  =  13 
Substitute  the  value'of  y  in  (3). 
.-.  x=17 

2       f7x  +  3y  =  70  (1) 

l6r-4y=    7  (2) 

Transpose  3y  in  (1),  and  —  4y  in 

(2). 

7a:=70-3y        (3) 

5x=7  +  4y         (4) 

Divide  (3)  by  7,  and  (4)  by  5. 

:.=  I0zi3^        (6) 


5 


(6) 


Equate  the  values  of  x. 
70-3.y^7  +  4.y 
7  6 

350-16y  =  49  +  28y 
.•.y  =  7 
Substitute  the  value  of  y  in  (6). 
.-.  x  =  7 


3. 


r9x  +  4y  =  64  (1) 

l4ar  +  9y  =  89  (2) 

Transpose  4y  in  (l),and9y  in  (2). 

9a:=64-4y        (3) 

4a:  =  89-9y        (4) 

Divide  (3)  by  9,  and  (4)  by  4. 

x= i 

9 

^89-9.y 


(6) 


Equate  the  values  of  x. 

54-4;/_89~9.y 
9       ~        4 
216-16y  =  801-81y 
.-.3^  =  9 
Substitute  the  value  of  y  in  (6). 
.-.  x  =  2 
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^        r7T  +  2y  =  ( 
\8x-    y  = 


(1) 
(2) 


Transpose  2  ^  in  (1),  and  —  y  in  (2). 
7ir  =  63-2y  (3) 
8x  =  3  +  y  (4) 

Divide  (3)  by  7,  and  (4)  by  8. 


g        (2x^    y=    9  (1) 

\dx-Sy=U  (2) 

Transpose  —  y  in  (1)  and  —8^ 
in  (2). 

22r  =  9  +  y       .    (3) 
6x=14  +  3y      (4) 


-       7    " 

(5) 

x  =  3  +  .y 

(6) 

2             ^  ^ 

8 

V     / 

,^lLtH    (6) 

Equate  the  values  of  x. 

5            ^^ 

63-2y      3+y 

Equate  the  values  of  x. 

7               8 

9  +  y      14  + 3y 

504-16y  =  21  +  7y 

2               5 

••  y  =  21 

46  +  6y  =  28 +  6y 

Substitute  the  value  of  y  in  i 

C6). 

.-.  y=17 

/.  .r  =  3 

Substitute  the  value  of  y  in  (5). 
/.  r=13 

5      f2x-33y  =  29 
•     l3r-47y  =  46 

(1) 

^      fllx-7y=    6               (1) 
I   92--5y=10                (2) 

(2) 

Transpose  -33y  in  (1)  and  - 

-47y 

Transpose  —7y  in  (1)  and  —  5y 

in  (2). 

in  (2). 

2a:  =  29+.33y 

(3) 

lla:  =  6+7y         (3) 

3jr  =  46  +  47y 

W 

ex=10  +  5y       (4) 

Divide  (3)  by  2,  and  (4)  by 

3. 

Divide  (3)  by  11,  and  (4)  by  9. 

^     29  +  38.y 
2 

•   (6) 

.  =  «+;.V        (5) 

^     46  +  47y 
3 

(«) 

x_15+il      (6) 

Equate  the  values  of  x. 

Equate  the  values  of  x, ' 

29  +  33y_46  4-47y 

6  +  7y      10  +  6y 

2                   3 

11               9 

87  +  0Oy  =  92  +  94y 

54  +  63y  =  110+56y 

.-.  y  =  i 

...  y  =  7 

Substitute  the  value  of  y  in  i 

C5). 

Substitute  the  value  of  y  in  (5). 

.-.  ar  =  3l 

.%  x=^ 
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g     r  6:c  +  9y=188  (1) 

'    ll3r-2y=    57  (2)' 

Transpose  9y  in  (1),  and  —  2y 
in  (2). 

5a:=188-9y      (3) 
13x=57  +  2y        (4) 
Divide  (3)  by  5,  and  (4)  by  13. 


10     /60r-9y  =  l  (1) 

I   7x-    y  =  3  (2) 

Transpose  —  9y  in  (1),  and  —  y  in 

50r=l  +  9y  (3) 

7x  =  3  +  y  (4) 

Divide  (3)  by  60,  and  (4)  by  7. 


^_188-9^     (6) 
6 

"H? 

(5) 

.  =  5Ii-.       (6) 

„5±. 

(6) 

Equate  the  values  of  x. 

Equate  the  values  of  x. 

188-9.y_67  +  2y 

l  +  9.y_3  +  .y 

6                 13 

60            7 

2444-.117y  =  285  +  10y 

7  +  63y  =  160  +  60y 

,'.y=n 

.•.y  =  il 

Substitute  the  value  of  y  in  (5). 

Substitute  the  value  of  y  in  (6). 

.-.  x=7 

.-.  x  =  2 

9      f2x-3y=      1                (1) 
l5x  +  2^  =  126                (2) 

jl      ra:  +  21y    =    2 
l27y  +  2a:=19 

(1) 

(2) 

Transpose  —  3y  in  (1),  and  2y  in 

Transpose  21  y  in  (1),  and  27  y  in 

(2). 

(2). 

2x=l  +  3y          (3) 

jr  =  2-21y 

(3) 

6ar=126-2y      (4) 

2ar=19-27y 

(4) 

Divide  (3)  by  2,  and  (4)  by  6. 

Divide  (4)  by  2. 

x_l±ll         (6) 

a?  =  2-21y 

(6) 

2               ^ 

19-27y 

(6) 

.=  '26-2^     (6) 

2 

Equate  the  values  of  x. 

Equate  the  values  of  x. 

2     21y  =  l»-27.V 

1  +  3./      126 -2.y 

2                 6 

4-42y  =  19-27y 

5  +  15y  =  252-4y 

•••  y  =  -l 

.-.  y=l3 

Substitute  the  value  of  y  in 

[5). 

Substitute  the  value  of  y  in  (6). 

.-.  1  =  23 

/.  z  =  20 
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j2      nOx-{.Sy=m  (1) 

l3x  +  10y=125  (2) 

Transpose  3^  in  (1),  and  10  y  in 

(2). 

10jr=174-3y      (3) 
3x  =125-103/    (4) 
Divide  (3)  by  10,  and  (4)  by  3. 

^^174-3^      (5) 


10 

.125-lO.y 
3 


(6) 


Equate  the  values  of  x, 

174-3.y^l25-10.y 

10  3 

622 -9y=  1250 -lOOy 

.-.  y  =  8 

Substitute  the  value  of  y  in  (5). 
/.  ar=16 


^      f   2x+    y=108  (1) 

ll0a:  +  2i^=    60  (2) 

Transpose  ^  in  (1),  and  2^  in  (2). 

2x=10S-i/        (3) 

10 a:  =    60 -2y      (3) 

Divide  (3)  by  2,  and  (4)  by  10. 

.  =  121^        (5) 

,  =  30-11         (6) 
5 

Equate  the  values  of  x, 

108-.v^30-.y 

2  5 

640-5j/  =  60-2y 

.-.  y  =  160. 

Substitute  the  value  of  y  in  (5). 

/.a:  =  -26 


13      r6x-13y  =  2  (1) 

l6a:-12y  =  4  (2) 

Transpose  — 13 y  in  (l),and  — 12y 
in  (2). 

6a:=2  +  13y        (3) 
5r  =  4+12.y        (4) 
Divide  (3)  by  6,  and  (4)  by  5. 

.  =  ?+i5i/       (5) 

x  =  i+i2l       (6) 
5 

Equate  the  values  of  x. 

2+  13y^4  4-12.y 

6  5 

10  +  65y  =  24  +  72y 

.-.  y  =  -2 

Substitute  the  value  of  y  in  (5). 
.-.  a:  =  -4 


15.      /3^-5y  = 
Wa:+     y  = 


5  (1) 

y  =  265  (2) 

Transpose  — 5 y  in  (1),  and y  in  (2"). 

3r  =  5  +  5y  (3) 

7x  =  265-y         (4) 

Divide  (3)  by  3,  and  (4)  by  7. 

:ttAl         (5) 


3 
.265-.y 


C6) 


Equate  the  values  of  x. 

6  +  5.y_265-.v 
3      ~       7 
35  +  36y  =  796-3y 
.-.  y  =  20 
Substitute  the  value  of  y  in  (6). 
.-.  x  =  S5 
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g    (12x+7y  =  nQ  (1) 

■   \Sy-19x=      3  (2) 

Transpose  7  y  in  (1),  and  3y  in  (2). 

I2x=n6-7y      (3) 

-19.r=3-3y  (4) 

Divide  (3)  by  12,  and  (4)  by  - 19. 

,=  m,zlJL     (6) 


12 

.^3.y-3 
19 


(6) 


Equate  the  values  of  x. 

176~7i/^3.y-3 

12  19 

3344-133^  =  363^-36 

.-.  y  =  20 

Substitute  the  value  of  y  in  (6). 

/.  a:  =  3 


Exercise  61.    Page  169. 


Solve: 


3     2     3 
2      3     6 


(1) 
(2) 


Multiply  (1)  and  (2)  by  6. 

2x+3y=    8  (3) 

3ar  +  2y=    7  (4) 

Add,  5ar  +  5y  =  16 

x  +  y  =  3  (6) 

Multiply  (5)  by   2,  and  subtract 
from  (3). 

.-.  y  =  2 

Substitute  the  value  of  y  in  (5). 
/.  jr=l    ' 


From  (6),  a:  =  5y  —  54 

Substitute  the  value  of  x  in  (6). 
ll(5i/-54)  +  2y  =  90 
55^-694  +  2^  =  90 
.-.  y  =  12 
Substitute  the  value  of  y  in  (5). 
.-.  x=6 


2. 


3  2 


(1) 
(2) 


2         9 

Multiply  (1)  by  6,  and  (2)  by  18. 
2(^  +  i^)  +  3(y-a:)  =  54  (3) 

9r  +  2(a:+y)  =  90  .  (4) 
From  (3),  6y-ar  =  54  (5) 
From  (4),  llar+2y  =  90         (6) 


3. 


^^i^  =  ^-y    (1) 


40 


2^-y+2v  =  j^ 

3^2 


(2) 


Multiply  (1)  by  40,  and  (2)  by  6. 
4a:  +  6y  =  40a:-40y  (3) 


4a:-2y4-12y  =  3 
From(3),  36a;-45y  =  0 
From  (4),  4.r+10y  =  3 
Divide  (6)  by  9. 

^x  —  6y  =  0 
4a:  =  5y 

Substitute  the  value  of  4  a:  in  (6). 
5y  +  10y  =  3 

Substitute  the  value  of  y  in  (7). 


(4) 
(5) 
(<5) 


(7) 


206 


SCHOOL    ALGEBRA. 


2x  +  ?i^  =  21  (2) 

3 

Multiply  (1)  by  40,  and  (2)  by  3. 

6x-6  +  8y-16  =  80  (3) 

6a:  +  2y-6  =  63  (4) 

From  (3),    bx+St/=l01        (5) 

From  (4),    6  jr  +  2  y  =  68  (6) 

Multiply  (6)  by  4,  and  subtract 

from  (5). 

f         5a: +  85^=      101    (6) 
24j:+8j^=      272    (6) 

-lOar  =-171 

.-.  x=9 
Substitute  the  value  of  x  in  (5). 
/.  y  =  7 


3T-5,y      3^2ar  +  y       . 

2  5        ^  ^ 


^-! 


(2) 


6. 


:c+3.y 

7:r-13^  . 
l3y-5 
From  (1),  x  +  3y  =  8x-8y 

7ar=ll.y 
From  (2),  7  x  -  13  =  12  ]y  -  20 

7r-12y  =  -7 
Substitute  the  value  of  7  a:  from  (3)  in  (4). 
lly-12y  =  -7 

.•.y  =  7 

Substitute  the  value  of  y  in  (3). 

.-.  a:  =11 


g      a:  —  2  y  _  a: 
4 

Multiply  (1)  by  10,  and  (2)  by  12. 
15ar  -  25y  +  30  =  4a:  +  2y     (3) 
96-3a:  +  6y  =  6x  +  4y    (4) 
From  (3), 

lla:-27y  =  -30  (5) 

From  (4), 

9a:-2y  =  06  (6) 

Multiply  (5)  by  9,  and  (6)  by  11, 
and  subtract. 

99a:-243y  =  -   270 
99x-   22y=     1056 

-221y  =  -1326 

.-.  y  =  6 
Substitute  the  value  of  y  in  (6). 
.-.  a:  =12 

=  8  (1) 


(2) 

(3) 
(4) 


'a:+l      .y  +  2^2Ca:-y)  - 

3  4  5 

a:  +  6  _  y4-  1  _.  2  a:  — y 
,4  3     "       2 

Multiply  (1)  by  60,  and  (2)  by  12. 

20a:  +  20-16y-30  =  24a:-24y 


(1) 
(2) 
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3ar+18  — 4y  — 4=12x  — 6y 
From  (3),  4ar-9^  =  -10 

From  (4),  9a:-2y=14 

Multiply  (5)  by  9,  and  (6)  by  4,  and  subtract. 
36a:  — Sly  =  —   90 
36a:-   Sy=       66 


=      13 


Substitute  the  yalue  of  x  in  (3) . 


.-.  y  =  10 


(4) 
(5) 
(6) 


-73y  =  -146 

Substitute  the  value  of 

.•.y  =  2 

y  in  (6). 

.-.  a:  =  2 

8. 

2a:-y  +  l 

3x-jr+i^6 
[x^y+S 

(1) 
(2) 

From  (1), 
From  (2), 

ar  +  2y+l  =  4a:-2y  +  2 

3a:-4y  =  -l 
3ar-y  +  l  =  6a:-6y  +  16 

2a:-4y=-14 

(3) 
(4) 

Subtract  (4) 

from 

(3). 

3ar-4y  =  -    1 
2ar-4y  =  -14 

(3) 

9. 

ra:-2      10-a:_.y-10 
6              3               4 

(1) 

2.y  +  4     4a:  +  .y4-26 
1                    3                   8 

(2) 

Multiply  (1)  by  60,  and  (2)  by  24. 

12a:-24-200  +  20a:=15y-160 

(3) 

16y  +  32=12a:  +  3y  +  78 

(4) 

From  (3),                          32a:-16y=r74 

(6) 

From  (4),                            12a:-13y  =  -46 

W 

Multiply  (6)  by  3,  and  (6)  by  8,  and  subtract. 

96a:-    46y=      222 

96ar-104y  =  -368 

69  y=      690 

.-.  y  =  10 

Substitute  the  value  of  y  in  (6). 

.-.  a:=7 
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10. 


2a:-~y  +  3^a:  — 2.y  +  19 
3  4 


3g->4.y  +  3^2.y-4ar  +  21 
4  3 

Multiply  (1)  and  (2)  by  12. 

8jr  — 4y  +  12  =  3ar  — 6y  +  67 
9a:  -  12y  +  9  =  83^  -  16  a:  +  84 
From  (3),  6a:  +  2y  =  46 

From  (4),  25ar  -  20 y  =  75 

Divide  (6)  by  5,  and  subtract  from  (6). 
5r  +  2y  =  46 
5x  — 4y  =  15 

6y  =  30 
/.  y  =  5 
Substitute  the  value  of  y  in  (6). 

.-.  a:=7 


11. 


7  +  r      2  a:  — .V. 


:3y-6 


5y-7^^-^  =  18-5a: 
2  6 

Multiply  (1)  by  20,  and  (2)  by  6. 

28  +  4x  -  10a:  +  5y  =  60y  -  100 
16y  — 21  +  4r  — 3=108-30a: 
From  (3),  6a:  +  56y  =  128 

From  (4),  34a:  +  15y  =  132 

Multiply  (6)  by  3,  and  (6)  by  11,  and  subtract. 
18a:+166y=    384 
374  a:  +  166  »/=  1452 


356  a: 


Substitute  the  value  of  a:  in  (6). 


=  1068 
,  a:  =  3 


12. 


.-.  y  =  2 

26  +  5a:-6.v^.      -3:r 
13  ^ 

12  4.  ^^-Q.V  =  3Ca:  +  2.y) 
6  4 


(1) 

(2) 

(3) 

(5) 
(6) 

(5) 

a) 


(1) 
(2) 


(3) 
(*) 
(5) 
(6) 


(1) 
(2) 
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Multiply  (1)  by  13,  and  (2)  by  12. 

26  +  6ar  — 6y  = 

144+10ar-12y  = 

From  (3),  Ux-6Sy  = 

From  (4),  x  — 30y  = 

Divide  (6)  by  2,  and  multiply  (6)  by 

22x—   29y  = 

22  jr- 


52y  — 39:r 

9a;+18j^ 

-26 

-144 

22,  and  subtract. 

-     13 

-3168 


631  i^: 
Subfititute  the  value  of  y  in  (6). 


3155 


(3) 
(4) 
(5) 
(0) 


:  =  6 


13. 


ar+S 
2 


=  2-ii^ 


3v-ar 


2g  +  y      9ar  —  7  _  7.y  —  4a:  +  36 
2  8      ~ 

Multiply  (1)  by  6,' and  (2)  by  16. 
3t  +  24 
16a:  +  8y  — 18ar+14 
From  (3),  2a:+3y 

From  (4),  2a:+    y 

Subtract, 


Substitute  the  value  of  y  in  (6). 


2y  = 
y-- 


14. 


a:4-2.y  +  3. 
13 
6  a:  — 5y  +  4_ 
3 


Multiply  (1)  by  39,  and  (2)  by  57. 
3a:+6y  +  9 


From  (3), 
From  (4), 
Add, 


114a:-95y  +  76: 

55  a:—    59y: 

105  a:  -  101  y: 


16 

:12-3y  +  a: 
:7y  — 4a:  +  36 

:-12 

=      22 

:-34 
:-17 

:19i. 

6  v  —  4  X  —  6 

3 
3t  +  2.v  +  1 

19 

:65y- 521-78 
:9i  +  6y  +  3 
=  -   87 
=  -   73 


160x-160y  = 

x  —  y. 


:-160 
:-l 


(1) 

(2) 

(3) 
(4) 
(5) 
(6) 


(1) 
(2) 

(3) 
(4) 
(5) 
(6) 

(7) 
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15 


Multiply  (7)  by  55,  and  subtract  from  (5). 
55  a:  — 59y  =  — 87 
55ar  — 55y  =  — 55 

-   4y  =  -32 

Substitute  the  value  of  y  in  (7). 

/.  x=7 

y-x     3 

7 
Multiply  (1)  by  3(y  -  a:),  and  (2)  by  7. 

3a:  +  3y  =  5y-.5ar 
21jr-3i^-44  =  91 
From  (3),  8a: -23^  =  0 

From  (4),  21x-3y  =  135 

Divide  (5)  by  2,  and  (6)  by  3,  and  subtract. 
4a:  — y=    0 
7  a:  —  y  =  45 

3*        =45 
/.  a:  =16 
Substitute  the  value  of  a:  in  (5). 

.-.  y  =  60 


16. 


.y-4^x+l 
'    4  10 


Multiply  (1)  by  20,  and  (2)  by  30. 

5y-20  =  2a;  +  2 
5a:  +  6y  +  12=106 
From  (3),  2a;-5y  =  -22 

From  (4),  6x  +  6y  =  93 

Multiply  (5)  by  5,  and  (6)  by  2,  and  subtract 
10a;-25y  =  -110 
10xjfl2y=186 


37y=     296 


(1) 
(2) 

(3) 

(6) 
(6) 


(1) 
(2) 

(3) 

(6) 
(6) 


Substitute  the  value  of  y  in  (5). 


teachers'  edition. 
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11 


i  +  2a:=3(y-l) 


6ar  +  6y    _4x--3.y_ 


-2 


10  3 

Multiply  (1)  by  11,  and  (2)  by  30. 

5a:  -  6  j^  +  22z  =  33^^  —  33 
15x+18y-40a:4-30y  =  30y-60 
From  (3),  27  a: -39  3^  =  -33 

From  (4),  26x- 18^^  =  60 

Multiply  (6)  by  6,  and  (6)  by  13,  and  subtract. 
162a:-234y  =  -198 
326ar-234y=      780 


163  a: 


Substitute  the  ralue  of  x  in  (6). 


=      978 
.-.  a:  =  6 


18. 


43:^3y^7^9x  — 4y  ~26 
5  ~  30 


y-1      10j:-3.y-20^3j:  +  2y  +  3 
3  20  30 

Multiply  (1)  by  30,  and  (2)  by  60. 

24a:- 18y -42  =  9a:- 43/ -25 
20y  — 20  +  30a:-9^-60  =  6a:4-4y  +  6 
From  (3),  16a:-14y  =  17 

From  (4),  24a: +  73^  =  86 

Multiply  (6)  by  2,  and  add  to  (5). 

15a:-14y=    17 
48a:+14y  =  172 


63  a: 
Substitute  the  value  of  x  in  (6). 


=  189 
p=3 


19. 


6.y  +  5      4a:  — 5.y  +  3^9.y  — 4 
8  4a:-23^  12 

8a:  +  3      a:  — 3.y_6a:  — 1 
\  4  7-a:  3 
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(1) 
(2) 

(3) 
(4) 
(5) 
(6) 


(1) 
(2) 

(3) 
(4) 
(5) 
(6) 


0) 
(2) 
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Multiply  (1)  by  24,  and  (2)  by  12. 

18y+15-24^i^=l^)  =  18y-8  (3) 

24x  + 9  + 12(^^1^^  =  24ar-.4  (4) 

From  (3),  24(i^^.=^j^\  =  23  (5) 

From  (4).  ^^(  yi~f )  = ""  ^^  ^^^ 

Multiply  (5)  by  2r  —  y,  and  (6)  by  7  —a:. 

48x-60y  +  36  =  46x-23y  (7) 

12i:-36y  =  -91  +  13a:  (8) 

From  (7),  2a:-37y  =  -36  W 

From  (8),  -  ar  -  36  y  =  -  91  (10) 

Multiply  (10)  by  2,  and  add  to  (9). 

2ar-   37y  =  -   36 
-2a:-    72j/  =  -182 

-109y  =  -218 

/.  y  =  2 
Substitute  the  value  of  y  in  (10). 

/.  jr=19 

23 -x  ^ 


20. 

Cancel  x  in  (1),  and  y  in  (2) 


a:  —  lo 
_||5£  =  _9i  (3) 

Multiply  (3)  by  2(23  -  a:),  and  (4)  by  3(x  -  18). 

4y-2a:  =  437-19ar  (5) 

3y-9  =  -17ar  +  306  (6) 

From  (5),  17  a-  +  4  y  =  437  (7) 

From  (6),  17a:  +  3y  =  315  (8) 

Subtract,  y  =  122 

Substitute  the  value  of  y  in  (8) . 

.-.  a:  =  -3 


21. 
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4x4-7      6ar--4j^_17  +  83 
3  2a:+8  6 


=  29 


5j:~12      4a:-6.y-13^10ar-53 
4  2x-3y  8 

Multiply  (1)  by  6,  and  (2)  by  8. 

U^  +  s; 

10:r-24-8/^^-^.y-^^\  =  10x-53 
V     2a:-3y      ) 

From  (3),  Q/6a:--4y\      3 

^2a:  +  8y 
From  (4),  3/4x~6y>13\ 

Multiply  (5)  by  2x  +  8,  and  (6)  by  2ar -  3y. 
30  a:  — 24y  =  6a:  +  24 
32r- 48^^-104  =  68  j:-87y 
From  (7),  24ar-.24y  =  24 

From  (8),  26a:  -  39y  =  -  104 

Diride  (9)  by  24,  and  (10)  by  13. 

X—    y  =  l 
2a:-3y  =  -8 
Multiply  (11)  by  2,  and  subtract  from  (12). 

2x-.3y  =  — 8 
2a:-2y=      2 


/.  y=    10 
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(1) 
(2) 

(3) 
(4) 
(5) 
(6) 

(7) 

(8) 

(9) 

(10) 

(11) 
02) 


Substitute  the  value  of  1/  in  (11). 


11 


22, 


7  +  8g      3(a:-2.y)  ^  11  +  4a: 
10  2(a:-4)  5 

3(2y  +  3)  _  6.y  +  21       3y  +  5a? 
4  4  2(2^^-3) 

Multiply  (1)  by  10,  and  (2)  by  4. 

7  + 8a:- 15/^^-^-^^  =  22  +  83: 

6^  +  9  =  6^  +  21-2^^^^^) 


(1) 
(2) 

(3) 
(4) 
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From  (3), 
From  (4), 


x-i 

2^-3 
Multiply  (5)  by  z  -  4,  and  (6)  by  2y  —  3. 

a:-2y  =  -x  +  4 
3y  +  6a:=12y-18 
From  (7),  2x-.2y  =  4 

From  (8),  6ar-9y  =  -.18 

Multiply  (9)  by  |,  and  subtract  from  (10). 
5a:-9y  =  -18 
9a:-9y=      18 


4a: 


Substitute  the  value  of  x  in  (9). 


=     36 
.z  =  9 


(5) 
(6) 

(7) 

(8) 

(9) 

(10) 


Exercise  62. 

Page  172. 

Solve : 

1. 

\x-y=d 

(1) 
(2) 

m'n  —  mn' 

Add. 

2x  =  s-^  d 

Again,  multiply  (1)  by  «',  and  (2) 

A&UUy 

.    ^      s-^d 

by  n,  and  subtract. 

"'=     2 

mn'x  +  nn'y  =  n'r            (5) 

Again, 

x-\'y  =  s 

0) 

7«'nj:  +  nn'y  =  nr'             (6) 

x^y  =  d 

(2) 

(wn'  —  m'n)x  =  n'r  —  nW 

Subtract, 

2y  =  s^d 

.    ^_   n'r-nr' 

8-d 

mn'  — m'n 

•'•  y  =  —^r- 

^         2 

o            r   ax  —  by  =  c              (1) 
la'x+6'y  =  c'              (2) 

-  {. 

mx-\-ny  =  r 

(1) 

Multiply  (1)  by  a',  and  (2)  by  a, 

n^x-\-  n'y  =  r' 

(2) 

and  subtract. 

Multiply  (1)  by  m',  and  (2)  by  m, 
and  subtract. 

mm'x  4-  m'ny  =  mW  (3) 

mm'j:  +  iwn'y  =  mr'  (4) 

(m'n  —  mn')y  =  >»V  —  wtr' 


oa'ar  —  a'by  =  a'c  (3) 

aa'x  +  a6'^  =  ac'  (4) 

(ab'  +  a'&)y  =  acf  —  a'c 
ac'  —  a'c 


y  = 


ab'  +  a'b 
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Again,  multiply  (1)  by  6',  and  (2) 
by  bj  and  add. 

aVx-'Wy  =  Vc  (5) 

afhx-^hb^y  =  hc*  (6) 

(aV  +  afh)x  =  Vc  +  hd 
_  6^c  +  6c^ 
~  a&'  +  a'6 

:  win  (1) 

-  ahy  =  ms  (2) 

Mnltiply  (1)  by  c,  and  subtract 
from  (2). 

ex  +  aby  =  ms  (2) 

car  —    cy  =  cmn  (3) 

(a6  +  c)y  =.  ms  —  cmn 
m(s  —  cn) 
ab-\-  c 
Again,  multiply  (1)  by  ab,  and 
add  to  (2). 

abx  —  a6y  =  abmn         (4) " 
ca:  +  aby  =  ms  (2) 

(a6  ■\-  c)x  =  abmn  +  ms 
•    j._,  wi(a5n  +  s) 
a6  +  c 

g  r  6a:  +  ay  =  a6c  (1) 

I  a:  =  c/y  (2) 

Substitute  the  value  of  x  from  (2) 
in(l). 

bdy  +  ay  =  o6c  (3) 

...    y=_E^ 

^      6rf  +  a 
Substitute  the  value  of  y  in  (2). 
abed 


bd-\-a 


g          f   6a:  +  ay  =  l  (1) 

I6'a:-a'y  =  l  (2) 

Multiply  (1)  by  b',  and  (2)  by  6, 
and  subtract. 


bbfx  +  a6'y  =  bf  (3) 

bb'x  -  a'by  =  6  (4) 

{aW  +  a'&)y  =  6'  -  6 
6' -6 


a6'  +  a'fc 
Again,  multiply  (1)  by  a',  and  (2) 
by  a,  and  add. 

a'bx  ■\-  aa'y  =  a'  (5) 

afi'a:  —  aa'y  =  a  (6) 

(a'&4-a6')ar=a'  +  a 
a'  +  a 


tt'6  +  a6' 


^         f36ar  +  2ay  =  3a6  (1) 

I4fear-3ay  =  ja6  (2) 

Multiply  (1)  by  4,  and  (2)  by  3, 
and  subtract. 

126x4- Say  =  12 a6         (3) 
126x-9ay  =  Ja6  (4) 

17ay  =  -y^a6 

Substitute  the  value  of  y  in  (1). 
36a:+a6  =  3a6 

••■"7 


g  r2ar-3y  =  a-6         (1) 

I3ar  — 2y  =  a  +  6         (2) 


Add,  6a:  — 5y  =  2a 

2a 


(3) 


Again,  subtract  (1)  from  (2). 

a:4-y  =  26  (4) 

Add  (3)  and  (4). 

2x=2«  +  26 
6 

o 
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Substitute  the  ralue  of  x  in  (3). 

Multiply  (2)  by  2,  and  add  to  (1). 

.-.,=6-1 

a       b 

(i> 

9.     Ja2-6a     62-a3      a  +  6 

(1) 

4x     2^_2 
a        6       3 

(3) 

I             6x  +  cy  =  a  +  6 

(2) 

6x              5 

From(l),      ^^^=     ^  , 

7"           ""S 

^  ^'       a2-62      a  +  6 

6x  —  cy  =  o  —  6 

•••'=§ 

(2)  is               bx-\-cy  =  a-^b 

Substitute  the  value  of  x  in 

(1). 

Add,                      2fea:  =  2o 

....=1 

b 

0 

Substitute  the  value  of  x  in  (2). 

.•.y  =  3 

a  +  cy  =  a  4-  6 

.•.,.^ 

12.       a  +  6     a-6 

(1) 

a:  +  y  =  2o 

(2) 

f    x-^  m  _a 
1ft                ,       «— .«        A 

Multiply  (1)  by  a2- 62. 

(1) 

•(a-6)x+(a+6)y  =  2(a2-62) 

(3) 

XV.                       y  ^^  n        o 
.bx-\-ay  =  c 

(2) 

Multiply  (2)  by  a  — 6,  and  sub- 
tract from  (3). 

Multiply  (1)  by  ft(y-«)- 

bx  +  bm  =  ay  —  an 

(a-6).r+(a+6)y  =  2(a2-62) 
la'-b)x+  (a-6)y  =  2a(a-6) 

(3) 
(4) 

bx-^ay  =-~an—bm 

(8) 

(2)  is          bx-^ay  =  c 

(2) 

26y  =  2a6-262 

Add,                   2  6ar  =  c  —  an  ~ 

bm 

/.  y  =  o  -  6 
Substitute  the  value  of  y  in 

f2). 

c  — an  — 

bm 

/.  a:  =  a  +  6 

26 

Subtract  (3)  from  (2). 

2ay  =  c  +  an  +  bm 

(2x     4j_S^      x 
13.      ^3a      36       6       a 

(1) 

c  +  an  +  bm 

■■'=         2a 

ar  — y  =  a  — 6 

(2) 

Multiply  (1)  by  3a6. 

26a:  +  4ay  =  9ay-36x    (3) 

-+4^=1 

(1) 

.'.  66a:  — 5ay  =  0 

11. 

a       i 

6a:  —  ay  =  0 

2x     j_l 
.a       6      3 

(2) 

•-="f 
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Substitute  the  value  of  x  in  (2). 


a-b 


y  =  a  —  b 


Substitute  the  yalue  of  y  in  (2). 
.*.  x  =  a 


14. 


{ax-\-by  =  c 
bx  -^  ay  =  c 


(1) 

(2) 


Subtract,  (a— 6)j:+(6— a)y  =  0 
Divide  hy  a  —  b. 

ar-y  =  0 
/.  x  =  y 
Substitute  the  value  of  x  in  (1). 
ay-^by  =  c 


_c 

a  +  6 


a  +  b 

^5  r3a2  +  ax  =  62+6y      (1) 

laar  +  26y  =  c?  (2) 

From  (1),  ax  —  by  =  b^-Sa^ 
(2)  is,      ax-^2by  =  d 

Subtract,  36y  =  «?-62  + 3a2 


17. 


"^  36 

Substitute  the  value  of  y  in  (2). 
aj:  +  |(rf-6H3a2)  =  rf 

3 
.       _rfjf262-6aa 


3a 


16. 


Add, 


_j^ y    ^    1 

a+ft     a— 6     a+6 

1 


a+6     a— 6      a— 6 


(1) 

(2) 


2x    ^     1     ^      1 
a4-  6      a  +  6     a  — 6 


2x 


2a 


a  +  6     a2  -  62 

r.x  =  -^ 
a-b 

Again  subtract  (1)  from  (2). 

2.y    ^     1 1_ 

a  — 6      a  — 6     a  +  6 

.      2.y    ^     26 

"0-6      a2-6a 


y  = 


a  +  6 


=  1 


TO  — a      TO  — 6 
n— a      n— 6 


(1) 
(2) 

(3) 
(4) 


Multiply  (1)  hy  (to  -  a)  (to  -  6)  and  (2)  by  (n  -  a)  (n  -  6). 
(to  —  b)x  +  (to  —  a)y  =  to^  —  aTO  —  6to  +  a6 
(n  —  6)a:  +  (n  —  a)y    =  n^  —  an  —  6n  +  a6 

Subtract,  (m -.n)z  + (to -n)y  =  TO2-n2-a(TO-n)-6(TO-n)  (5) 

Divide  byTO  —  w,  a:  +  y  =  TO  +  n  —  a  —  6  (6) 

Again,  subtract  (2)  from  (1). 

\TO  — a      n-^aj         \to  — 6      n  —  bj 
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:  +  y: 


=  0 


(m  —  n){n  —  a)         (m— 6)(n  — 6) 
Diyide  byn  —  ro. 

^ + y. =0 

(tn-~a)(n  —  a)      (m— 6)(n  — 6) 

(m-6)(n-6)  ^ 
Substitute  the  yalne  of  x  in  (6). 

\      (m-A)(n-6)        / 
Simplify  the  coefficient  of  y. 

(m-i)(n-&) -(m -«)(»-«)  ^ 

(»,_6)(„_6)  * 


(7) 


L 

,-ft)(,,,  +  „)  +  6.,a»                       a      6 

Cm-6)(n-6) 

.           (m  +  n-a-6)(m-6)(n-6) 

_(TO  +  „«o-6)(m-6)(n-6) 

(o-6)(m  +  n-a-6) 

_(„,-6)(„-6) 

a-b 

Substitute  the  value  of  y  in  (7). 

.    3._      (m-a)(n-a) 

a-h 

_(m-a)(n--a) 

b-a 

Exercise  63.    Page  175. 

Solve: 

[6,6-               ,,-                                 7i  =  35 

1. 

-  +  -  =  2              (1) 

l^_?_2i            /-oi      Substitute  the  Talue  of  X in  (1) 

[^    y     ^         '"'                        « 

Multiply  (2)  by  2,  and  add  to  (1).                            ^  +  ^  =  ^ 

y-=^     (1)         .-.5=1 

??-?=6              (3)                            .••!'  =  « 

55     =7 

or 
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[5     13      _ 

r2   5   ,^ 

2. 

7     3 

(1) 

4. 

-  +  -  =  19            (1) 
X     y 

8     3- 

-  +  -   =23 

.^   y 

(2) 

°-2  =  7              (2) 
[x     y 

Multiply  (1)  by  7,  and  (2)  by  5, 

Multiply  (1)  by  3,  and  (2)  by  5, 

and  subtract. 

and  add. 

35     91 

6     16     .. 

-+—  =  343 

^     y 

(3) 

-  +  ^  =  57             (3) 

35      15 

40      15      _ 

—  +  —  =115 

^     y 

W 

4 

--.  —  =  35             (4) 

c      y 

7B 

fl 

-  =  228 

—          =92 

y 

X 

76=  228  y 

46  =  92  ar 

.•.y  =  i 

/.  x=} 

Substitute  the  value  of  y  in 

(1). 

Substitute  the  value  of  a:  in  (1). 

§+39  =  49 

4  +  5=19 

y 

i-» 

.-.  x=i 

'A  +  A=6H            (1) 

r  3   8   « 

6a:     6y 

3.           \ 

-  +  -  =  3 

a:      y 

15      4      ; 

(1) 

6.    . 

A-±=li                   (2) 
4a:     6y      20                   ^  ^ 

— --  =  4^ 

l^    y 

(2) 

Multiply  (1)  by  30,  and  (2)  by  20. 

Multiply  (2)  by  2  and  add  to  (1). 

?1  +  ?5=172           r3) 

3     8     „ 

^       y 

-+-  =  3 

(1) 

25      16 

^    y 

=^--=11             (4) 

30_8_g 

X       y 

^    y~ 

(3) 

Multiply  (1)  by  26,  and  (2)  by  24, 

^  =11 

and  subtract. 

600     626      .„«« 

X 

+        =  4300         (5) 

ZZ  =  \\x 

.'.  x=Z 

SnbstitntA  tfip  valiip  nf  -r  in 

1 

^     ^«^=   264         (6) 
X         y 

uuusutuic  Itllc  ValUC  Ol  *  lU 

l  +  ?  =  3 

X* 

1^^  =  4036 

y 

.•.y  =  4 

.•.y  =  t 
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Substitute  the  yalue  of  y  in  (2). 

^ 15^11 

4x      5      20 
4x     20 


2x^3^ 

A  +  ±  =  3.9 
4^:      5^ 


(1) 

(2) 


Multiply  (1)  by  |,  and  subtract 
from  (2). 


4ar      by 

A  +  1    =2 
4a:      y        2 


(2) 
(3) 


6y      10 
10=30y 

Substitute  the  value  of  y  in  (1). 

1 


2x 


Add, 


+  2  =  3 


-  +  -  =  m 
a;      y 

1-1  = 

^    y~ 

2 

-  =  m  +  n 


2  =  (m  +  n)a; 

2 
.*.  x  = 

w  +  n 

Again,  subtract  (2)  from  (1). 

2 

_  =  m  —  n 

y 

2  =  (m  -  n)y 

2 

•'•  y  =  — : 


Subtract, 


-  +  -  =  c 

X      y 


'.=  b. 


(1) 
(2) 


TO  —  n  =  (6  —  c)jr 

m  —  n 
.'.  x= 

Again,  multiply  (1)  by  n,  and  2  by 
m,  and  subtract. 


mn  .  n      . 

\-  -  =  bn 

X       y 

mn      m 
1 —  =  cm 

X     y 


(3) 
(4) 


-  =  bn  —  cm 


1 

]n  —  to)  =  (6n  —  cm)i) 

(1) 

•••  y=  """ 

bn  —  cm 

(2) 

9. 

1+1  =  4            (2) 
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Multiply  (1)  by  r,  and  2  by  w,  and 

subtract. 

mr     nr  ,„. 

X       y 

mr      ms  ,.. 

=  bm         (4) 

X        y 


nr^ms 


=  ar  —  hm 


nr-^ms^  (ar  —  hm)y 
_  nr  ^  ms 
ar  —  bm 
Again,  multiply  (1)  by  s,  and  (2) 
by  n,  and  subtract. 

=  as  (5) 


ms  ,  ns 
1 =z  as 

^     y 

nr      ns 

1 =  bn 

X       y 


(6) 


•  =  as  —  bn 


m8  —  nr  =  {as  —  bn)x 
ms  —  nr 


10. 


.'.  x  =  - 
i 

a  b  _ac 

X  y~  b 

b  a  _bc 

X  y~  a 


-bn 


(1) 


(2) 


Multiply  (1)  by  6,  and  (2)  by  a, 
and  subtract. 


ab     62 

=  ac 

X       y 

X       y- 


(3) 
(4) 


=  ac  —  6c 


a2-6g 

y 

(a^^V')  =  (ac^bc)y 
^         c 


Substitute  the  value  of  y  in  (I). 
a         be     _ac 
X     a  +  6       6 

a  _  ac(a  +  ^)  +  ^>^c 
x~       6(a  +  6) 
_  c(fl2  -f  a6  +  62) 
~        6(a  +  6) 
'       ^  —       6(a  -f  6) 
a~c(a2  +  a6  +  62) 
.    ^^       a6(«  +  6) 

c{a^  +  a6  +  62) 


11. 


ax      6y 
1-1  =  2 


(1) 
(2) 


ax      by 

Multiply  (1)  by  2,  and  (2)  by  3, 
and  subtract. 


«-i  =  10 


ax 
ax 


-1=    6 


(3) 
(4) 


1=   4 

5  =  46y 
5 


y  = 


46 


Substitute  the  value  of  1/  in  (1), 
ax     5 


3^. 
aa: 


12. 


33 

6 

5 

11a 


ox      ay 


(1) 


^  +  ^  =  a2  +  62      (2) 


222 


SCHOOL    ALGEBRA. 


Multiply  (1)  by  ?■, 

and  subtract 

from  (2). 

X      y 

=  a2  +  62 

(2) 

h       6« 
x'^  a^y~ 

a 

(3) 

.-.  y  =  - 
a 

Substitute  the  value  of  y  in  (1). 


63\1 


(-r.) 


a*- 


68 


a8  -  fes      o8  -  6« 


ftx 


+6=a+6 


hx 

6a:  =1 
1 


Exercise  64.    Page  177. 


1. 


ror  +  y-  8  =  0 
jy  +  2:-28  =  0 
la:  +  «  —  14=0 


(1) 
(2) 

(3) 

Add,    2x+2y+2«  — 60  =  0 

a:  +  y  +  2  =  25      (4) 
(1)  is  ar  +  y        =    8 

Subtract,  z=\l 

Substitute  the  yalue  of  z  in  (2) 
and  (3). 

y  + 17-28  =  0 

/.  y  =  ll 

ar+ 17-14  =  0 

.-.  a:  =  -3 


2. 


r  4ar  +  3y  +  22  =  25 
\    3a:-2y  +  5;2  =  20 
U0a:-5y  +  3«=17 
Subtract  (2)  from  (1). 

X  ■\-  by  ^Zz=  5 
Add  (4)  to  (3). 

11  ar  =  22 
.-.  x-2 


0) 
(2) 
(3) 

(4) 


Substitute  the  yalue  of  x  in  (1) 
and  (2). 

3y  +  2^=17     (5) 
-2y  + 5^=14     (6) 
Multiply  (5)  by  2,  and  (6)  by  3, 
and  add. 

6y+    42:  =  34 
-6y+15z  =  42 

192=76 
.-.  z  =  4 
Substitute  the  yalue  of  «  in  (5). 

.-.  y  =  3 


r5ar-2y-22=12 
3.         \     xJt    y+    z=   8 

l7a:+3y  +  42  =  42 
(1)  is  52r-2y-22=12 
2x(2)is  2ar+2y  +  2;2  =  16 

Add,         7ar 


(1) 
(2) 
(3) 


=  28 
.-.  a:  =  4 
Substitute  the  value  of  x  in  (2) 
and  (3). 

y\-z  =  i       (4) 
3y  +  4;?=14     (5) 
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(5)i8  3y  + 4^=14 

3x(4)is         3y  +  32=12 

Subtract,  z=    2 

Substitute  the  value  of  z  in  (4). 


]    Sx- 


a:-    y+     z=n      (1) 

:+3y-2«  =  60      (2) 

-5y-3«=    0      (3) 

2X(l)i8  2a:-2y  +  2z  =  22 
(2)  is      Sx-\-Sy  —  2z  =  60 

Add,        5ar+    y  =82      (4) 

3x(l)i8  3a; -3y  + 3^  =  33 
(3)is     10x-6y-Sz=    0 

Add,      13a: -8y 


8x(4)is       40a:  +  8y  = 
(5)  is  13ar  — 8y  = 

Add, 


33      (5) 

666 
33 


53a:  = 

.'.  x  = 

Substitute  the  value  of  x 

.'.  y  = 

Substitute  the  values  of 

in  (1). 


689 

13 

in  (4). 

17 

x  and  y 


•r 


/.  z=16 

plOa:—  y  +  Sz  =  42 
7a:  +  2y+  z=bl 
3ar  +  3y—    «  =  24 

(l)i8     10  a:-    y-\-Sz=    42 
3x(3)is  9a:  +  9y-3z=    72 

Add,       19  a: +8y 

(2)  is  7a:  +  2y  +  «=51 

(3)  is  3a:  +  3y-;e=24 

Add,         10a: +  5y        =75 
Divide  by  5,       2a:  +  y  =  16 


(1) 
(2) 
(3) 


(4)  is 
8  X  (6)  is 

Subtract,  3 


19a:  +  8y=114 
16x  +  8y=120 


=  -6 
.-.  a:  =  -.2 
Substitute  the  value  of  x  in  (5). 

/.  y  =  19 
Substitute  the  values  of  x  and  y 
in  (2). 

/.  «  =  27 


/6a:  +  2y  — 3«=] 
J  3a:  +  9y  +  82=] 
l2a:-3y-5«  = 


^6a:  +  2y-3«=160    (1) 
:116     (2) 

45    (3) 


-3y 

8x(l)is  40a:+16y-242=1280 
3x(2)i8     9a:+27y+24^=    345 


Add,         49a:+43y  = 

5x(l)is  25a:+10y— 15«  = 
3x(3)i8     6a:-  9y-152  = 


Subtract,  19ar+19y  = 

Divide  by  19,        x  +  y  = 

(4)  is  49a:  +  43y  = 

49  X  (5)  is    49a:  +  49y  = 

Subtract,  6y  = 

.-.  y  = 

Substitute  the  value  of  y 
.*.  x  = 

Substitute  the  values  of 
in  (1). 


1625  (4) 

800 
135 

666 

35      (5) 

1625 
1715 


90 
16 

in  (5). 
20 
X  and  y 


ir=-10 


=  114    (4)        j^ 


■2y  +  6z  =  6S 

:33 

(1)18       6a:  — 2y  +  6z=  53 
6x(3)  is  5a:  +  5y4-5;2  =  25 


r6a:  — 2y  +  62r  =  l 
-!  5a:  +  3y  +  7«  =  J 
I    a;+    y+    z=l 


m 

(2) 
(3) 


(5)      Subtract,    a:-7y  =28      (4) 
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(2)18       6x  +  3^  +  75r  =  33 
7x(3)  is  7j:+7^  +  72  =  35 

Subtract,  2  ar  +  4y  =    2 

Divide  by  2, 

ar  +  2y=l        (5) 
(4)  is  a:-7y  =  28 

Subtract,  9y  =  — 27 

.•.y  =  -3 

Substitute  the  value  of  y  in  (5). 

/.  a:=7 
Substitute  the  values  of  x  and  y 
in  (3). 

.•.    2=1 


8. 


/-3a:-3y  +  42=:l 


p3a:-3y  +  42  =  20      (1) 

5      (2) 

y +  8^  =  45      (3) 

(1)  is  3ar-3^+  4^  =    20 
3  X  (3)  is      6x-3y+242  =  136 

Subtract,     3a:        +20^=116   (4) 

(2)  is  6x+2y—  7^  =    5 
2  X  (3)  is     4tx-2y-\-\^z  =  90 

Add,  lOx       +  9^=95      (5) 

10  X  (4)  is    30  a: +  200^=1150 
3x(5)i8     30a:+    27^=    285 

Subtract,  173  2=    865 

.-.2  =  5 

Substitute  the  value  of  z  in  4. 
.-.  x=5 

Substitute  the  yalues  of  x  and  z 
in  (1). 

.-.  y  =  6 


{2x+7y  +  102=l 
a:+    y-      «  = 
7z-7y-U«=^ 


p2x+7y  +  102=25      (1) 

9      (2) 

ry-lX«=73     (3) 


(1)  is  2a:+7y+10z  =  25 

2x(2)is      2a:+2y-  2^=18 

Subtract,  5y+125r=    7      (4) 

(3)  is  7a:-.7y-ll2=      73 
7x(2)i8      7x+7y-  7r=      63 

Subtract,  14y+  4;?  =  —  10 

Divide  by  2, 

7y  +  22  =  -5    (5) 

(4)  is  5y  +  122=        7 
6x(5)  is      42y+12;2=-30 

Subtract,       37  y  =  —  37 

Substitute  the  value  of  y  in  (4). 

/.    2=1 

Substitute  the  values  of  y  and  z 
in  (2). 

.-.  a:  =  11 


10. 


r5ar  +  2y-202  =  20      (1) 

I.       J3x-6y+    72=51      (2) 

(4jr  +  8y-    9^=53      (3) 

3x(l)is   15a:+6y-602  =    60 

(2)  is  3a:-6y+  72=    51 

Add,  18a:       -532=111    (4) 

4x(l)is    20a:+8y-802=80 

(3)  is  4a:+8y-  92  =  53 

Subtract,   16a;        —712  =  27      (6) 
8x(4)is    144  .r- 424  2  =888 
9x(5)is    144  a: -639  2  =  243 

Subtract,  2152  =  645 

.-.2  =  3 

Substitute  the  value  of  2  in  (4). 

.-.  x=15 
Substitute  the  values  of  a:  and  z 
in  0). 
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(   z  +  2y  +  102=    44      (1) 
11.    J3x  +  3y+    72  =  384      (2) 

l2z+    y+      2  =  256      (3) 
3x(l)i8    3ar+6y+302=      132 
(2)  is        3a:+3^+  72=     384 

Substitute  the  value  of  2  in  (8). 

.'.  2:  =  10 
Substitute  the  values  of  x  and  & 
in  (1). 

.-.  y  =  - 12 

Subtract,         3  j^+232  =  -  262  (4) 
2x(l)i8    2ar+4^+202=        88 
(3)  is        2ar+  y+     2=      256 

j.3x-6y-22=14      (1) 

13.         J5ar-.8y-    2=12      (2) 

I    a:-.3y-32=    1      (3) 

Subtract,         3y+192  =  - 168  (5) 
(4)  is               3y+232  =  -252 

(1)  is           3x-5y-22=14 
2x(2)is    10a:-16^-22  =  24 

(5)  is 
Subtract, 


3y+192=-168 


42  =  -   84 
.-.  2=  -21 
Substitute  the  value  of  2  in  (4). 

.-.  y  =  77 

Substitute  the  values  of  y  and  2 
in  (1). 


j:=100 


12. 


{10a:=  y- 
Sy  =  2x- 
22=    X- 


10a:=    y  +  42 

+  32 

3y 

Rearrange, 

lOx—    y  — 42  = 

2.T-3y +32  = 

.x  —  Sy  —  2z  = 

3x(4)is  30x-3y-122  = 

(5)  is         2ar-3y+  32  = 


+  66  (1) 
-98  (2) 
-18    (3) 


56 
98 
18 
168 


(4) 
(5) 
(6) 


2a:-3y+32  = 
ar-3j^— 22  = 


Subtract,  28ar     —  I62  = 

(5)  is 

(6)  is 

Subtract,  x       +62  = 

(7)  is  28.r-  152  = 
28  X  (8)  is  28a:4-1402  = 

Subtract,  1552  = 


70      (7) 

98 
18 

80 


(8) 


70 
2240 


2170 
14 


Subtract,     7a:— lly         =10 

(3)  is  .  X—  3^-32  =    1 

3x  (2)  is     15a:-24y-32  =  36 

Subtract,  14j:— 21y  ^     =35 

Divide  by  7,     2x  —  3y  =  5 

2X(4)  is     14ar-22y  =  20 


(4) 


(5) 


7x(5)i8      142: - 
Subtract, 


■2ly  =  35 


y  =  15 

Substitute  the  value  of  y  in  (5). 

.-.  a:  =25 
Substitute  the  values  of  x  and  y 
in  (1). 

.-.  2=-7 


14. 


r  2a:+3y+  2  = 
J  ar—  y-|-32  = 
U0y  +  5a:  — 22  = 


31 
13 

48 


0) 
(2) 
(3) 


(2)  is  X-    y+32  =  13 
3x(l)i8  6a:+  9^+3^  =  93 

Subtract,  5a:+10y        =  80 
Divide  by  5,       a:  +  2  y  =  16 

(3)  is  5r+10y-22=    48 
2  X  (1)  is  4a:+  6y-\-2z  =    62 

Add,  9x-\-lQy         =110    (5) 


W 
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9x(4)i8        9ar+18y  =  144 
(5)  is              9x+\Qi/  =  U0 

3x(l)i8     9x+18y+62  =  9 
(3)  is             9ar.+18y-42  =  4 

Subtract,                   2y=   34 

Subtract,                   IO2  =  6 

Substitute  the  value  of  y  in  (4). 

Substitute  the  values  of  ar  and  2 

.-.  ar  =  -18 

in  (1). 

Substitute  the  values  of  x  and  y 

.-.  y  =  i 

in  (1). 

.-.  2=16 

(  2x+   3y-   4z  =  l 
15.    \  lOx-  6y+122  =  6 

I      a:+12y+    2^=5 
2x(l)i8     4x+6y-a2  =  2 
(2)  is          lOx- 6y+122  =  6 

(1) 
(2) 
(3) 

(4) 

(2x+    y  +  2z  =  S       (1) 
17.         J5y-4ar-42=l        (2) 
.3a-  +  9y+     2  =  9       (3) 
2  X  (1)18       4x+2y+42  =  6 
(2)  is          -4x+5y-42=l 

Add,                     7y        =  7 

Add,          Ux       +4z=8 
Divide  by  2,     Tar +  2^  =  4 

.-.  y  =  i 

Substitute  the  value  of  y  in  (2) 
and  (3). 

4x  +  42  =  4       (4) 
3x+    2  =  0       (5) 

4x(l)i8   8r+12y-16z=     4 
(3)  is           •a:+12y+  2z=      5 

Subtract,  7x         -182  = -1 
(4)  IS               7x+    22=      4 

(6) 

JX(4)i8                x  +  2=l 
(5)is                    Sx  +  z  =  0 

(5)  is                Tar- 182  = -1 

Subtract,             2x        =-1 

Subtract,                  202=      5 
.-.  2=  J 

/.  x  =  -| 
Substitute  the  ralue  of  x  in  (6). 

Substitute  the  value  of  z  in  (4). 

i^ubstitute  the  values  of  x  and  z 
in  (1). 

• 

r3x  +  2y+      2  =  20J    (I) 

18.       ]2x-    y+    32  =  26}   (2) 

I    x+    y+ 102=55     (3) 

r   3ar+    6y  +  22  =  3 
16.     \  12y+    42-6ar  =  2 

(1) 
(2) 

(l)i8       3x  +  2y+    2  =  20} 
2x(2)is  4x-2y  +  62  =  63 

.   9a:+18y-42=4 

(3) 

Add,         Tar           +T2=T3} 

(1)  is              3ar+6y+22  =  3 
iX(2)is    -3ar+6y+22=l 

Divide  by  7,          x  +  2  =  10}    (4) 
(2)  is        2ar-y+    32  =  26} 

Subtract,                     6a:  =  2 

(3)is           x  +  y  +  102  =  55 

.-.  :r=J 

Add,         3x        +132  =  81}    (5) 
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3x(4)i8  3ar+    3«  =  31J 

(5)  is  3a:  +  13:g=81^ 

Subtract,  10«=60 

/.  2  =  5 
Substitute  the  value  of  z  in  (4). 

Substitute  the  values  of  x  and  z 
in  (2). 


19. 

(l)is 
2x(2)i8 

Add, 

(3)  is 

(4)  is 

Add, 


---+  4  =  0  (1) 
1-1+  1  =  0  (2) 
?  +  ?-14  =  0      (3) 

+  4=0 

^    y 

+  2  =  0 

l-.?  +  6  =  0     (4) 


3     2 

2  +  ^-14  =  0 

X       z 

12^^ 
+    6  =  0 

X       z 


-   8  =  0 


Substitute  the  value  of  x  in  (1) 
and  (3). 

.•.y  =  i 

z=\ 


20. 

<l)i8 

(2)  is 
Add, 


1  +  1  +  1  =  36     (1^ 
x^  y     z  ^  ' 


(2) 


1  +  1  +  1  =  36 

X      y      z 

1  +  3-1  =  28 

a:      y      2 


2     4 

X     y 


:64 


Divide  by  2,         l4.?  =  32     (4) 
X     y 


(l)i8  1+    1+1  =  36 

X        y      z 

2x(3)i8     ?  +  |-  +  l  =  40 
a:      3y      2 

Subtract,      1-—        =4 
a;      3^ 


(5) 


(4)  is 

(5)  is 

Subtract, 


1+    ?  =  32 
X        y 

l-i-=    4 
.r    ^y 

=  28 


3y 
•••  y  =  A 

Substitute  the  value  of  y  in  (4). 

Substitute  the  values  of  x  and  y 
in  (1). 
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21. 

2  X  (1)  is 

(2)  is 

Add, 

3  X  (1)  is 

(3)  is 

Add, 

(4)  is 
4x(5)is 

Add, 
Substitute 


10     2 


0) 

(2) 


^^?.?=l 

X      y      z 

5.4  6  „, 
-  +  -  +  -  =  24 
X      y^  z 


7      8      9 

?+*-?=   2 
X     y     z 

5     4     6^^ 

-  +  -  +  -  =  24 
^    y     g 

!  +  ?        =26      (4) 
X     y 

3     6     9       „ 

-  + =   3 

X      y      z 

7      8      9,, 

+  -=14 

X     y      z 


=  17      (5) 


7      8^^ 
-  +  -  =  26 

40     8      ^^ 


II        =94 


the  value  of  x  in  (4). 


Substitute  the  values  of  x  and  « 
in  (1). 


(1) 
(«) 
(3) 


'^_3_  1 

X     y     2Q 

22. 

2      3_  1 
Z      X       \b 

4_6_  1 

.^    y     12 

2  X  (2)  is 

4_6_      2 
2      ar          15 

(3)  is 

4_5_       1 
z      y          12 

Subtract, 

6      5_       1 
X      y          20 

2X(4)i8l?-15=-l 

^      y        10 

3x(l)is  —  -   ?=     1 
a:         y  20 


Subtract, 


(4) 


.-.  y  =  4 
Substitute  the  value  of  y  in  (1) 
and  (3). 

.*.  X  =  6 

2=3 


23. 


Add, 


^1  +  1-1  =  0 

X      y      a 

111^ 

-  + =  0 

ly      z      c 


2  +  2^2_l_^l_l^^ 
a:      y       2      a      Z»      c 


(1) 

(2) 
(3) 
(4) 
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(4)  is 
2x(l)is 

Subtract, 


(4)iB 

2x(2)is 
Subtract, 


X     y      z      a      b      c 

?+?        -?  =0 

X     y  a 


2  +  1. 

z     a 


2_1      1      l^ac  +  gft  — fco 


z      h      c     a 
2abc 


abc 


ac-\-ab-~bc 


2  +  2^2_l_l_l^,, 

X     y      z     a      b      c 
2        +2.        _2        ^, 
X  z  b    ^ 

2.        _l+i     Uo 
y  a      6      c       ^ 


" 

y 

a      c      6 

a6c 

••• 

y  = 

2a6c 

a6  +  6c  —  oc 

(4)  is 

2      2 

-+-  + 

2     a 

1 

c 

=  0 

2x(3)i8 

y 

2 
z 

2_ 

c 

=  0 

Subtract, 

2 

-1- 
a 

■V 

1_ 
c 

=  0 

2^ 

a: 

_11      l_6c+ac- 
a      b      c             abc 

^ 

••• 

x  = 

2  abc 

be  ■}•  ac  —  ab 

^^ 

1- 

z  _ 
4" 

:62 

(1) 

24. 

1-^ 

f+ 

6' 

:47 

(2) 

i+ 

f^ 

z 
6" 

:38 

(3) 
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Multiply  (1)  by  12.  (2)  by  00,  and  (3)  by  60. 
6x  +  4y  +  3z=744 
20  a: +15y+12z  =  2820 
16ar+12y+ 102  =  2280 

(5)  is  20a:  +  16y  +  12z  =  2820 

4  X  (4)  is  24a:  +  16y  +  12z  =  2076 

Subtract, 

10  X  (4)  is 

3  X  (6)  is 

Subtract, 

4  X  (7)  is 
(8)  is 

Subtract, 

Substitute  the  value  of  x  in  (7). 

/.  y  =  60 

Substitute  the  values  of  x  and  y  in  (4). 

/.  2=120 


4a:+      y 

60a:  +  40y  +  302  = 
45a:  +  36y  +  302  = 

=    166 

="7440 
=  6840 

15x+    4y 

16x  +  4y  = 
15a:  +  4y  = 

=   600 

=  624 

=  600 

=   24 


(6) 
(6) 


(7) 


(8) 


26. 

fl)  is 
(2)U 

Add, 

(l)i8 

3x(3)l8 
Add, 


X      y       z 
?-?-2=0 


la:      2      3 


=  0 


2      1_3 

X      \i      z 


2_1 

X     y 
2      1 


3 


=  0 


+  ?  =  4 


5+^ 

*    y 


=  4 


(1) 

(2) 
(3) 


=  2       (4) 


(5) 


(4)  is 

(5)  is 

Add, 


?_1  =  2 

5  +  U4 

X     y 


:6 


.-.  a:  =  ^ 
Substitute  the  value  of  x  in  (4). 

Substitute  the  values  of  x  and  jr 
in  (1). 

.-.   2=f4 
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fl!_!+   5^   38    (1)      17x(4)i» 

X      y        z 


8_5  +  l?=i6i    (3) 
2x(l)is5_   8+   H=   76 

X       y         z 

Subtract,         5? +  112  =839    (4) 
y        z  ^  -^ 

(3)U         §_   5  +  12=161 

4X(2)i8      ?  +  l?  +  ^  =  244 
X      y        z 

Subtract,  —  +    -=    83    C5) 


53x(6)  is 
Subtract, 


901      2890     ,  ,„^„ 

+ =  14263 

y        « 

901       424 

^^+   ^^=    4399 


2466 


=   9864 


Substitute  the  yalue  of  z  in  (6). 

•••y  =  i 

Substitute  the  values  of  y  and  2 
in  (1). 


Exercise 
1.  If  A  gives  B  $100,  A  will 
but  if  B  gives  A  $  100,  B  will 
much  has  each? 

Let  X 

aod  y 

Then,  after  A  gives  B  $  100, 

ar-lOO 

y+100 

.-.  y  +  100 

Agaui,  if  B  gives  A  $  100, 

a: +100 


65.    Page  180. 

then  have  half  as  much  money  as  B ; 
have  one-third  as  much  as  A.    How 

=  the  number  of  dollars  A  has, 
=  the  number  of  dollars  B  has. 


=  the  number  of  dollars  A  has. 
=  the  number  of  dollars  B  has. 
=  2(a:-.100). 


From  (1), 
From  (2), 
(3)  is 
2  X  (4)  is 
Subtract, 


y-100 

•.  a:  +  100 

2a:  — y 

ar-3y 

2ar—    y 

2x-6y 


=  the  number  of  dollars  A  has. 

=  the  number  of  dollars  B  has. 

=  3Cv  - 100) 

=  300 

=  -400 

=     300 

=  -800 


5y=    1100 
/.  y  =  220 
a:  =260 
Therefore  A  has  $260  and  B  $220. 


(1) 


(2) 
(3) 
(4) 
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2.  If  the  greater  of  two  numbers  is  divided  by  the  smaller,  the  quo- 
tient is  4  and  the  remainder  0.37 ;  but  if  the  smaller  is  divided  by  the 
greater,  the  quotient  is  0.23  and  the  remainder  0.0149.  Find  the 
numbers. 


Let 

X  —  the  greater  number, 

and 

y  =  the  smaller  number. 

Then, 

y          y 

(1) 

2  =  0.23  +  <>°"» 

(2) 

X                                X 

From  (1), 

x  =  4ty  +  O.S7 

(3) 

From  (2), 

y  =  0.23  a: +  0.0149 

(4) 

Substitute  the  value  of 

y  from  (4)  in  (3). 

,' 

•.  a:  =  0.92  a: +  0.0596 +  0.37 

0.08r  =  0.4296 

.' 

'.  or  =  5.37 

y  =  1.25 

Therefore  the  numbers 

are  5.37  and  1.26. 

3.  A  certain  number  of  persons  paid  a  bill.  If  there  had  been  10 
persons  more,  each  would  have  paid  $2  less ;  but  if  there  had  been  5 
persons  less,  each  would  have  paid  '$2.50  more.  Find  the  number  of 
persons  and  the  amount  of  the  bill. 

Let  X  =  the  number  of  persons, 

and  y  =  the  number  of  dollars  each  paid. 

Then,  xy  =  the  number  of  dollars  they  all  paid. 

If  there  had  been  10  persons  more,  and  each  had  paid  ^2  less, 
then,  a:  +  10  =  the  number  of  persons, 

y  —  2  =  the  number  of  dollars  each  paid, 
and  (a:  +  10)  (y  —  2)  =  the  number  of  dollars  they  all  paid. 

But  the  same  number  of  dollars  is  to  be  paid  in  each  case. 

.-.  (x+10)(y-2)  =  xy  (1) 

Again,  if  there  had  been  5  persons  less,  and  each  had  paid  $2.50  more, 
then,  ar  —  5  =  tlie  number  of  persons, 

y  +  2J  =  the  number  of  dollars  each  paid, 
and  (x  —  5)(y  +  2  J)  =  the  number  of  dollars  paid  by  all. 

(ar-.5)(y  +  2J)  =  a:y  (2) 

From  (1), 

xy  +  l0y-'2x  —  20=xy 

2a:-10.y  =  -20  (3) 
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From  (2), 

bx-10y  =  26  (4) 

Subtract  (3)  from  (4),  3x  =  45 
.-.  a:  =  15 

xy  =  76 
Therefore  there  were  15  persons,  and  the  amount  of  the  bill  was  $  75. 

4.  A  train  proceeded  a  certain  distance  at  a  uniform  rate.  If  the 
speed  had  been  6  miles  an  hour  more,  the  time  occupied  would  have 
been  5  hours  less ;  but  if  the  speed  had  been  6  miles  an  hour  less,  the 
time  occupied  would  have  been  7}  hours  more.    Find  the  distance. 

Let  x  =  the  number  of  hours  the  train  travels, 

and  y  =  the  number  of  miles  it  travels  per  hour. 

Then,  xy  =  the  total  number  of  miles  travelled. 

If  the  speed  had  been  6  miles  an  hour  more,  and  the  time  6  hours  less, 
then,  a:  —  5  =  the  number  of  hours. 

y  +  6  =  the  number  of  miles  per  hour, 
(x  —  5)  (y  +  6)  =  the  total  number  of  miles  travelled. 
A  (x-5)(y  +  6)  =  xy  (1) 

Again,  if  the  speed  had  been  6  miles  an  hour  less,  and  the  time  7^ 
hours  more, 
then,  ar  +  7i  =  the  number  of  hours, 

y  —  6  =  the  number  of  miles  per  hour, 
and  (x  +  7J)(y  —  6)  =  the  total  number  of  miles  travelled. 

.-.  (^  +  7i)(y-6)  =  a:y  (2) 

From  (1), 

ary  +  6  x  —  5  y  --  80  =  xy 

6ar-5y  =  30  (3) 

From  (2), 

ary  —  6a:  +  7iy  —  45  =  ary 

6a:-7iy  =  -45  (4) 

Subtract  (4)  from  (3), 

2iy  =  75 
.-.  y  =  30 
ar  =  30 
a:y  =  900 
Therefore  the  distance  is  900  miles. 
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6.   A  man  bought  10  cowb  and  60  sheep  for  $  750.     He  sold  the  cows 
at  a  profit  of  10  per  cent,  and  the  sheep  at  a  profit  of  30  per  cent,  and 
received  in  all  $875.    Find  the  average  cost  of  a  cow  and  of  a  sheep. 
Let  X  =  the  number  of  dollars  in  the  average 

cost  of  a  cow, 
and  y  =  the  number  of  dollars  in  the  average 

cost  of  a  sheep. 

Then,  10  a:  =  the  number  of  dollars  the  10  cows  cost, 

and  50  y  =  the  number  of  dollars  the  50  sheep  cost. 

.-.  10ar  + 50^  =  750  (1) 

Also,  liJ  X  10a:=  the  number  of  dollars  he  received  for 

the  cows. 
tJ§  X  50  y  =  the  number  of  dollars  he  received  for 
the  sheep. 
.-.  Hi  X  lOi-  +  H«  X  50y  =  875  (2) 

From  (1),  a:+6y  =  75  (3) 

From  (2),  11  ar  +  65y  =  875  (4) 

11  X  (3)  is  lla:+55y  =  825 

(4)  is  lla::f  65y  =  875 

Subtract,  10  y=   50 

.-.  y  =  6 

ar  =  50 
Therefore  the  average  cost  of  the  cows  was  $  50,  and  of  the  sheep  $  5. 

6.  It  is  40  miles  from  Dover  to  Portland.  A  sets  out  from  Dover, 
and  B  from  Portland,  at  7  o'clock  a.m.,  to  meet  each  other.  A  walks 
at  the  rate  of  3}  miles  an  hour,  but  stops  1  hour  on  the  way;  B  walks 
at  the  rate  of  2}  miles  an  hour.  At  what  time  of  day  and  how  far 
from  Portland  will  they  meet? 
Let  X  =  the  number  of  miles  from  Portland  to 

the  meeting  point, 
and  y  =  the  number  of  hours  that  A  walks. 

Then,  40  —  a:  =  the  number  of  miles  from  Dover  to  the 

meeting  place, 
y  +  1  =  the  number  of  hours  B  walks. 
Siy  =  the  number  of  miles  A  walks. 
2J(y  +  1)  =  the  number  of  miles  B  walks. 

.-.  3}y  =  40-a:  (1) 

2Ky+l)=^  (2) 
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From  (1),  2a:+7y=80 

From  (2),  2x  —  6y=    6 

Subtract,  12y=76 

x=18i 
Therefore  they  meet  at  a  point  18 1^  miles  from  Portland  7\  hours 
after  thej  start,  that  is,  at  quarter  past  2  o'clock,  p.m. 

7.  The  sum  of  two  numbers  is  35,  and  their  difference  exceeds  one- 
fifth  of  the  smaller  number  by  2.    Find  the  numbers. 

Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 

Then,  a:  +  y=36  (1) 

^-y  =  |  +  2  (2) 

Subtract,  2y  =  33-| 

10y=165  — y 
/.  y=15 
x=20 
Therefore  the  numbers  are  20  and  15. 

8.  If  the  greater  of  two  numbers  is  divided  by  the  smaller,  the  quo- 
tient is  7  and  the  remainder  4;  but  if  three  times  the  greater  number 
is  divided  by  twice  the  smaller,  the  quotient  is  11  and  the  remainder  4. 
Find  the  numbers. 


Let 

id 

X  =  the  greater  number, 
y  =  the  smaller  number. 

Then, 

From  (1), 
From  (2), 

-=7  +  i 

y        y 
5f=ii  +  ± 

2y              2y 

x  =  7y  +  4 

3x=22y  +  4 

(1) 

(2) 

(3) 
(*) 

3X(3)i8 

(4)  is 

3x- 
Sx- 

-21y=12 
-22y=   4 

Subtract, 

y=  8 

Therefore  the  numbers 

are  60  and  8. 
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9.  If  3  yards  of  TeWet  and  12  yards  of  silk  cost  $60,  and  4  yards  of 
yelyet  and  6  yards  of  silk  cost  $  58,  what  is  the  price  of  a  yard  of  vel- 
vet and  of  a  yard  of  silk  ? 

Let  X  =  the  number  of  dollars  one  yard  of  velvet  costs, 

and  y  =  the  number  of  dollars  one  yard  of  silk  costs. 

Then,  3a:+12y  =  60  (1) 

4ar+    6y  =  58  (2) 

4x(l)i8  12a:  +  48y  =  240 

3  X  (2)  is  12jr+15y  =  174 

Subtract,  33  y=    66 

T=12 

Therefore  the  velvet  costs  $  12  a  yard,  and  the  silk  $  2  a  yard. 

10.  If  5  bushels  of  wheat,  4  of  rye,  and  3  of  oats  are  sold  for  |9 ;  3 
bushels  of  wheat,  6  of  rye,  and  6  of  oats  for  $8.75;  and  2  bushels  of 
wheat,  3  of  rye,  and  9  of  oats  for  $7.25;  what  is  the  price  per  bushel 
of  each  kind  of  grain? 


Let 

and 
Then, 


2  X  (1)  is 

(2)  is 

Subtract, 

3  X  (1)  is 

(3)  is 

Subtract, 
3  X  (4)  is 
(5)  is 

Subtract, 


X  =  the  number  of  dollars  one  bushel  of  wheat  costs, 
y  =  the  number  of  dollars  one  bushel  of  rye  costs, 
z  =  the  number  of  dollars  one  bushel  of  oats  costs. 


bx  +  iy  +  Sz  =  9 
3j:  +  5y  +  6«  =  8} 
2ar  +  3y  +  9«=7l 
10x  +  Sy-{-6z=lS 
3ar+6y  +  62  =  8| 


7r  +  3y 
15ar+12y  +  9«: 
2^4-    Sy  +  dzz 

=  9t 
=  27 

=  n 

13ar+    9y 

21x  +  9y: 
13jr  +  9y: 

=  19| 
=  27i 
=  19i 

(1) 

(2) 
(3) 


W 


(6) 


8x 


=   8 
.-.  X  =  1 

y  =  i 

*=§ 

Therefore  a  bushel  of  wheat  costs  $  1.00,  a  bushel  of  lye  10.75,  and 
a  bushel  of  oats  $0.33^. 
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11.  A  certain  fraction  becomes  equal  to  J  if  3  is  added  to  its  nume- 
rator and  1  to  its  denominator,  and  equal  to  }^  if  3  is  subtracted  from 
its  numerator  and  from  its  denominator.     Find  the  fraction. 


Let 
Then, 
and 

• 

X  _ 

y 

ar+3 

y^ri 

x-Z 

y-Z 

=  the  re 

.1 

2 
_1 

i 

From  (1), 

2x  +  6  = 
2ar-y  = 

-y  +  l 

:-6 

From  (2), 

4a: -12  = 
4a:  — y  = 

=  y-3 

:9 

Subtract  (3) 

from 

(4), 

2.x  = 
.',  x  = 

■14 

:7 

Therefore  the  required  fraction  is  ^^. 

the  required  fraction. 


(1) 

(2) 

(3) 
(4) 


12.  A  certain  fraction  becomes  equal  to  ^y  if  1  is  added  to  double 
its  namerator,  and  equal  to  |  if  3  is  subtracted  from  its  numerator  and 
from  its  denominator.    Find  the  fraction. 


Let 

-  =  the  required  fraction. 

y 

Then, 

2^:4-1       9 
y          11 

(1) 

and 

x-S      1 

y-3    3 

(2) 

From  (1), 

22ar+ll  =  9y 

22x-^9y  =  -n 

(3) 

From  (2), 

3a:-9  =  y-3 

3a:-y  =  6 

(4) 

(3)  is 

22a:-9y  =  -ll 

9x(4)is 

27r-9y=      54 

Subtract, 

6x           =     65 
.-.  x=13 
y  =  33 

Therefore  the  required  fraction  is  |J. 
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13.  Find  two  fractions  with  niunenton  11  and  5  respectirelj,  sach 
that  their  som  is  1  J,  and  if  their  denominators  are  interchanged  tlwir 
sam  is  2J. 

Let  —  =  the  first  fraction. 


0) 
(i) 


id 

Then, 
id 

-  =  the  second  fraction. 

11      5      13 
x"^y       9 
11      5  _  19 
y       X       9 

5  X  (1)  is 
11  X  (2)  is 

55        25       65 
X         y          9 
55      121      209 
X        y          9 

Subtract, 

96      144 

.•.y  =  6 

x=18 

Therefore  the 

required  fractions  are  {}  and  f . 

14.  There  are  two  fractions  with  denominators  20  and  16  respec- 
tively. The  fraction  formed  by  taking  for  a  numerator  the  sum  of  the 
numerators,  and  for  a  denominator  the  sum  of  the  denominators,  of 
the  given  fractions,  is  equal  to  J ;  and  the  fraction  formed  by  taking 
for  a  numerator  the  difference  of  the  numerators,  and  for  a  denomina- 
tor tlie  difference  of  the  denominators,  of  the  given  fractions,  is  equal 
to  I.    Find  the  fractions. 


Let 
id 

^  =  the  first  fraction, 

■^  =  the  second  fraction. 
16 

Then, 

36        3 

(1) 

id 

x-.v      1 
4         2 

(2) 

From 
From 

(1), 
(2), 

x-fy  =  12 
X— y=    2 

Add, 

2x         =14 

•.  x=7 
y  =  6 
Therefore  the  required  fractions  are  ^  and  ^. 
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15.  The  sum  of  two  digits  of  a  number  is  9,  and  if  27  is  subtracted 
from  the  number,  the  digits  will  be  reversed.    Find  the  number. 


Let 

X  =  the  tens'  digit, 

and 

y  —  the  units'  digit. 

Then, 

10  a:  +  y  =r  the  number. 

x  +  y  =  9 

(1) 

lOx+y  — 27  =  l0y  +  ar 

(2) 

From  (2), 

9ar-9y  =  27 
x^V=    3 

(l)i8 

x  +  i^=    9 

Add, 

2r          =12 

.-.  a:  =  6 

y  =  3 

Therefore  the  number  is  63. 

16.  The  sum  of  the  two  digits  of  a  number  is  9,  and  if  the  number 
is  divided  by  the  sum  of  the  digits,  the  quotient  is  6.  Find  the  number. 


Let 
and 
Then, 

a:=the  tens'  digit, 
y  =  the  units'  digit. 
10  a:  +  y  =  the  number. 

From  (2), 
Subtract  (1) 

from 

(3) 

:r  +  y  =  9 

10a:  +  y  =  46 
9a:  =  36 
.-.  a:  =  4 

(1) 

(2) 

(3) 

Therefore  the  number 

y  =  5 

is  45. 

17.  A  certain  number  is  expressed  by  two  digits.  The  sum  of  the 
digits  is  11.  If  the  digits  are  reversed,  the  new  number  exceeds  the 
given  number  by  27.    Find  the  number. 

Let  x  =  the  tens'  digit, 

and  y  =  the  units'  digit. 

Then,  a:  +  y  =  ll  (1) 

10y  +  a:=10a:  +  y  +  27  .     (2) 

From  (2),  9y-9a:  =  27 

.-.  a:-y  =  -3  (3) 
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Add  (1)  and  (3),  2x=8 

Therefore  the  number  is  47. 

18.  A  certain  number  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  21.  The  sum  of  the  first  and  last  digits  is  twice  the  middle 
digit.  If  the  hundreds'  and  tens'  digits  are  interchanged,  the  nunober 
is  diminished  by  90.    Find  the  number. 

Let  X  —  the  hundreds'  digit, 

y  =  the  tens'  digit, 
and  z  =  the  units'  digit. 

Then,  x  +  y  +  2  =  21  (1) 

x  +  z  =  ^y  (2) 

100a:+10y  +  z=100y+  10a:  +  2  +  90  (3) 

From  (3),  90x -  90y  =  00 

:r-y=l  (4) 

Substitute  the  value  of  ar  +  z  from  (4)  in  (1). 
3y  =  21 
.-.  y  =  7 

x  =  S 
z  =  Q 
Therefore  the  number  is  876. 

19.  A  certain  number  is  expressed  by  three  digits,  the  units'  digit 
being  zero.  If  the  hundreds'  and  tens'  digits  are  interchanged,  the 
number  is  diminished  by  180.  If  the  hundreds'  digit  is  halved,  and 
the  tens'  and  units'  digits  are  interchanged,  the  number  is  diminished 
by  336.    Find  the  number. 


Let 
and 
Then, 

X  =  the  hundreds'  digit, 
y  =  the  tens'  digit. 
lOOx  +  lOy  =  the  num'ber. 
.-.  lOOr  +  lOy  =  lOOy  +  lOx  +  180 

(1) 

lOOx  +  lOy  =  100-  +  y  +  336 
2 

(2) 

From  (1), 
From  (2), 

90ar-90y  =  180 
60i  +  9y  =  836 

(3) 
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9x(3)i8  9a:-.9y=    18 

(4)  is  50a:+9y  =  336 

Add,  69  a:  =364 

Therefore  the  number  is  640. 

20.  A  number  is  expressed  by  three  digits.  If  the  digits  are  re- 
versed, the  new  number  exceeds  the  given  number  by  99.  If  the  num- 
ber is  divided  by  nine  times  the  sum  of  its  digits,  the  quotient  is  3. 
The  sum  of  the  hundreds'  and  units'  digits  exceeds  the  tens'  digit  by  1. 
Find  the  number. 


Let 

X  =  the  hundreds*  digit, 

y  =  the  tens' 

digit, 

and 

z  =  the  units 

digit. 

Then, 

100^  +  lOy  +  X  =  lOOar  +  lOy  +  2  +  99 

(1) 

100x-\-lOy-{-z      3 

(2) 

9(:r  4-  y  +  z) 

x+z=y^l 

(3) 

From  (1), 

99x-^99z=-99 

ar-2  =  -l 

(4) 

From  (2), 

100x+10y  +  ^  =  27x  +  27 

y  +  27z 

73x-17y-26;?  =  0 

(5) 

From  (3), 

x^y+z=l 

(6) 

From  (4), 

x  =  z^\ 

Substitute  this  value  of  x  in  (5)  and  (6). 

IZz 

-73-17y-262=:0 

472-17y  =  73 

(7) 

z-\^y^z=\ 

2z^y  =  2 

(8) 

17  X  (8)  is 

342-17y  =  34 

(7)  is 

47z-17y  =  73 

Subtract, 

13^             =39 

.',  z  =  S 

y  =  4 

x  =  2 
Therefore  the  number  is  243. 
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21.  A  boatman  rows  20  miles  down  a  river  and  back  in  8  hours.  He 
finds  that  he  can  row  6  miles  down  the  riyer  in  the  same  time  that  he 
rows  3  miles  up  the  riyer.  Find  the  time  he  was  rowing  down  and  up 
respectively. 

Let  X  =  the  boatman's  rate  in  still  water, 

and  y  =  the  rate  of  the  current. 

Then,  =  the  number  of  hours  it  takes  him  to  row  1  mile 

'"^  y         down  stream. 

=  the  number  of  hours  it  takes  him  to  row  1  mile 

*  ~"  -^         up  stream. 

■      ""    +-^  =  8  (1) 


6 


(2) 


x+y      x—y 
From  (2),  6x— 5y  =  3a:  +  3y 

2x=%y 
x  =  4y  (3) 

Substitute  the  value  of  x  in  (1), 

20      20^^g 
6y     Sy 
160^3 

:6 


x  +  y 

20 
x-y' 
Therefore  it  takes  him  3  hours  to  row  down,  and  5  hours  to  row  back. 

22.  A  boat's  crew  which  can  pull  down  a  river  at  the  rate  of  10 
miles  an  hour  finds  that  it  takes  twice  as  long  to  row  a  mile  up  the 
river  as  to  row  a  mile  down.  Find  the  rate  of  their  rowing  in  still 
water  and  the  rate  of  the  stream. 

Let  X  =  the  rate  of  the  crew  in  still  water, 

and  y  =  the  rate  of  the  current. 

Then,  =  the  number  of  hours  it  takes  the  crew  to  row  a 


'  ^         mile  down  stream, 
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and  =  the  number  of  hours  it  takes  the  crew  to  row  a 

'^y         mile  up  stream. 

:r  +  3/  =  10  (1) 

x  —  y      x-\-y 
From  (2),  x-\-  y=i2x^2y 

x  =  Sy 
Substitute  the  value  of  x  in  (1). 

4y  =  10 

Therefore  the  rate  of  the  crew  in  still  water  is  7.]  miles  per  hour, 
and  the  rate  of  the  current  is  2}  miles  per  hour. 

23.  A  boatman  rows  down  a  stream,  which  runs  at  the  rate  of  2J 
miles  an  hour,  for  a  certain  distance  in  1  hour  and  30  minutes ;  it  takes 
him  4  hours  and  30  minutes  to  return.  Find  the  distance  he  pulled 
down  the  stream  and  his  rate  of  rowing  in  still  water. 

Let  X  =  his  rate  in  still  water, 

and  y  =  the  number  of  miles  he  rowed  down  stream. 

Then,     J(a:+2J)  =  the  number  of  miles  he  rowed  down  stream  in 
1}  hours. 
|(j:  —  2})  =  the  number  of  miles  he  rowed  up  stream  in  4^ 
hours. 
.-.  |(x  +  2J)  =  y  (1) 

Kar-2D  =  y  (2) 

Subtract,  3;r-15  =  0 

.-.1=5 

Therefore  he  rowed  11 J  miles  down  stream,  and  his  rate  in  still 
water  is  6  miles  per  hour. 

24.  A  and  B  can  do  a  piece  of  work  together  in  3  days,  A  and  C  in  4 
days,  B  and  C  in  4J^  days.  How  long  will  it  take  each  alone  to  do  the 
work? 

Let  X  =  the  number  of  days  it  takes  A  to  do  the  work, 

y  =  the  number  of  days  it  takes  B  to  do  the  work, 

and  z  =  the  number  of  days  it  takes  C  to  do  the  work. 
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Then,  _  4.  _  ==  the  part  A  and  B  can  do  in  1  day. 

-  +  -  =  the  part  A  and  C  can  do  in  1  day. 
X      z  '^ 

-  +  -  =  the  part  B  and  C  can  do  in  1  day. 


X     y      3 

ar      «        4 

1+1=    ? 

y     z      9 

Add, 

2     2      2     29 
'x^y'^z     36 

Subtract  2  X  (1), 

2      2              2 

2      5 
;e      36 

(1) 

(2) 
(3) 


••.»  =  ¥ 
Substitute  the  value  of  z  in  (2)  and  (3). 
•■x=U 

Therefore  A  can  do  the  work  in  5^^  days,  B  in  6/^  days,  and  C  in 
14?  days. 

26.  A  and  B  can  do  a  piece  of  work  in  2}  days,  A  and  C  in  3J  days, 
B  and  C  in  4  days.     How  long  will  it  take  each  alone  to  do  the  work? 

Let  X  =  the  number  of  days  it  takes  A  to  do  the  work, 

y  =  the  number  of  days  it  takes  B  to  do  the  work, 
and  z  =  the  number  of  days  it  takes  C  to  do  the  work. 

Then,  _  >|_  _  _  ^j^g  p^pi;  ^  n^^j  g  ^jj^i  do  in  1  day. 

-  +  -  =  the  part  A  and  C  can  do  in  1  day. 

-  +  -  =  the  part  B  arni  C  can  do  in  1  day. 
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'■V\-\ 

\-\'h                        m 

y      z        4: 

Add, 

2      2      2  _  19 

~x'^  y      2,     20 

Subtract  2  X(l), 

2      2         _    4 
X      y               5 

2-3. 

z     20 

Substitute  the  value  of  z  in  (2)  and  (3). 

Therefore  A  can 
days. 

do  the  work  in  4}  days,  B  in  5^  days,  and  C  in  \Z\ 

26.  A  and  B  can  do  a  piece  of  work  in  a  days,  A  and  C  in  h  days,  B 
and  C  in  c  days.     How  long  will  it  take  each  alone  to  do  the  work? 

Let  x=  the  nuraher  of  days  it  takes  A  to  do  the  work, 

y  =  the  number  of  days  it  takes  B  to  do  the  work, 

and  z  =  the  number  of  days  it  takes  C  to  do  the  work. 

Then,  _  4.  _  =  the  part  A  and  B  can  do  in  1  day. 

^     y 

-  +  -  =  the  part  A  and  C  can  do  in  1  day. 
X       z 

-  4-  -  =  the  part  B  and  C  can  do  in  1  day. 
y      z 

X     y      a 

i  +  i  =  l  (2) 

X        Z         0 

1  +  1  =  1  (3) 

y      z      e 


Add,  2_^2_^2^1^1^1  (4) 

X      y      z      a      0      c 
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?  +  ?  +  ?=UUi  (4) 

X     y      z      a      b      c 


Subtract  2  X  (1),         ?  +  ?        =  - 
X     y  a 


z      b      c      a 

.    ._        2a6c 

aft  +  a6  —  6c 

(4)  is 

Subtract  2  X  (2), 

2      2      2      111 

-+-+-=-+4+- 

X     y      z      a      b      c 
2             2             2 

;         ■^;2             6 

2        ^1_1^1 
y             a      b      c 

•   jr-       ^"^"^ 

6c  —  ac  +  oA 

(4)  is 

2  +  2^2^1  +  Ul 
ar      y      «      a      6      c 

Subtract  2  X  (3), 

2      2^                2 

y      z                     c 

2  =l4.1_l 

X  a      b      c 

2abc 


be  -^  ac  —  ab 


Therefore  A  can  do  the  work  in  ^^ —  days,  B  in        ^^ 


be  +  ac^ab  bc^ac-\-ab 

days,  and  C  in  — — .  days. 

ac-^  ab^  be 


27.  If  the  length  of  a  rectangular  field  were  increased  by  6  yards 
and  its  breadth  increased  by  10  yards,  its  area  would  be  increased  by 
460  square  yards ;  but  if  its  length  were  increased  by  6  yards  and  its 
breadth  diminished  by  10  yards,  its  area  would  be  diminished  by  350 
square  yards.    Find  its  dimensions. 

Let  X  =  the  number  of  yards  in  the  length  of  the  field, 

and  y  =  the  number  of  yards  in  the  breadth  of  the  field. 
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Then,  xy  =  the  number  of  square  yards  in  the  area  of  the 

field. 
{x  +  5)  (y  +  10)  =  the  number  of  square  yards  in  the  area  of  the 

increased  field. 
(x  +  6)  (y  —  10)  =  the  number  of  square  yards  in  the  area  of  the 
diminished  field. 
.-.  (x+6)(y+10)-xy  =  460  (1) 

xy-(x  +  6)(3^-10)=360  (2) 

From  (1),  10  x  +  5y  +  50  =  460 

2x  +  y  =  80  (3) 

From  (2),  lOar  -  5y  +  60  =  360 

2x-3^  =  60  (4) 

Add  (3)  and  (4),  4  a:  =140 

.-.  a:  =  35 
y=10 
Therefore  the  field  is  36  yards  long  and  10  yards  wide. 

28.  If  the  floor  of  a  certain  hall  had  been  2  feet  longer  and  4  feet 
wider,  it  would  have  contained  628  square  feet  more ;  but  if  the  length 
and  width  were  each  2  feet  less,  it  would  contain  316  square  feet  less. 
Find  its  dimensions. 

Let  X  =  the  number  of  feet  in  the  length  of  the  hall, 

and  y  =  the  number  of  feet  in  the  width  of  the  hall. 

Then,  xy  =  the  number  of  square  feet  in  the  area  of  the  hall. 

{x  +  2)  (y  +  4)  =  the  number  of  square  feet  in  the  area  of  the 

enlarged  hall. 
{x  —  2)  (y  —  2)  =  the  number  of  square  feet  in  the  area  of  the 
diminished  hall. 
.-.  (x  +  2)(y  +  4)-xy  =  528  (1) 

a:y-(a:-.2)(y-2)  =  316  (2) 

From  (1),  4x4-2^  +  8  =  628 

2a:  +  y  =  260  (3) 

From  (2),  2ar  +  2y-4  =  316 

x  +  y=\m  (4) 

Subtract  (4)  from  (3),  ar  =  100 

y  =  60 
Therefore  the  floor  is  100  feet  long  and  60  wide. 

29.  If  the  length  of  a  rectangle  was  4  feet  less  and  the  width  3  feet 
more,  the  figure  would  be  a  square  of  the  same  area  as  the  given  rec- 
tangle.   Find  the  dimensions  of  the  rectangle. 
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Let  X  =  the  number  of  feet  in  the  length  of  the  rec- 

tangle, 
and  y  =  the  number  of  feet  in  the  breadth  of  the  rec- 

tangle. 

Then,  xy  =  the  number  of  square  feet  in  the  area  of  the 

rectangle, 
(x  —  4)  (y  +  3)  =  the  number  of  square  feet  in  the  area  of  the 
rectangle  as  changed. 

But  since  the  new  rectangle  is  a  square  its  sides  are  of  equal  length. 

...  ar-4  =  y  +  3  (1) 

(:r-4)(y  +  3)  =  :ry  (2) 

From(l),  ar-y  =  7  (3) 

From  (2),  32: -  4y  =  12  (4) 

3x(3)is  3x-3y  =  21 

(4)  is  3x-4^=12 

Subtract,  y  =   9 

.-.  ar  =  16 
Therefore  the  rectangle  is  9  feet  wide  and  16  feet  long. 

30.  A  man  has  $  10,000  invested.  For  a  part  of  this  sum  he  recelyes 
6  per  cent  interest,  and  for  tlie  rest  6  per  cent ;  the  income  from  his  5 
per  cent  investment  is  $60  more  than  from  his  6  per  cent.  How  much 
has  he  in  each  investment? 

Let  X  =z  the  number  of  dollars  in  the  one  part, 

and  y  =  the  number  of  dollars  in  the  other  part. 

Then,  —  =  the  number  of  dollars  interest  on  the  first  part. 

100  ^ 

— ^  =  the  number  of  dollars  interest  on  the  second  part. 

100  ^ 

.-.  a:  +  y  =  10000  (1) 

A£=6y+60  (2) 

100      100  ^  ^ 

From  (2),  5ar-6y=    6000 

5x(l)i8  5a: +  5y  =  60000 

Subtract,  lly  =  44000 

.-.  y  =  4000 
a:  =  6000 
Therefore  $6000  is  invested  at  6%,  and  $4000  at  6%. 
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31.  A  sum  of  money,  at  simple  interest,  amounted  in  4  years  to 
129,000,  and  in  6  years  to  $30,000.  Find  the  sum  and  the  rate  of  in- 
terest 

Let  X  —  the  number  of  dollars  in  the  sum, 

and  y  =  the  rate  of  interest  in  per  cent. 

Then,  a:  +  i^  =  29000  (1) 

100 

^+1^^=  30000  (2) 


Subtract,  ^=    lOOO 

Substitute  the  value  of  .^in  (1). 
100      ^  ^ 

X  +  4000  =  29000 

.-.  X  =  26000 

y  =  4 

Therefore  the  sum  was  $  25,000,  and  the  rate  of  interest  4  %. 

32.  A  sum  of  money,  at  simple  interest,  amounted  in  10  months  to 
$2100,  and  in  18  months  to  $2180.  Find  the  sum  and  the  rate  of  in- 
terest. 

Let  X  =  the  number  of  dollars  in  the  sum, 

and  y  =  the  rate  of  interest  in  per  cent. 

-•^ife)^^^^^  (2) 

Subtract,  I  {-^  =     80 

3  VIOO/ 

.-.^=120 
100 

Substitute  the  value  of  -^  in  (1). 
100 

ar+ 100  =  2100 

.-.  a:  =  2000 

y  =  6 

Therefore  the  sum  was  $2000,  and  the  rate  of  interest  6%. 
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33.  A  person  has  a  certain  capital  invested  at  a  certain  rate  per 
cent.  Another  person  has  $2000  more  capital,  and  his  capital  inyested 
at  one  per  cent  better  than  the  first  and  he  receives  an  income  of  $  150 
greater.  A  third  person  has  |p3000  more  capital,  and  his  capital  in- 
vested at  two  per  cent  better  than  the  first,  and  he  receives  an  income 
of  $280  g^reeter.  Find  the  capital  of  each  and  the  rate  at  which  it  is 
invested. 

Let  X  =  the  number  of  dollars  in  the  first  person's  capital, 

and  y  —  the  rate  of  interest  on  this  capital  in  per  cent. 

Then,       x  +  2000  =  the  number  of  dollars  in  the  second  person's 
capital, 
y  +  1  =  the  rate  of  interest  on  this  capital  in  per  cent. 
X  +  3000  =  the    number  of   dollars  in  the  third  person's 
capital, 
y  4-  2  =  the  rate  of  interest  on  this  capital  in  per  cent. 

(x  +  2000)  i^-^\  =  .a  +  150  (1) 

^  ^V  JOO  ;       100  ^^ 

(j:+3000)f-^^-±-?^=  -^  +  280  (2) 

^  ^V  100  /       100  ^  ^ 

From  (1),      {x  +  2000)(y  +  1)  =  xy  +  15000 
xy  +  2000y  +  a:  +  2000  =  ary  +  16000 

ar  +  2000y  =  13000  (3) 

From  (2),      {x  +  3000)  (y  +  2)  =  ary  +  28000 
xy  +  3000y  +  2  a:  +  6000  =  ary  +  28000 
2a: +  3000y=:  22000 
ar+1600y  =  11000  (4) 

Subtract  (4)  from  (3),      600  y  =  2000 

.-.  y  =  4 

x  =  6000 
Therefore  the  first  person  has  $6000  invested  at  4%,  the  second  per- 
son $7000  at  6%,  and  the  third  person  $8000  at  6%. 

34.  A  sum  of  monej,  at  simple  interest,  amounted  in  m  years  to  c 
dollars,  and  in  n  years  to  d  dollars.  Find  the  sum  and  the  rate  of  in- 
terest. 

Let  X  =  the  number  of  dollars  in  the  sum, 

and  y  =  the  rate  of  interest  in  per  cent. 
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Then,  .:+^y  =  c  (1) 

x+'?£^  =  rf  (2) 

100  ^  ^ 


Subtract,  i2Lz^Ll^  =  c^d 

100 


£L  = 


c-rf 


100      TO  — n 

Substitute  the  ralue  of  -^  in  (1). 
100      ^  ^ 

,  ni  Cc  —  rf) 
m  —  n 

•    X  =  ^^^  -->»)  —  w(c  —  c?)  _  f/m  ~  en 

m—n  m-^n 

.       ^100(c-c/)^100(c-rf) 
ar(in  —  n)  rfm  —  en 

Therefore  the  sum  was     '"""^^   dollars,  and  the  rate  of  interest 
m  —  n 

-  ^^^    ^  per  cent. 
dm-~cn 

35.  A  sum  of  money  at  simple  interest,  amounted  in  m  months  to  a 
dollars,  and  in  n  months  to  6  dollars.     Find  the  sum  and  the  rate  of 

interest. 

Let  X  =  the  number  of  dollars  in  the  sum, 

and  y  =  the  rate  of  interest  in  per  cent. 

Then,  a:  +  ^X^^=a  (1) 

12      100  ^  ^ 

a:  +  JL  X  ^  =  6  (2) 

12      100  ^  ' 


Subtract,  (>ii-n)xy^^_^ 

1200 

"  1200"  m  —  n 


Substitute  the  value  of  — ^  in  CI). 
1200       ^  ^ 

,  m(a  — 6) 
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mb  —  na 


x=  - 


^_a200)(a-i) 
ar(m  —  n) 

=  1200    ""^ 
»ii6  —  na 

Therefore  the  Bum  was  ^   "^^  dollars  and  the  rate  of  interest 
in  — n 

1200-"-* 


mb  —  na 


36.  A  person  has  $  18,375  to  invest.  He  can  buy  3  per  cent  bonds 
at  76,  and  5  per  cent  bonds  at  120.  How  much  of  his  money  must  he 
invest  in  each  kind  of  bonds  in  order  to  have  the  same  income  from 
each  inrestment? 

Let  X  =  the   number  of  dollars  he  must  invest  in  3% 

bonds, 
and  y  =  the  number  of  dollars  he   must  invest  in  6% 

bonds. 
Then,  x  +  y=  18376  (1) 

i£  =  ?^  (2) 

100      600  ^^ 

From  (2),  24a:  =  26y 

Substitute  the  value  of  x  in  (1). 

J|y  =  18376 

.-.  y  =  9000 
j:  =  9375 
Therefore  he  must  invest  $9000  in  5  %  bonds  and  $9376  in  3%  bonds. 

37.  A  man  makes  an  investment  at  4  per  cent,  and  a  second  invest- 
ment at  4 J  per  cent.  His  income  from  the  two  investments  is  $715. 
If  the  first  investment  had  been  at  4  J  per  cent  and  the  second  at  4  per 
cent,  his  income  would  have  been  $730.  Find  the  amount  of  each 
investment. 

Let  X  =  the  number  of  dollars  in  the  first  investment, 

and  y  =  the  number  of  dollars  in  the  second  investment. 

Then.  t*t^+ irfi^y  =  715  (1) 

ir*Tr^+T*73^  =  730  (2) 
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»X(l)i8  ^^ff^+3Mry  =  6436 

8x(2)i8  j%%x-^^jfy  =  bMO 

Subtract,  ^y=    696 

.-.  y  =  7000 
a:  =10000 
Therefore  the  two  investments  were  $  10,000  and  $  7000,  respectively. 

38.  Two  men,  A  and  B,  run  a  mile,  and  A  wins  by  2  seconds.  In 
the  second  trial  6  has  a  start  of  18J  yards,  and  wins  by  1  second.  Find 
the  namber  of  yards  each  runs  a  second,  and  the  number  of  miles  each 
would  run  in  an  hour. 

Let  X  =  the  number  of  yards  A  runs  in  1  second, 

and  y  =  the  number  of  yards  B  runs  in  1  second. 

Then,  =  the  number  of  seconds  it  takes  A  to  run  a  mile. 

X 

=  the  number  of  seconds  it  takes  B  to  run  a  mile. 

y 

=  the  number  of  seconds  it  takes  B  to  run  a  mile, 


0) 

(2) 


y 

—  mc    11 

less 

18J  yards. 

.    1760 

1760 

:2 

y 

X 

1760 

1760- 

■18J 

1 

X 

y 

18i 

:3 

y 

•••  y  = 

=  ¥ 

1760x9 

1760 

:2 

Add, 


65 

.-.  T  =  H 
1  hour  =  3600  seconds. 
3600x^^=22000 

^0xH  =  ^^fF- 

Therefore  A  runs  6^j  yards  per  second,  and  B  6J  yards  per  second. 
In  one  hour  A  will  run  2^\^  yards,  or  12^^%  miles,  and  B  22,000 
yards,  or  12}  miles. 

39.  In  a  mile  race  A  gives  B  a  start  of  3  seconds,  and  is  beaten  by 
12J  yards.    In  the  second  trial  A  gives  B  a  starl  of  10  yards,  and  the 
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race  is  a  tie.    Find  the  number  of  yards  each  runs  a  second.    At  this 

rate,  how  many  miles  could  each  run  in  an  hour  ? 

Let  X  =  the  number  of  yards  A  runs  in  1  second, 

and  y  =  the  number  of  yards  6  runs  in  1  second. 

r«,         1760  — 12i 

Then,  1  =  the  number  of  seconds  A  runs  in  the  first  trial. 

X 

=  the  number  of  seconds  B  runs  in  the  first  trial. 

y 

But  B  runs  3  seconds  longer  than  A. 

.1760-12^^1760     ^ 

"        ^  y 

In  the  second  trial  A  runs  1760  yards  while  B  runs  1750  yards. 

.1760      1750  ,oN 


Subtract  (1)  from  (2),         ^^^ : 

=  3-1? 

y 

3y-10 

88 

7x' 

y 

_        88.y 

7(3y-10) 

But  from  (2), 

X: 

•'•my- 

=  iny 

88  y 

7C3y-10) 

7 

Xl76(3y-10)  = 

6y: 

.-.  y: 

X: 

1  hour : 

=  88  X  176 
=  45 

=my=m 

=  3600  seconds. 

8600  X7jf: 

=  27154f 

" 

3600  X7i   : 

=  27000 

Therefore  A  runs  7Jf  yards  per 

second,  and  B  7  J  yards 

per  second. 

In  one  hour  A  would  run  27,154f  yards,  or  15^ 

miles. 

and  B  would 

run  27,000  yards, 

,  or  15Jf  miles. 

40.  In  a  mile  race  A  gives  B  a  sta^t  of  44  yards,  and  is  beaten  by  1 
second.  In  a  second  trial  A  gives  B  a  start  of  6  seconds,  and  beats 
him  by  9J  yards.    Find  the  number  of  yards  each  runs  a  second. 

Let  X  =  the  number  of  yards -A  runs  in  1  second, 

and  y  =*  the  number  of  yards  B  runs  in  1  second. 
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n.                                        1760      1716  ,  ,  ,.. 

Then,  = \- 1  (1) 

1760^1760^9^^^ 

^  y 

Subtract,  0  =  ^^""^^  +  7 

7y  =  44-9J 

.-.  y=-V 

Substitute  value  of  y  in  (1). 

1760^9X1716  3^^ 

X  44 

.-.  ar  =  5 
Therefore  A  runs  6  yards  per  second,  and  B  4f  yards  per  second. 

41.  An  express  train,  after  travelling  an  hour  from  A  towards  6, 
meets  with  an  accident  which  delays  it  15  minutes.  It  afterwards  pro- 
ceeds at  two-thirds  its  usual  rate,  and  arrives  24  minutes  late.  If  the 
accident  had  happened  5  miles  farther  on,  the  train  would  have  been 
only  21  minutes  late.    Find  the  usual  rate  of  the  train. 

Let  X  =  the  usual  rate  of  the  train  in  miles  per  hour, 

and  y  =  the  number  of  miles  between  A  and  B. 

Then,  x  =  the  number  of  miles  the  train  has  gone  when 

the  accident  occurred. 
y  —  x  =  the  number  of  miles  remaining. 

'^""^  =  the  time  it  takes  the  train  to  go  the  remaining 
*^  distance. 

^"^    =  the  time  the  train  usually  takes. 

X 

But  the  difference  in  running  time  =  24  —  15  =  9  min.  =  -^q  hr. 

•  y  — '"' y — X  __  o  ,y\ 

"     fa:  2:         20  ^  ^ 

If  the  accident  had  happened  5  miles  further  on  we  should  have 

I  ar  X  10 

From(l),  1LZ^  =  1. 

^  ^*  2x        20 

2^    20 
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From  (2),        ^^-^^-^^ - 2x:^x-10 ^  l_ 

^  ^  2x  2x  10 


13  :i 


y:c-6^  1 
2x  10 

12x-10y=-60 


Put  i^  for  y,  y  =  66 

/.  X  =  50 
Therefore  the  usual  rate  of  the  train  is  60  miles  per  hour. 

42.  A  train,  after  running  2  hours  from  A  towards  B,  meets  with  an 
accident  which  delays  it  20  minutes.  It  afterwards  proceeds  at  four- 
fiftlis  its  usual  rate,  and  arriyes  1  hour  and  40  minutes  late.  If  the 
accident  had  happened  40  miles  nearer  A,  the  train  would  have  been  2 
hours  late.     Find  the  usuai  rate  of  the  train. 

Let  5x  =  the  usual  rate  of  the  train  in  miles  per  hour, 

and  y  =  the'number  of  miles  between  A  and  B. 

Then,  10  x  =  the  number  of  miles  the  train  has  gone  when  the 

accident  occurs, 
y  —  lOx  =r  the  number  of  miles  remaining. 

y*"         =  the  time  it  takes  the  train  to  go  the  remaining 
*  distance. 

y  — lOx  __  ^j^g  ^.^g  .^  usually  takes  the  train. 
5a: 

.*.  *^ — l^IL:z — £  =11  hours,  the  difference  in  running  time, 
4x  6x 

If  the  accident  had  happened  40  miles  nearer  A  we  should  have 
y~  10x4-40  _ y  — lOx  +  40  _  ^j 
4x  5x 

3y  =  110x 

3y-130x  =  -120 

Put  llOx  for  3y,  then  llOx  —  130x  =  —  120 

/.  x  =  6 
5x=30 
y  =  220 
Therefore  the  usual  rate  of  the  train  is  30  miles  an  hour. 


teachers'  edition.  267 

43.  A  and  B  can  do  a  piece  of  work  in  2 J  days,  A  and  C  in  3 J  days, 
B  and  C  in  8|  days.  In  what  time  can  all  three  together,  and  each  one 
separately,  do  the  work  ? 

Let  X  =  the  number  of  days  in  which  A  can  do  the  work, 

y  =  the  number  of  days  in  which  B  can  do  the  work, 

and  z  =  the  number  of  days  in  which  C  can  do  the  work. 

hr^V  1  '-''> 


h\=h-k  (3) 


2 

.  2  . 

2 

29 

+  -  + 

X 

y 

z 

80 

2 

,2 

4 

+  - 

X 

y 

6 

X      z     3i      10 
3|      16 

Add,  :  +  !  +  !=       i  w 

2  X  (1)  is 

X     y 

Subtract,  -  =  \ 

z  6 

.-.  2=12 

Substitute  the  value  of  z  in  (2)  and  (3). 

From  (4),  i  +  l  +  U?? 

X     y      «     60 

Therefore  A  can  do  the  work  in  4^  days,  B  in  6/^  days,  C  in  12 

days,  and  all  together  in  2^  days. 

44.  A  sum  of  money,  at  interest,  amounts  in  8  months  to  $1488, 
and  in  15  months  to  $  1530.  Find  the  principal  and  the  rate  of  interest. 

Let  X  =  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest  in  per  cent. 

Then,  x  +  |x^x=1488  (1) 

(2) 

4        iUU 

Subtract, 


•*i-.io" 

1630 

12^100 

42 

100 

72 
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SubBtitute  the  value  of  -^  in  (1). 
100       "^  ^ 


x  + 48  =1488 
.-.  x=1440 
y  =  5 
Therefore  the  principal  is  $  1440,  and  the  rate  of  interest  5  %. 


45.  A  number  is 

1  expressed  by  two  digits,  the  units'  digit  being  the 

larger.    If  the  number  is  divided  by  the  sum  of  its  digits,  the  quotient 

is  4.     If  the  digits 

are  reversed  and  the  resulting  number  is 

divided  by 

2  more  than  the  difference  of  the  digits,  the  quotient  is  14. 

Find  the 

number. 

Let 

X  =  the  tens'  digit, 

and 

y  =  the  units'  digit. 

Then, 

lOx  +  y  =  the  number. 

.    102:  +  .y     4 

0) 

ar  +  y 

10.y  +  ^_14 

(2) 

y-x  +  2 

From  (1), 

10a:  +  y  =  4x  +  4y 
6x  =  Sy 

2x  =  y 

(3) 

From  (2), 

10y  +  ar=14y-14x  +  28 

16a:-4y  =  28 

(4) 

Substitute  the  value  of  y  from  (3)  m  (4). 

16x-8x  =  28 

.-.  a:  =  4 

Therefore  the  number  is  48. 

46.  A  and  B  together  can  dig  a  well  in  10  days.  They  work  4  days, 
and  B  finishes  the  work  in  16  days.  How  long  would  it  take  each 
alone  to  dig  the  well? 

Let  X  =  the  number  of  days  in  which  A  can  dig  the  well, 

and  y  =  the  number  of  days  in  which  B  can  dig  the  well. 

Then,  _  +  _  =  the  part  both  can  dig  in  one  day. 

X     y 


=  1  (2) 


.-.  10 

\^    yj     y 
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2x(l)i8  20Q  +  -W2 

5x(2)i8  20fl  +  -W— =  6 

Subtract,  ?2  =  3 

y 

...  y  =  Y-  =  26| 

2:=  16 
Therefore  A  can  dig  the  well  alone  in  16  days,  and  B  in  26 J  days. 

47.  The  denominator  of  the  greater  of  two  fractions  is  20.  The 
fraction  formed  by  taking  for  a  numerator  the  saim  of  the  numerators 
of  the  two  fractions,  and  for  a  denominator  the  sum  of  the  denomina- 
tors, is  equal  to  J.  The  fraction  similarly  formed  with  the  difference 
of  the  numerators,  and  of  the  denominators,  is  equal  to  \.  The  sum 
of  the  numerators  is  twice  the  difference  of  the  denominators.  Find 
the  fractions. 


(1) 

(2) 
(3) 

(4) 


Let 

^  =  the  greater  fraction. 

nd 

^  =  the  less  fraction. 
z 

Then, 

x  +  y       2 

20  +  ^      9 

x-.v^l 

20-2      2 

:r  +  y  =  2(20-2;) 

From  (1), 

9j:  + 9^  =  40  + 22 

9jr+ 9^-22  =  40 

From  (2), 

2a:-2y  =20-2 

2ar-2y  +  2  =  20 

From  (3), 

a:  +  y+22  =  40 

Wis 

9ar+    9y-.2z  =  40 

(6)  is 

T+      y  +  22=40 

Add, 

lOar+lOy           =80 

a:  +  y  =  8 

(4)  is 

9r+9y-22;  =  40 

2  X  (5)  is 

4a:-4^  +  22  =  40 

Add, 

13ir+6y           =80 

(6) 
(6) 


(7) 


(8) 
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•  6  X  (7)  is 

(8)  is 

6x  +  5y. 

=  40 
=  80 

Subtract, 

8a: 

=  40 

.-.  ar=5 

«=16 
Therefore  the  fractions  are  ^-^  and  y\. 

48.  A  cistern  can  be  filled  in  5  hours  by  two  pipes,  A  and  B,  together. 
Both  are  left  open  for  3  hours  and  45  minutes,  and  then  A  is  shut,  and 
B  takes  3  hours  and  45  minutes  longer  to  fill  the  cistern.  How  long 
would  it  take  each  pipe  alone  to  fill  the  cistern? 

Let  X  =  the  number  of  hours  it  takes  A  to  fill  the  cistern, 

and  y  =  the  number  of  hours  it  takes  B  to  fill  the  cistern. 

Then,  5^4-1^=.!  (1) 

3x(l)i8  1^(^+-)  =3 

4x(2)i8  15fl+l\  +  15  =  4 

Subtract,  —  =  i 

y 

.'.  y  =  15 

Therefore  A  can  fill  the  cistern  in  7}  hours,  and  B  in  15  hours. 

49.  A  man  put  at  interest  $20,000  in  three  sums,  the  first  at  5  per 
cent,  the  second  at  4^  per  cent,  and  the  third  at  4  per  cent,  receiving 
an  income  of  $905  a  year.  The  sum  at  4^  per  cent  is  one-third  as 
much  as  the  other  two  sums  together.    Find  the  three  sums. 

Let  X  =  the  number  of  dollars  in  the  first  sum, 

y  =  the  number  of  dollars  in  the  second  sum, 
and  z  =  the  number  of  dollars  in  the  third  sum. 

Then,  x-^y-^z  =  20000  (1) 

T?(r^-+if!^y  + 1*77^  =  905  (2) 

^  =  K^  +  ^)  (3) 

From  (3),  Sy  =  x-^z  (4) 
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Substitute  the  value  of  ar  +  «  in  (1). 


4y  =  20000 

/.  y  =  5000 

From  (2), 

10  a:  +    9y  +  8«=  181000 

8x(4)is 

8ar-24y  +  82  =  0 

Subtract, 

2ar+33y           =181000 

.-.  ar  =  8000 

«  =  7000 

Therefore  the  three  sums  are  $8000,  |5000,  and  $7000. 

50.  An  income  of  $335  a  year  is  obtained  from  two  investments, 
one  in  4^  per  cent  stock  and  the  other  in  5  per  cent  stock.  If  the  4^ 
per  cent  stock  sliould  be  sold  at  110,  and  the  5  per  cent  at  125,  the  sum 
realized  from  both  stocks  together  would  be  $8300.  liow  much  of 
each  stock  is  there  ? 

Let  X  =  the  number  of  dollars  in  the  par  value  of  the 

one  investment, 
and  y  =  the  number  of  dollars  in  the  par  value  of  the 

other  investment. 

Then,  ih^+Thy  =  ^'^^  0) 

liU  +  mi^  =  8300  (2) 

From  (1),  9 a:  +  lOy  =  67000  (3) 

From  (2),  110 ar  +  125y  =  830000 

22  x  +  25y  =  166000  (4) 

6  Xt3)  is  45a:  +  60 y  =  335000 

2  X  (4)  is  44  a:  +  50  .y  =  332000 

Subtract,  x  =     3000 

.-.  y  =  4000 
Therefore  the  par  value  of  the  first  stock  is  $3000,  and  of  the  second 
stock  $4000. 

51.  A  boy  bought  some  apples  at  3  for  5  cents,  and  some  at  4  for  5 
cents,  paying  for  the  whole  $1.  He  sold  them  at  2  cents  apiece,  and 
cleared  40  cents.    How  many  of  each  kind  did  he  buy  ? 

Let  X  =  the  number  of  apples  of  the  first  kind, 

and  y  =  the  number  of  apples  of  the  second  kind. 

Then,        fa:  +  |y  =  the  number  of  cents  all  the  apples  cost. 

.-.  far+Jy  =  100  (1) 

2(a:  +  y)  =  140  (2) 


262  SCHOOL   ALGEBRA. 

From  (1),  4x+3y  =  240 

From  (2),  4x  +  4y  =  280 

Subtract,  y=  40 

.-.  x  =  30 
Therefore  he  bo'ight  30  apples  of  the  first  kind,  and  40  of  the  second 
kind. 

52.  Find  the  area  of  a  rectangular  floor,  such  that  if  3  feet  were 
taken  from  the  length  and  3  feet  added  to  the  breadth,  its  area  would 
be  increased  by  6  square  feet,  but  if  5  feet  were  taken  from  the  breadth 
and  3  feet  added  to  the  length,  its  area  would  be  diminished  by  90 
square  feet. 

Let  X  —  the  number  of  feet  in  the  length  of  the  floor, 

and  y  —  the  number  of  feet  in  the  breadth  of  the  floor. 

Then,  xy  =  the  number  of  square  feet  in  the  area  of  the  floor, 

(r  —  3)  (y  +  3)  =  the  number  of  square  feet  in  the  increased  area 

of  the  floor, 
(a:  +  3)  (y  —  5)  =  the  number  of  square  feet  in   the  diminished 
area  of  the  floor. 
.-.  (ar-3)(y  +  3)=rxi,  +  6  (I) 

(2) 

(3) 


W 
i 


and 

From  (1), 
or 

From  (2), 

or 

5  X  (3)  is 

(:r  +  3)(y-5)=a:y-90 
3ar-3y-9  =  6 
X  — y  =  5 
-6ar  +  3jf  =  -76 

6x-3y  =  76 
bx-5y  =  26 

Therefore  the 

2y  =  60 

.-.  y  =  25 
2:  =  30 
xy  =  750 
area  of  the  floor  is  750  square  feet. 

53.  A  courier  was  sent  from  A  to  6,  a  distance  of  147  miles.  After 
7  hours,  a  second  courier  was  sent  from  A,  who  overtook  the  flrst  just 
as  he  was  entering  B.  The  time  required  by  the  flrst  to  travel  17  miles 
added  to  the  time  required  by  the  second  to  travel  76  miles  is  9  hours 
and  40  minutes.     How  many  miles  did  each  travel  per  hour? 
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Let  2r=  the  numbec  of  miles  the  first  courier  travels  per 

hour, 

and  y  =  the  number  of  miles  the  second  courier  travels 

per  hour. 

147 
Then,  —  =  the  number  of  hours  it  takes  the  first  courier  to 

travel  from  A  to  6. 

147 

—  =  the  number  of  hours  it  takes  the  second  courier 

^  to  travel  from  A  to  B. 

But  it  takes  the  first  courier  7  hours  longer  than  the  second. 

147      147 


.-.—  =  — +  7                                          (1) 
X          y                                                        ^  '' 

Also, 

?-?=«t                             (^) 

From  (1), 

M- 

21  X  (2)  is 
17  X  (3)  is 

«^^^^««  =  203 

X          y 

357     357   _   yj 

Subtract, 

y 

x=7 

Therefore  the  first 

courier  travels  7  miles  per  hour,  and  the  second 

courier  lOJ  miles 

per 

hour. 

64.  A  box  contains  a  mixture  of  6  quarts  of  oats  and  9  of  corn, 
and  another  box  contains  a  mixture  of  6  quarts  of  oats  and  2  of  corn. 
How  many  quarts  must  be  taken  from  each  box  in  order  to  have  a 
mixture  of  7  quarts,  half  oats  and  half  corn  ? 
Let  X  =  the  number  of  quarts  to  be  taken  from  the  first 

box, 
and  y  =  the  number  of  quarts  to  be  taken  from  the  sec- 

ond box. 
Then,  ^^3:  =  the  number  of  quarts  of  oats  to  be  taken  from 

the  first  box. 
■^^x=  the  number  of  quarts  of  corn  to  be  taken  from 
the  first  box. 
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1^  =  the  number  of  quarts  of  oats  to  be  taken  from 

the  second  box. 
}y  =  the  number  of  quarts  of  corn  to  be  taken  from 

the  second  box. 

.-.  A^+|y  =  i  (1) 

A^+ty  =  ^  (2) 

Subtract,  ^'—1  =  0 

5     2 

Substitute  the  value  of  y  in  (1). 

/.  y  =  2 
x  =  6 
Therefore  6  quarts  must  be  taken  from  the  first  box,  and  2  quarts 
from  the  second  box. 

55.  A  train  travelling  30  miles  an  hour  takes  21  minutes  longer  to 
go  from  A  to  6  than  a  train  which  travels  36  miles  an  hour.  Find  the 
distance  from  A  to  B. 

Let  X  =  the  number  of  miles  between  A  and  6, 

and  y  =  the  number  of  hours  it  takes  the  first  train  to  go 

from  A  to  B. 
Then,  SOy  =  x  (1) 

36(y-fJ)  =  a:  (2) 

Subtract,  6y-^  =  0 

'  a:  =  30y  =  63 

Therefore  the  distance  is  63  miles. 

56.  A  man  buys  670  oranges,  some  at  16  for  25  cents,  and  the  rest  at 
18  fur  25  cents.  He  sells  them  all  at  the  rate  of  15  for  25  cents,  and 
gains  75  cents.    How  many  of  each  kind  does  he  buy  ? 

Let  X  =  the  number  he  bought  at  16  for  25  cents, 

and  y  =  the  number  he  bought  at  18  for  25  cents. 

25  a: 

Then,  =  the  number  of  cents  the  first  lot  cost. 

16 

-j^  =  the  number  of  cents  the  second  lot  cost. 

.\  x-{.y  =  570  (1) 
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From  (2).  ^  +  JL  =  38-3  =  36 

9ar+8y  =  6040 
8x(l)i8  8x  +  8y  =  4560 

Subtract,  x  =    480 

.-.  y  =  90 
Therefore  he  bought  480  oranges  of  the  first  kind  and  00  of  the  sec-  , 
end  kind. 

57.  A  and  B  run  a  mile  face.  In  the  first  heat  B  receives  12  sec- 
onds' start,  and  is  beaten  by  44  yards.  In  the  second  heat  B  receives 
165  yards'  start,  and  arrives  at  the  winning  post  10  seconds  before  A. 
Find  the  time  in  which  each  can  run  a  mile. 

Let  X  =  the  number  of  seconds  in  which  A  can  run  one 

mile, 
and  y  =  the  number  of  seconds  in  which  B  can  run  one 

mile. 
j^H^y  =  the  number  of  seconds  in  which  B  can  run  44 

yards. 
■j2^^  =  the  number  of  seconds  in  wliich  B  can  run  166 
yards. 
In  the  first  heat  it  takes  B  IS  +  xyfiry  seconds  longer  to  run  the 
mile  than  it  does  A. 

.-.  y  =  a:+12  4-TMTyy  0) 

In  the  second  heat  it  takes  B  ^,fg%  y  —  10  seconds  longer  to  run  the 
mile  than  it  does  A. 

...  y  =  x+^Ay-10  (2) 

Subtract  (2)  from  (1), 

0  =  22-^AVy 

22X1760^3^^ 
^  121 

jr  =  300 
Therefore  A  can  run  a  mile  in  5  minutes,  and  B  in  5  minutes  and  20 
seconds. 

Exercise  66.    Page  194. 

1.  A  number  is  expressed  by  two  digits.  If  the  number  is  divided 
by  the  last  digit,  the  quotient  is  15.    Find  the  number. 
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Let  X  =  the  tens'  digit, 

and  y  :^  the  units'  digit. 

lOx  +  y  =  the  number. 

y 

10x  +  y=15y 
10x  =  Uy 

Hence  y  must  be  divisible  by  5,  that  is,  it  must  be  5 ;  and  accordingly 
x=iy  =  1. 
Therefore  the  number  is  75. 

2.  A  number  is  expressed  by  thrae  digits.  The  sum  of  the  digits  is 
20.  If  16  is  subtracted  from  the  number,  and  the  remainder  divided 
by  2,  the  digits  will  be  reversed.    Find  the  number. 

Let  X  =  the  hundreds'  digit, 

y  =  the  tens'  digit, 
and  z  =  the  units'  digit. 

Then,  x  +  y  +  r  =  20  (1) 

122£±iO^^L£^lM=100.+  10y  +  x  (2) 

From  (2),  100ar+  lOy  +  «  — 16  =  200^  +  20y  +  2 a: 

98a:-10y-l©92=    16 
10x(l)is     10x+10y+    10z  =  200 

Add,  108  X  -189^  =  216 

Divide  by  27,  4x  —  7 «  =  8 

4x=7«  +  8 
x=iz^2 
Hence  z  must  be  divisible  by  4 ;  that  is,  z  must  be  either  0,  4,  or  8. 
These  give  for  x  the  values  2,  9,  16,  and  for  y  the  values  18,  7,  —  4. 
Of  these  three  sets  of  values  only  the  second  is  admissible. 
Therefore  the  number  is  974. 

3.  A  man  spends  $114  in  buying  calves  at  $5  apiece,  and  pigs  at  $3 
apiece.     How  many  did  he  buy  of  each  1 

Let  X  =:  the  number  of  calves, 

and  y  =  the  number  of  pigs. 
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Then,  6ar  +  3y=114 

Sy=lU^6x 

^  3 

Hence  x  must  be  divisible  by  3.    Moreover,  x  must  be  less  than  23, 
fur  otherwise  the  calves  would  cost  more  than  $114. 
The  possible  values  of  x  are  therefore  0,    3,    6,    9,  12,  15,  18,  21. 
The  corresponding  values  of  y  are      38,  33,  28,  23,  18,  13,    8,    3. 
The  problem  admits  of  7  solutions,  as  0  for  x  is  inadmissible. 

4.  Id  how  many  ways  can  a  man  pay  a  debt  of  $  87  with  five-dollar 
bills  and  two-dollar  bills  ? 

Let  x=  the  number  of  $  5  bills, 

and  y  =  the  number  of  $2  bills. 

Then,  6ar  +  2y  =  87 

2y  =  87-5ar 

y  =  43-2a:  +  l^=^ 
^  2 

Hence  l^x  must  be  divisible  by  2 ;  that  is,  x  must  be  an  odd  num- 
ber.   Also,  X  cannot  exceed  ^7. 
Hence  a:  may  have  the  following  values,  1,    3,    6,    7,    9,11,13,15,17. 
The  corresponding  values  of  y  are        41, 36, 31, 26,  21,  16,  11,    6,    1. 
Therefore  there  are  9  ways  of  paying  the  debt. 


5.  Find  the  smallest  number  which  when  divided  by  6  or  by  7  gives 
4  for  a  remainder. 

Let 

n  =  the  number. 

Then, 

--fi-                              0) 

^  =  y                                  (2) 

From  (1), 

n-i  =  6x 

From  (2), 

n-4  =  7y 

5 
Hence  y  is  divisible  by  5,  and  its  lowest  value  is  5.    Then,  since 

!^=6,  n  =  39. 

7 

Therefore  the  least  value  of  n  is  39. 
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6.  A  farmer  sells  15  calves,  14  lambs,  and  13  pigs  for  $200.  Some 
days  after,  at  the  same  price,  he  sells  7  calves,  11  lambs,  and  16  pigs, 
for  which  he  receives  $  141.     What  was  the  price  of  each  ? 

I^t  X  =  the  number  of  dollars  in  the  price  of  one  calf, 

y  =  the  number  of  dollars  in  the  price  of  one  lamb, 
*nd  z  =  the  number  of  dollars  in  the  price  of  one  pig. 

Then,  16j:+ 14y  + 13^  =  200  (!) 

7x+lly+16z=141  (2) 

7x(l)is       105x+   98y+    91^=1400 

15  X  (2)  is     105  j:  +  165y  +  240^  =  2115 

Subtract,  67y  +  14»«=    715 

67y  =  715-149z 

y=10-2^+^^~^^^ 
^  67 

Hence  46  —  15ar  must  be  divisible  by  67.     Moreover  z  cannot  exceed 
4,  for  otherwise  y  would  be  negative.     But  45  —  15  ^  is  only  divisible, 
under  these  conditions,  by  67,  when  «  =  3.     This  gives  us  y  =  4,  i  =  7. 
Therefore  the  calves  cost  f  7  apiece,  the  lambs  $4  apiece,  and  the 
pigs  $3  apiece. 

Exercise  67.    Page  196. 

1.  A  train  travelling  h  miles  per  hour  is  m  hours  in  advance  of  a 
second  train  which  travels  a  miles  per  hour.  In  how  many  hours  will 
the  second  train  overtake  the  first  ? 

If  the  second  train  is  to  overtake  the  first,  it  must  move  faster  than 
the  first,  that  is,  a  must  be  greater  than  6.  If  this  be  the  case  the 
second  train  gains  a  —  h  miles  on  the  first  in  every  hour,  and  as  the 
first  train  has  a  start  of  hm  miles,  it  will  take  the  second  train      ^^ 


hours  to  overtake  the  first.     In  this  case  we  had  a  >  6.     If  a  =  ft,  the 
two  trains  are  moving  at  the  same  rate,  and  accordingly  the  second 

can  never  overtake  the  first.     The  expression  — —  assumes  in  this  case 

a  — 0 

the  form  — ,  which  indicates  the  impossibility  of  the  problem. 

If  a  <  6, is  negative.    The  second  train  is  in  this  case  contin- 

a  —  b 
ually  falling  behind  the  first.     The  trains  were  together  before   we 
begin  to  consider  their  motion,  but  are  now  continually  separating. 
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The  negative  solution  gires  the  time  at  which  the  trains  were  together, 
bat  this  time  is  counted  backward  from  the  initial  instant. 

2.  A  man  setting  out  on  a  journey  drove  at  the  rate  of  a  miles  an 
hour  to  the  nearest  railway  station,  distant  b  miles  from  his  house. 
On  arriving  at  the  station  he  found  that  the  train  for  his  place  of 
destination  left  c  hours  before.  At  what  rate  should  he  have  driven 
m  order  to  reach  the  station  just  in  time  for  tlie  train  ? 

Since  he  drives  a  miles  an  hour,  it  takes  him  -  hours  to  reach  the 

a 
station.    Since  the  train  had  been  gone  c  hours  when  he  readied  the 

station,  it  left  _  -*  c  hours  after  he  started  from  home.    And  since  ho 
a 

had  —  c  hours  to  drive  b  miles  he  should  liave  driven  ■; or  - 


b  h-^ac 

-  —  c 

miles  per  hour.  " 

If  c  be  0,  the  expression  — —  reduces  to  —  or  a.    In  this  case  he 
b  —  ac  b 

arrives  just  in  time,  so  that  the  rate  of  a  miles  per  hour  is  sufficient. 

If  c=  -,  that  is,  if c  =  0,  the  train  left  the  station  at  the  same 

a  a 

time  that  he  left  his  house.    No  rate  of  driving  would  have  brought 

him  to  the  station  in  time  in  this  case.    The  expression  — —  becomes 

6  —  ac 

here  — ,  the  symbol  of  impossibility. 

If  c  = ,   — —  becomes  —  =  -,    Also  the  time  he  had  to  reach 

a    6  —  ac  26      2 

the  train, c,  becomes  — .     He  need  therefore  drive  enly  half  as 

a  a 

fast.  The  negative  value  of  c  indicates  that  the  train  woidd  not  arrive 
for  c  hours  after  he  reached  the  statioin.  The  problem  is  therefore 
erroneously  stated  in  this  case. 

3.  A  wine  merchant  has  two  kinds  of  wine  which  he  sells,  one  at  a 
dollars,  and  the  other  at  b  dollars  per  gallon.  He  wishes  to  make  a 
mixture  of  /  gallons,  which  shall  cost  him  on  the  average  m  dollars  a 
gallon.     How  many  gallons  must  he  take  of  each  ? 

Let  X  =  the  number  of  gallons  of  the  first  kind, 

and  y  =  the  number  of  gallons  of  the  second  kind. 
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Then,  x  +  y  =  l  (1) 

aj:  +  6y  =  m(.r+y)  (2) 

From  (2),  ax-^bif  =  ml 

a  X  (1)  i»  OX+  ay  —  al 

Subtract,  (&  —  o)^  =  (w  —  a)/ 

...  (>w-"Q)/^(g-ro)J 

6  — o  a  — 6 

Therefore  he  must  take    ^"^ ""  ^     gallons  of  the  first  kind,  and 
a— 6 

^"  ""  "*^^  gallons  of  the  second  kind. 

We  will  suppose  that,  if  the  two  prices  are  different,  a  is  greater  than 
6.  Then  it  is  clear  that  the  price  of  any  mixture  must  be  less  than  a, 
but  greater  than  6,  dollars  per  gallon ;  that  is,  a^^  m  but  m  >  6. 

(1)  If  a  =  6,  the  price  of  any  mixture  will  evidently  be  the  same  as 
that  of  either  kind.  The  formulas  become  in  this  case  a:  =  J,  y  =  J ; 
that  is,  X  and  y  are  entirely  indeterminate.  For  we  may  take  as  manj 
gallons  of  each  kind  as  we  please,  so  long  as  we  take  only  /  gallons  in 
all. 

(2)  If  m  =  a,  and  a  an^  h  are  different,  then  all  the  I  gallons  must 
be  taken  from  the  first  kind.  For  any  admixture  of  the  second  kind 
would  change  the  price.  The  formulas  in  this  case  become  x  =  /,  y  =  0. 
The  same  consideration  applies  when  m  =  h. 

(3)  a  cannot  be  greater  than  h  and  less  than  wi,  for  then  the  price  of 
the  mixture  would  be  higher  than  that  of  either  of  its  parts.  The 
formulas  show  that  in  this  case  y  is  negative ;  that  is,  such  a  problem 
is  erroneous  in  statement. 

(4)  a  and  6  cannot  both  be  greater  than  m,  for  then  the  price  of  the 
mixture  would  be  less  than  of  either  of  the  parts.  In  this  case  x  comes 
out  negative. 

Exercise  68.    Page  199. 
1.   Simplify  {x  ■{- \y  <.  x^  ■{■  Z  x  ^  b. 
We  have,  (a:  +  1)^  <  ar^  +  3x  —  6 

Hence,  jr2  +  2a:+l<a:2  +  3a:  —  6 

6<a; 
a:>6 
Therefore  x  is  greater  than  6. 
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4a:  — 2^  3  — 5a: 


t4,     t^MUjpXXXjr 

3      "       7 

We  have, 

4x-2^3-5a: 
3^7 

Hence, 
Therefore  x  is 

7(4.T-2)>3(3-5a:) 
28a:- 14  >  9- 15a: 
43x>23 

greater  than  ff. 

3.  Simplify 

x  +  26>7a:. 

We  hsye, 
Hence, 

x  +  26>7a: 
26>6a: 
6>3a: 
3a:<6 

-<i 

Therefore  x  is 

less  than  \' 
3 

4.  Simplify 

We  hare, 

3x-2<|+7J 

Hence, 

3x-|<2  +  7J 

^<0J 

Therefore  x  is 

x<3H 
less  than  ^\. 

5.  Find  the  limiting  values  of  a:,  given 
4x-6<2a:  +  4 
and  2a:  +  4>16  — 2ar. 

We  have,  4a:-6<2a:  +  4 

Hence,  2ar<10 

ar<5 
Again,  2a:  +  4>16  — 2af 

Hence,  4x>12 

a:>3 
Therefore  x  Ues  between  3  and  6. 
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6.  Find  the  limiting  values  of  x,  giyen 


and  ^-aj:+a6<^. 


7  ■     '   ^7* 


Wehare,  £^  +  6x-a6>^ 

5  5 

Hence,  aar  +  5  6x  —  5  aft  >  a^ 

(a  +  66)x>a2+5a6 

Dirlding  by  a  +  5 6,  x^a 

Again,  ^-ax  +  o6<^ 

Hence,  ftar  —  7  ax  +  7  afc  <  6^ 

(6-7a)x<6»-7a6 
Diriding  by  6  —  7  a,  x  <b 

Therefore  if  &  >  a,  x  lies  between  a  and  h.    But  if  a  >  ft,  there  is  no 
value  of  X  which  can  satisfy  the  two  inequalities. 

7.  Find  the  integral  value  of  x,  given 

We  have,  Ka:  +  2)  + ia:<  }(ar-4)  + 3 

Hence,  3(j:  +  2)  +  4x  <  6(x  -  4)  +  36 

Therefore  x  <  6 

Again,  Kx  +  2)  +  Jx  >  }(^  +  1)  +  J 

3(x  +  2)  +  4x>6(x+l)  +  4 
Therefore  x  >  4 

Therefore  x  lies  between  4  and  6.    The  only  possible  integral  value 
of  X  is  therefore  6. 

8.  Twice  a  certain  integral  number  increased  by  7  is  not  greater 
than  19 ;  and  three  times  the  number  diminished  by  6  is  not  less  than 
13.    Find  the  number. 


(1) 

(2) 


Let 

X  =  the  number. 

Then, 

2x+7<19 

3x-5>13 

From  (1), 

2x<  12 

Therefore 

x<6 
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From  (2),  3x>18 

Therefore,  x>6 

Therefore  x  is  not  less  and  not  greater  than  6.  That  is,  x  is  equal 
to  6.  Note.  — Throughout  this  problem  the  signs  >  and  <  are  to  be 
read  "not  less  than  "  and  ** not  greater  than.*' 

If  the  letters  stand  for  unequal  and  positive  numbers,  show  that 
9.  aS  +  362>26(a  +  6). 

a2  +  362  is  >  or  <  2b(a  +  b) 
as  a2  +  362  is  >  or  <  2a6  +  262 

as  a2  — 2a6+62i8  >or  <0 

as  (a  —  6)2  is  >  or  <  0 

But,  (a  -  6)2  >  0 

Hence,  a2  +  3  62  >  2  6(a  +  6) 

10.  a8+6*>a*ft  +  a62. 

a8  +  68  is  >  or  <  a26  +  a62 
as  (a  +  6)(a2  - a6  +  62)  is  >  or  <  a6(a  +  6) 
as  a2  —  a6  +  62  is  >  or  <  ab 

as  a2  — 2a6  +  62is>  or  <0 

as  (a  -  6)2  is  >  or  <  0 

But,  (o  -  6)2  >  0 

Hence,  a^  +  6^  >  a26  +  a62 

11.  a2  +  62  +  c2>a6+ac  +  6c. 

Show  that  a2  +  62  +  c2  >  a6  +  ac  +  6c 

Now  a2  +  62>2a6 

62  +  c2>26c 

a2  +  c2>2ac 
Adding,         2a2  +  262+  2c2  >  2«6  +  2ac  +  26c 
Hence,  a2  +  62  +  c2  >  a6  +  ac  +  6c 

12.  a26  +  a2c  4-  a^  +  ft^  +  ac^  +  6c2  >  6a6c. 

Show  that  a26  +  o2c  +  a62  +  62c  +  ac2  +  6c2  >  6  a6c 
Now  a2  +  62>2a6 

Hence,  c(a2  4.62)  >2a6c 

o2c  +  62c>2a6c 
Similarly,  a62  +  ac2  >  2  a6c 

and  a26+6c2>2a6c 

Adding,  a26  +  a2c  +  a62  +  62c  +  ac2  +  6c2  >  6a6c 
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«.  2  +  *>2.  14.  i±i>l«L. 

b     a  2         a+b 

?+*U>or<2  £±6i,>or<14 

b      a  2  a+6 

B        2i±^i8>or<2  "            (a  +  6)2i8>or<4a6 

a&  as  a3+2a6  +  63i8  >  or  <4a6 

«        a«+62is  >  or  <2a6.  as              a2  + fi^is  >  or  <  2o6. 

But,     oa  +  6a>2a6  But,           o2  +  62>2a6 

Hence.  ?+^>2  Hence.     l±^is>^ 

6      a  2  a  +  6 

Exercise  69.    Page  203. 
Raise  to  the  required  power : 

1.  (a*y  =  a^.  3     /2£^\*^2^£^^16x*^ 

2.  (a«68)6  =  aW6W  ^ 

4.  (-  6  ab^^y  =  (-  6)*a*6«cW  =  626  a*68ci2. 

5.  (-7a:2y2«)«=(-7)«:E«^8«»  =  -343:E«yV. 

g     /     3ag&8cn6^     3<^aiQ6^c«>^     243  a^6«c» 
'    V       2xy  ;  26ari0y26  32a:i0y26   * 

7.  {-  2  jrY)«  =  (-  2)«ari2ya4  =  64  x^^y^. 

8.  (-  3  a^b^t^y  =  (-  3)6a W6i6a:*)  =  «.  243  aW6«a». 

10.  (x  +  2)*  =  :t6  +  5x2a^  +  10x22:r«+10x2«:c2  +  6x2*x+2* 

=  a^+  10a:*  +  40  x«  +  80^2  +  80x  +  32. 

11.  (x3  -  2)*  =  (xa)*  -  4  X  2(xa)8  +  6  X  22(:c2)2  -  4  X  28(:c2)  +  2* 

=  xs  -  8:e«  +  24a^  -  32a^  +  16. 

12.  (x  +  3)6  =  a:6+5x3x*+10x32x8+10x3«:ca+6x3*:c  +  3* 

=  a:6  +  16a:*  +  90x«  +  270:ca  +  406  a:  +  243. 

13.  (2  a: +1)6 

=  (2x)«  +  6(2a:)6  +  16(2  a:)*  +  20(2  z)«  +  15(2  a:)^  +  6(2  x)  +  1 
=  64a:«  +  192  a*  +  240  a:*  +  160  *•  +  60  x^  +  12x  +  1. 
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14.  (2  m2  - 1)8  =  (2  m2)8  -  3(2  m^y  +  3(2  wi^)  -  1 
=  8m6-12iw*  +  6m2-l. 

16.  (2x  + 35^)6 

=  (2  x)6  +  5(2  a:)*(33^)  +  10(2  a:)8(3  3^)2  +  10(2  a:)2(3y)« 

.    +5(2x)(3y)*  +  (3y)fi 
=  32  2*  +  240  x*3^  +  720  sfif  +  1080  x^y^  +  810  .ry*  +  243  y\ 

m  (2x-y)6 

=  (2  x)6  -  6(2  a,)6y  +  15(2  ar) V  ~  20(2  x)Y  +  15(2  a:) V 

=  64:e«-  192a^y  +  240x*ya-  lOOarSyS  +'60xY  -  122-y6  +  f, 

17.  (ry-2y 

=  (xyy  -  7  X  2(xy)6  +  21  X  2^(xyy  -  35  X  2«(xy)* 

+  35  X  2*(xy)8  -  21  X  26(a:.y)2  +  7  X  2«(ary)  -  2^ 
=  ry  -  14a*y»  +  84a^y6  -  280a^y*  +  560  0:8^8  _  672  x'Y 

+  448xy-128. 

18.  (l-z  +  x2)2=[(l-x)  +  x3p 

=  (l-a:)2  4.2a:2(l-ar)  +  a^ 
=  1  -  2ar  +  ar2  +  2a^2  -  2^8  +  X* 
=  l-2ar+3a:2-2a^  +  x*. 

19.  (l-2x  +  3x2)2  =  [(l-2a:)  +  3a:2]2 

=  (l-2z)2  +  6z2(l-2a:)  +  9ar* 
=  1  -  4x  +  4  j:2  +  6^2  -  12a:8  +  9a4 

=  1  -  4ar  +  10x2  -  12^8  +  Oar*. 

20.  (1  -  a  +  a2)8  =r  [(1  -  a)  +  a2]8 

=  (1  _  a)8  +  3a2(l  -  ay  +  3a*(l  -a)-\-a^ 

=  1  _  3a  +  3a2  -  a8  +  3a2  -6a8  +  3a*  +  3a*  -  3a6  +  a« 

=  1  -  3a  +  6a2  ~  7  a8  +  6a*  -  3a5  +  a6. 

21.  (3-4x  +  5x2)2=[(3-4ar)4-5ar2]2 

=  (3-4x)2  +  10x2(3-4a:)  +  25  a:* 

=  9  -  24a:  +  16ar2  +  30^2  -  40^3  4- 25a^ 

=  9  -  24a:  +  46a:2  -  4tOx^-{-  25a:*. 
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Simplify ; 


Exercise  70.    Page  205. 


1.    V4j:y  =  2j:ya. 
3.    y/l6^^=2xiyK 


4.  V^-32aW  =  -2a». 

6.  v'-27aHJ  =  -3x. 

6.  \/25^  =  5a2. 

7.  v^-.8a866  =  -2a6a. 

8.  v'6l^=2x2. 

9.  v^- 216  ai^=- 6a*. 
10.  \/729^  =  3a:8. 


13.  v^-343a6  =  -7aa, 

14.  \/8r^=3a6. 

15.  \/512oi26i6  =  8aW 

16.  V^x8»yl3j»  _  ajn^4ii»^ 

17.  V; 


'l6a^j^2      4a.2y' 


18.   -lO^  =  -2^ 
^      27^8  32 


19.   ^^^^=^ 

20.-;/ 


32* 

2a2 
3ar8* 


2ar 


11.    v/243yVo  =  3y2a. 


_16£^^ 

^81a86i2     3^258' 


12.    V-1728rf»=-12rf. 


21.     ^; 


216  a24      6a8' 


Exercise  71.    Page  207. 
Find  the  square  root  of 
1.   x*-8x8  +  18x-2-8x+l. 

X*  - 8x3+ 18x2- 8x+l  I  j,2_4a,_|.i 


2x2-4x 


-8.r«+18x2 
-8x«+16x2 


2x«-8x+l 


2x2-8x+l 
2x2-8x+l 


2.   9a*-6a8+13a2-4o  +  4. 

9a*-6a8  +  13a2-4o  +  4  |  3o2-.a4.2 


9o* 


6a2-a 


-6a«+13a2 
-6a^-{-      a2 


6a2-2a  +  2 


12a2-4a  +  4 
12a2-4a  +  4 
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3.  4ar*  - 12 a:8y  +  29 ar^  _  30 xy^  +  25 y*. 


4a:*-12x3y  +  29a:V-30a:j^«  +  25y*  |  2arg-3xy  +  6.v« 
4ar* 


4j2-3a:y 


-12z«y  +  29a:V 
-.12a^3(+    9a:V 


4x2-6a:y  +  5y2 


20xV-30xy8^25y* 
20a:V-80j:3^«  +  25y* 


4.  l  +  4a:+10ar2+ 12ar8+9j:*. 


1  +  4a:  +  10ar2  +  12^3  +  9a:*  |l+2x+3ar3 

1 


2  +  2a: 


4a: +10x2 
4a:  +    4x2 


2  +  4x  +  3x2 


6x2+l2ar8^9a4 
6x2+ 12x8  + 9a:* 


5.  16-96x+216x2-216x«+81x*. 

16 ->  96x  +  216x2 -.  216x8 +  81x*|4-12x  + 9x2 
16 
8-127-96x  +  216x2 
-96x+ 144x2 


8-24x+9x2 


72x2-216x8  + 81 X* 
72x2-216x8+ 81 X* 


6.  x*-.22x8  + 95x2+ 286x+ 169. 


x*-22x8+   95x2  +  1 
x* 


?x+169|x2-llx-13 


2x2-llx 


-22x8+    95^.2 
-22x8+121x2 


2x2-22x-13 


-  26x2 +  286X+ 169 

-  26x2+ 286x+ 169 


J 
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7.   4jr*-lla:2  +  25-12ir»  +  ^ 


4  jr«  -  12  jc«~  11  jrS  +  30r  +  26|2^--^£_-_5 
4a:* 


4ar«-3x 


-12x»-llar3 
-12ir»+    9x^ 


4j:2-6x-6 


-20r2  +  30ar  +  26 
-20xa  +  30jr  +  25 


8.  9a^  +  49-12aJ»-28a:  +  46xa. 


9a:*-12ir»  +  46x2-28x  +  49|3^--2£+J 
9x* 

6a:a  -  2^1 -12ir»  + 46x2 
4x2 


-  271-12  ir»  + 


6ar2_4a.^7 


42ar2«28x  +  49 
42j:2_28.r  +  49 


9.  49  a:*  +  126  x»+ 121 -73x2 -198  a:. 

49a:*+126x«-  73 .r2 -  198 x  +  121  [T^+^x-U 
49  X* 

126x8-  73x2 

126x8+  81x2 


14x2+9x 


14x2+18x-ll 


-  164x2- 198x+ 121 

-  164x2 -198x+ 121 


10.   16x*-30x-31x2  +  24x«  +  25. 

16x*-f  24x8- 31x2- 30x  + 2514x2  + 3x-6 
16x* 

24x8-31x2 

24x8+    9ar2 


8x2  +  3x 


8x2  +  6x-6 


-40x2-30x  +  25 
-40x2-30x  +  25 
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„    3^     2^:8,3x2      2a:,   , 
"•  -: T'T—;, i- 1. 


a:4      2ar8,3ar2      "Ix  ,Ax^      x  ,^ 


a* 


2ar2 


2ar«      3x2 

«      '        o 


2£^_2£    ,    ^ 


2^ 


a2        a 
a2        a 


12.  4:c*  +  4aJ»-Jar  +  T3j. 


4a:*  +  4:g8^^a:+TV|2j:a  +  j.-^ 
4x* 

4ar» 

4x»  +  a:a 


4ar3  +  a: 


4a:a+2a:-J 


-^-i^  +  A 


ai|.%..f. 


4«Vq  .  462|2a  ,  26 
4a2 

62 


4a      26 
6   "^  a 
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^2       2      16 


2       2     16 
a* 


a2-a  +  - 


a*  — a 

-2a«  + 

3a2 
2 

-2a«  +  a2 

2aa. 

-...1 

a3      a       1 
2       2'*'l6 
a2      a       1 
2       2      16 

16.  z«  +  _+_  +  -  +  j. 


^     2^     10^     *     lU     X     1 


23^-^-^ 


2g»      IQgg 
3  9 


2x» 


2^  +  T  +  2- 


9 


^■^14 


^+?+ 


3     4 


16.  l^  +  3£_^41_^3^_^ji. 


16      4x      4a:^ 

i^  +  3^  41  3^  ^|2£  3  X 
ya  y  16  4j  4ar3|  y  ^4  2g 
4x2 


3£     41 

y       16 


y       2      2ar 


2  +  ?!  +  ^ 
^4a:^4aa 

2  +  §^  +  ^ 
4  a:      4j:2 
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n.^-ax  +  ^  +  :fi-3x  +  t 

^*_„.  +  ^  +  ^_3.  +  ? 
4  2  4 


2        ^2 


a  — X 

.-2.+I 

18.  16a:*  +  l/- j^y  +  8x2  +  ^^2  +  j^,  +  1. 

16x*  +  -yx2y  +  8x2  +  4^2  4.  |y  .n^^cQ^.  I  y  4.  1 
16  X* 


8x2+}y 


8^  +  *y  +  i 


8:r2  +  f3,  +  l 
8x2+fy  +  l 


19   g^_3x8     43x2      7a.     49 
'4         2    ■*■     4  2  ■*■  4* 


9x*      3x8     43x2      7x      49|3x2_x      7 
4         2  4  2        4  I  2        2      2 

9x* 
4 


3x2-£ 
2 

43x2 
4 

X3 

4 

3x2 

— 1 

21x2 

2 
21x2 

2 

7x  49 
"  2  ■*■  4 

7x  49 
'24 
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20.  4aa+^-?-ll  +  4a. 

4aa  +  4a-ll-?  +  i 
4a«  ^     "' 


2a+l~* 


4a+l 

4a 
4a 

-11 

+    1 

ta  +  2. 

^3 

a 

-12-?  +  ^ 
a     a* 

-12-«+«, 
a     a^ 

Find  to  three  terms  the  square  root  of 
21.  a2  +  6. 


aa  +  6 

/i2 


2a      8a8 


2a  +  ~ 
2a 


6  +  -^ 
4a2 


2a  +  ^-5L 
a      8a8 


6^ 
'4a2 

6^   _  6»         M 
'4aa      8a*      64a« 


22.   ar3+jy. 


ar3 


&8  6* 

8  a*      64  a6 


4a:      32a:8 


2i+X 
4z 

h 

r 

*^  +  I& 

2j:  +  X 2^ 

2x     32 

2 

16  a^ 

Iflx"     64a:*  "  1024r« 

-1? 3^ 


64  X*      1024  a:6 


TEACHEBS'    EDITION. 


283 


23.  l+2a. 


1  +  2 

1 

a 

■-<-!' 

. 

2  +  a 

2 
2 

a 

2  +  2a- 

a 

1 

-a2 

-..i 

"■-? 

24.  1  + a. 

1  +  a 
1 

1  +  "-^' 
2      8 

'^l 

a 
a 

n* 

2  +  a-^ 

[2 

a2 
4 

a2 
4 

a8      a* 
8       64 

aS      a* 
8      64 

26.  l_2a. 

1-2 

a 

.-«-f 

1 

2-a 

-2 

a 

-2 

a  +  o2 

2-2a-- 


-a2 


.a2  +  a8  +  » 


I 

J 
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26.  4a2  +  26. 


4a3  +  2& 
4aa 


2a      16a8 


4-+f 

26 

2a 

2*  +  /. 

4a2 

A      .   h        fy^ 

62 

4a+ 

a      16a8 

4a2 

62             68                ft4 

4a2      16  a*      266  a^ 

68 
16  a*" 


6* 
'266a« 


27.  4x3  +  3. 


4t2  +  3 
4:r2 


>     ,    8  9 


4ar  + 


4x 

3 

3+     » 

3          9 

9 

2  a:      64x« 

16x2 

9        *   27             81 
16  .t2      1281:*      4096x6 

27 


81 


28.  4 -3a. 


4-3a 
4 


128  X*     4096x6 


[o      3a      9q2 
4        64 


^_3a 

-3a 
-3a 

9a2 
^  16 

4-§£. 
2  " 

9a2 
64 

9a2 

16 
9a2      27  a*      81a* 

16        128       4096 

_27Vr3_ 
"  128  " 


81  «* 
4096 
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4a2-.l. 


4a2-l 
4a2 


I  4a      64a8 


4a--L 
4a 

-1 

'"-h-i 

1 

4a» 

1 
16  a2 

111 
16a2      128a*      4096a6 

1 


128  a*      4096  a8 


Exercise  72. 

Page  211. 

Find  the  square  root  of 

1.  289. 

4. 

263009. 

2  89(17 

26  3009(603 

1 

25 

27)189 

1003)3009 

189 

3009 

5. 

629984. 

2.  1225. 

62  99  84(728 

12  26(36 
9 

49 
142)399 

65)326 
326 

284 
1448)11684 

11684 

6. 

160.0626. 

3.  12544. 

160.06  25(12.25 

12644(112 

1 

1 

22)50 

21)26 

44 

21 

242)606 

222)444 

484 

414 

2445)12226 
12226 

285^ 


J 
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7. 

118.1569. 

11. 

640.343025. 

118.1569(10.87 
1 
208)1815 
1664 

6  40.34  30  25(26.305 
4 
45)240 
225 

2167)15169 
16169 

503)1634 
1509 

50605)253026 
253025 

8. 

172.3969." 

172.3969(13.13 

12. 

100.240144. 

1 
23)72 
69 
261)339 
261 
2623)7869 
7869 

100.24  0144(10.012 

2001)002401 
2001 
20022)40044 
40044 

13. 

316.021729. 

9. 

5200.140544. 

316.0217  29(17.777 
1 

62  00.1405  44(72.112 
49 
142)300 
284 
1441)1614 
1441 
14421)17305 
14421 
144222)288444 
288444 

27)216 
189 
347)2702 
2429 
3547)27317 
24829 
35547)248829 
248829 

14. 

464.585041. 

LO. 

1303.282201. 

' 

4  54.68  50  41(21.321 
4 

13  03.28  22  01(36.101 
9 
66)403 
396 

41)64 
41 
423)1368 
1269 

721)728 
721 

4262)8950 

8524 

72201)72201 
72201 

42641)42641 
4264^ 
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16.  6127.276026. 

6127.27  6026(71.605 
49 

141)227 
141_ 

1426)8627 
8656 


143206)716025 
716025 


Find  the  square  root  to 

16.  10. 

10(3.1622... 
9 

61)100 
61 


four  decimal  places  of 
19.  0.6. 


3756 
6322)14400 
12644 


63242)176600 


17.  3. 


3(1.7320.. 

1 


189 
343)1100 
1029 


3462)7100 
6924 


34640)17600 


18.  6. 


5(2.2360.. 
4 

42)100 
84 


443)1600 
1329 


4466)27100 
26796 


44720)30400 


0.60(0.7071. 
49 

1407)10000 
9849 


14141)16100 


20.  0.7. 


0.70(0.8366.. 
.64 
163)600 
489 


1666)11100 
9996 


16726)110400 

21.  0.9. 

0.90(0.9486.. 
81 
184)900 
736 


1888)16400 
16104 


18966)129600 

22.  0.607. 

0.60  70(0.7791. 
'  49 

147)1170 
1029 


1649)14100 
1.3941 


15681)16900 
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23.  0.621. 


0.62  10(0.7218.. 
49 

142)310 
284 


1441)2600 
1441 


14427)116900 


24.  0.087. 


0.68  70(0.8288.. 
64 
162)470 
324 


1648)14600 
13184 


25. 


16668)141600 


0.66  66  66  66(0.8164.. 
64 


161)266 
161 


1626)10666 
9766 


16324)81066 


6.  i. 


0.75(0.8660.. 
64 

166)1100 
996 


1726)10400 
10366 


17320)4400 


27.  f 


0.80(0.8944.. 
64 
169)1600 
1621 
1784)7900 
7136 


17884)76400 


0.86  7142  85(0.9268.. 
81 


182)471 
364 


1846)10742 
9226 


18468)161785 


29.  f. 


0.62  60(0.7906.. 
49 

149)1360 
1341 


16806)90000 


30.  A. 


0.81818181(0.9046.. 

81 
1804)8181 
7216 


18085)96681. 


Exercise  73.    Page  213. 
Find  the  cube  root  of 
1.   a8  +  3a2j:  +  3aa:2+aJ». 

aS  +  3a2a:  +  3aa^»  +  a*\a-^x 
3a2  aP 


•^Sax  +  x^ 


3a2  +  3aar  +  ar3 


Sa^x  +  Sax^-^x» 
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Exercise  74. 

Page  216. 

Find  the  cube  root  of 

1.  4913. 

4  913 [17 

1 

3  X  (10)2  =  300 

3913 

3(10  X  7)  =  210 

72=   49 

569 

3913 

2.  42875. 

42  876 [36 

27 

3  X  302  =  2700 

16876 

3(30x6)=   450 

62=     26 

3175 

16876 

3.   1404928. 

1404  9281 112 
1 

3X102=300 

404 

3(10x1)=    30 

^2=      1. 

331  \ 
31  J 

331 

73928 

3x1102=36300 

3(110  X  2)  =      660 

22=         4 

36964 

73928 

4.   127263627. 

127  263  6271 603 

126 

3x6002  =  760000 

2263627 

3(600  X  3)  =     4600 

32=           9 

764609 

2263527 
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5.  386828.362. 


386  828.362172.8 
343 


3  X  (70)2  =  14700 
3(70x2)=     420 
22=         4% 
16124 

42828 
30248 

424) 

12680362 

3x7202=1666200 

3(720  X  8)  =      17280 

82=         664 

1672644 

12680362 

6.  1838.266626. 

1838.266  6261 12.26 
1 
838 

3x102  =  300 

3(10X2)=   60 
22=     4^ 
364  . 

728 

64) 

110266 

3x1202  =  43200 

3(120x2)=      720 
22=          4^ 
43924  [ 

87848 

724) 

22417626 

3x12202  =  4466200 

3(1220  X  6)  =      18300 
62=           26 

4483626 

22417626 
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Find  to  four  decimal  places  the  cube  root  of 
7.  87. 


3x402=4800 
3(40x4)=   480 

4^=     16-| 
5296 
496  J 


3x4402=680800 
3(440x3)=     3960 

32= 9^ 

684769 


3x44302  =  68874700 
3(4430  X  1)  =        13290 

12  =  _ 

58887991 
13291 


!} 


8714.4310. 

64 

23000 


21184 


3(44310)2  =  5890128300 


1816000 


1764307 


61693000 


68887991 


2806009000 


8.  10. 


3x202  = 

3(20X1)  = 

12  = 


3x2102  = 

3(210x6)  = 

52  = 


3x21602  = 

3(2160x4)  = 

42  = 


1200 
60 


1261 
61 


1} 


:  132300 
:      3150 

: 26^ 

136475  I 

3176  J 

: 13867600 

26800 

= 1?) 

13893316  V 

25816  J 


3(21540)2=1391914800 


10 1 2.1544. 
_8 
2000 


1261 


739000 


677375 


61626000 


56573264 


6061736000 
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9.  3.02. 


3.02011.4464... 
1 

3x  102=800 

2020 

3(10x4)  =  120 
42=  I61 
436  I 

1744 

136  J 
3X1402=58800 

276000 

3(140x4)=  1680 
42=   16  ^ 
60406  > 

241984 

1696  J 

34016000 

3X14402  =  6220800 

3(1440  X  6)  =  21600 
62=     26^ 

6242425 

31212126 

21626) 

2803875000 

3(14450)2  =  626407500 

10.  2.06. 


2.06011.2703... 


64  I 
64J 


8x102  =  ^ 
8(10x2)=   60 
22  = 

364  I 
64J 

3x1202  =  43200 
8(120X7)=    2520 

72  = 49  ^ 

45769 
2569  J 


3(1270)2  =  483870000 


1060 


728 


322000 


320383 


1617000000 
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11.   0.06. 


12.  0.677. 


18.  f 


0.06010.3684... 
0.027 

3x30a=2700 

23000 

3(30X6)=   640 
6«=     36^ 
3276  . 

19666 

676. 

3344000 

3  x360«  =  388800 

8(360x8)=     8640 
8«=         64^ 

397604 

3180032 

8704. 

163968000 

8x37602  =  40627200 

0.67710.8780... 

0.612 

3x80»=19200 

166000 

3(80X7)=   1680 
72=       49-1 

20929  • 

146603 

1729. 

18497000 

3x8708  =  2270700 

3(870  X  8)  =     20880 
82=            64^ 

2291644  . 

18333162 

20944. 

163848000 

3x87802  =  231266200 

( 

).666  666  666  666 10.8736... 

( 

).612 

3X802=19200 

164666 

3(80x7)=    1680 
72=       49^ 
20929 

146603 

1729) 

8163666 

3x8702  =  2270700 

3(870x3)=       7830 
32=             9^ 

2278639  • 

6836617 

7839  J 

1328049666 

3  X  87302  =  228638700 
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14.}. 


3X9002  =  2430000 
3(900  X  8)  =     21600 

82  = 64i 

2451664  I 
21664) 


0.76010.9085- 
0.729 

21000000 


3x90802  =  247339200 


19613312 


1386688000 


16.  A. 


0.818  181  818  181 10.9352- 
0.729 


3x902  =  24300 
3(90  X  3)  =     810 

32  = 9^ 

26119  I 

819  ) 

3x9302  =  2694700 

3(930  X  6)  =     13950 

52  = 25^ 

2608675  \ 
13975) 


3x93602=262267500 


89181 


76357 


13824818 


1-3043375 


781443181 


16.  A. 


3x402  =  4800 
3(40x2)=   240 
22  = 

6044 
244 


^4) 


0.076  923  076  923  [0.4262- 
0.064 


3x4202=629200 
3(420  X  5)  =     6300 

*62  = 25  ^ 

535526  I 
6325  ) 


3X42502=54187500 


12923 


10088 


2835076 


2677626 


157451923 


J 
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Exercise  75.    Page  216. 
Find  the  fourth  root  of 
1.   81  ;r*  +  108*«  + 64x2 +12x4-1. 

81x*+108x«+54x2+12x+l|9x2  +  6x+l 
81 X* 

18x2  +  6x 

108x«+64x2 
108x«  +  36x2 

18x2  + 

12X+1  18x2+12x+l 
18x2+12x+l 

9x2  + 
9x2 

6x+l 

6X+1L 

6x+l 
6x+l 

3x+l 

2.   16x*-32ax«  +  24a2j:2_8a8a.^a4. 

16x*  -  32ax»  +  24a2x2-  8a»x  +  a*|4x2  ~4ax  +  a2 
16  X* 


8x2-4ax 


-32ax«  +  24a2x2 
-32ax»+  16a2x2 


8x2  — 8ax  +  a2 


8a2x2-8a»x+a* 
8a2x2-8a»x  +  a* 


4x2  — 4ax  +  o2|2x  — o 
4x2 


4x  — a 


—  4  ax  +  o2 
■^4ax  +  a2 


3.  1  +  4x  +  x8  +  4x7  +  10x« +18x8  + 10x2 +19x*+ 16x6. 

l+4x+10x2+16x«+19x*+16x6+10x«+4x7+«*  I  1+2x+3x2+2j»+x* 


2+2x 


4x+10x2 
4x+  4x2 


2+4x+3x2 


6x2+ 16x8+ 19x* 
6x2+12x«+  9x4 


2+4x+6x2+2x8 


4x8+10:<*+16x6+10x« 
4x8+  8x4+12x6+  4x« 


2+4x+6x2+4x8+x* 


2x*+4x6+6x«+4xHa:* 
2x*+4x6+6xe+4x7+x8 
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l  +  23?  +  3j«  +  2a;»  +  j:*|l4-g  +  3^ 

1 


l  +  x 

2a:  +  3x2 
2x+    x^ 

+  2a 

+  x2 

2x2  +  2ir«  +  x* 
2x2  +  2x«+j:* 

Find  the  sixth  root  of 

H-6rf  +  16(f-»  +  20rf8+16rf*  +  6rf6  +  dg|l  +  3rf+3rfa-f  rf» 


1 
2  +  37 


6rf+16d2 
6ef+    9rf2 


2  +  6fl?  +  3d2 


6rf2+20rf8+15rf* 


2  +  6rf  +  86P+d8 


2rf8+    6rf*  +  6d6+d« 


l  +  3rf  +  3rfa+rf8=(l  +  rf)8. 
Hence  the  required  6th  root  is  1  +  </. 


6.  729-1458 x  +  1216x8  -  540 x»  +  135 x*  -  ISx^  +  x«. 

729  - 1458  X  +  1215  x^  -  540  x^  +  135  x*-18x*+x6 1 27-27x-f-9x2-x8 
729 


64-27X 


-1458X+ 1216x3 
-1458x4-    729x2 


54-54x4- 9x2|486x2-540x»+ 135 X* 
486x2-486x84-    81x* 
54-54x4- 18x2-x8 


-  54x«4-    54x*-18x«4-a:* 

-  54x«4-    54x*-18x64-3:* 


8x32  =  27 


—  9x4-3:° 
27-9x4- :c2 


27-27x4-9x2-x8|3-x 
27 

-27x4-9x2-x8 


-27x4-9x2-x8 
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6.  1  -  18y  +  136y«-  640y«  +  1216  y*  - 1458  y»  +  729y«. 

l-18y+135y2-640y»+1216y*-1468y«+729y«  |  l~9y-f  27yg~27.y» 
1 
2-9y}.18y+136y2 
-18y+  81ya 


2-18y+27y» 


64y«-640y«+1216y* 
54ya-486y»+  729y* 


2-18y+64y2-27y8 


-  64y»+  486y*-1458yH729y« 

-  54y»+  486y*-1458y6+729y« 


3 


--9.y  +  9.y^ 


l-9y  +  27y2-27y»[l-3£ 
1 
-9y  +  27y2-27y» 


3-9y+9ya 


-9.y  +  27.y«-27y« 


Exercise  76.    Page  221. 
Express  with  fractional  exponents : 

1.  v^2  =  ai  3.    ^/a^  =  ki.  6.    \/a^  =  ai, 

2.  v^  =  a*  4.    v^^  =  -2.  6.    v^=ai 

7.  VS+v^+ v'l6P  =  a*  +  ar*  +  26* 

8.  Vd^  +  Vcfic  =  a*z*  +  aJc^  =  o^x  +  ac^. 


Express  with  root-signs ; 
9.  a*=  v^8. 

10.  c*=  v^. 

11.  ah^=y/ay/b. 

12.  oM=  v^. 

Express  with  positive  exponents  ? 


13. 


.i,-i=-;^. 


14.  3x*y-i  =  ?J2. 

15.  o*  — j:*c*=  Va—  Vc^. 

16.  a*  +  A*=  \/^+ v''^. 


17.   o-«  =  l. 


18. 


a-»  =  4 


19.   3x-2y«  = 


3y8^ 

X2 
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20.  ixy-^  = 

4x 

22. 

3a-*6*  = 

36i 
a* 

21.  4ar-8^-2 

4 

23. 

2a-ix2 
3-263y-6 

_  32x2x2/ 

Write  without  denominators : 

« 

24.3J^  = 

Sjfif:^, 

25. 

j:2z 

x^za^z^  =  x^^. 

26. 

abc 

aftca26-ic2rf-i  =  a8c8rf-i. 

27. 

a-26-^c-* 

a-ifc-^c-8a262c*  = 

zac. 

28. 

-V=.- 

■^y*a2fcl 

=  a262a:-^v*. 

a-^6"J 

29. 

a-4fc-6c-6a7^c«  = 

=  a8c-». 

Find  the  yalue  of 

30. 

8*=  (^8) 

6  =  26  = 

32. 

31.  i6-|  =  f-LV=i  =  i. 

^-{/lej      26     32 

32.  27'=(-J^)»  =  32  =  9. 

-<-"-'-(^)"-(AM- 

34.  36*=(V36)»  =  68  =  216. 

36.   (-  27)*  =  ( vC:27)6  =  (-  3)6  =  -  243. 

36.   (-27)*X26*=v''=r27x(v^)*^  =  -3x66«-9375. 

2,.  81-*Xl6f  =  (-l.)\(^6).=  (l)'x2«=A. 
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Simplify : 


38.  8*xH  =  (^)»X-iz  =  f  =  2. 

41.  a-Wx.W..-»*t»W.„-l,,i 

va 

42.  (a-»6»)-«  =  aH)^H>fc»x(-|)  ^  ^^-f  ^  a . 

43.  (a-Vi)-*  =  a(-i)"^- V-^>"^-*>  =  aft^. 
If  o  =  4,  6  =  2,  c  =  1,  find  the  value  of 

44.  ai6-i  =  4*2-i  =  ^  =  ?=l. 

2       2 

45.  a6-2  =  4x2-«=i  =  ^=l. 

2^      4 

46.  a"^62  =  4"*x22  =  -?^  =  ^  =  2. 

V4     2 

47    a'^c"^  —  4"^  X  1"^  = =  -• 

47.  a  -4      XI  ^^^^j)a     2 

48.  8(a6)4  =  3(4x2)4=3x8*  =  3x2  =  6. 

49.  2(a6)-i  =  2(4x2)"i  =  2x8"*  =  4  =  l=^- 
60.    (a62c)t  =  (4  X  22  X  1) ^  =  16*  =  2. 

51.   (ab^cyi  =  (4  X  22  X  1)"*  =  16"*  =  -i-  =  ^ 

16*     ^ 
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Exercise  77.    Page  223. 
Multiply : 

1.  J  +  b^  by  J^bK  3.  a*-6*  by  J-bK 


a  +  ah^ 
-aM-6 

a-    oM 
_    aM  +  6 

a             -6 
2.  a*  +  6*  by  J  +  bK 

a-2aM  +  6 
4.  x*  +  2x  by  X*  — 2x. 

x*  +  2x 
x*-2x 

+    0*6^  +  6 

x8+2x* 
-2x4-4x3 

a  +  2aM  +  6  x«  —4x2 

5.  x-^  +  a:-ij(-i  +  y-«  by  x"^  -  x-iy-i  +  y-«. 
x-«  +  x-i^-i  +  y-« 
x-g-x-iy-i  +  y-^ 
x-*  +  x-«y-i  +  x-^y-^ 

—  x-«y-i  —  x-2y-«  —  x-iy-« 

+  x-^y-«  +  x-V^  +  r* 


x-^  +  x-^y-^  +  y-^ 

6.  x'  —  x*y «  4-  y «  by  x»  +  y*.  7.  x'  +  x'y ^  ^  y t  \yy  ^.a  _  y a^ 

X*  —  x'y  *  +  V  X   +  x^y   4*  y 

x^  +  y«  x^  —  y*» 


X  —  x^y*  +  x^y »  X  +  x'y*  +  x*y* 

+  x»y»  -  x»y*  +  y  — x^-xy-y 

X  +y  X  -y 
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8.  1  +  6-1  +  6-8  by  l-6-i  +  6-«. 

1  +  6-1+6-2 
l-,6-i  +  6-^ 
1  +  6-1  +  6^ 
«6-i-6-«-6-« 

+  6-^+6-«+6-* 
1  +6-2  +6-^ 

9.  X*  +  x^t/^  +  y*  by  x*  -  x^y^  +  y^. 


ari  +  xV  +  y* 

x*-xV  +  y* 

x  +  xV  +  A* 

-xV-xV- 

.*y* 

+  A*  + 

x^yi  +  B 

r 

x               +  x*y* 

+  9 

10. 

aM 

^  +  2a*-36*by  26"*- 

a'6~*  +  2ai-36* 
26~*-4a"*-6a" 
2a*6-i  +  4o*6"*- 

4a"*-( 
6 

Ja"*6* 

-4a*6"*- 

8+12< 

ri6» 

6-12< 

r*6*+i8 

a-h 

2aVi                  - 

20 

+  18 

a'h 

Divide 

U. 

a-6 

by  a*-6i. 

12.  a 

+  6  by  o* 

+  6*. 

a- 

-6         |a*-6V 

a  +  6 

|ai  +  6* 

a- 

-aM    a*  +  a*6*  +  6* 

a  +  a'i* 

o* -0*6^  +  6* 

a'6^-6 

-aM  +  6 

«M-a*6» 

-a*6K 

-a¥ 

a*6*-6 

oM  +  b 

a*6*-6 

a*6*  +  6 
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13.  a-b  by  a^-fri 


a-6 


.i-fti 


a-^ah^ 

a*  4-  a^6^  4-  a 

*6*  4-  b^ 

a¥. 

-6 

ahi- 

' 

ahi. 

-6 

ahi- 

-6 

14.  a  +  6by  0^4-6* 

a4-6 

10^4-6* 

a  4-  a^6^ 

J^ah^  +  a 

hi^ahi 

1-6* 

-0^6*4-6 

-«¥- 

ah^  4-  b 
ah^  4-  ah^ 

-a¥. 

f6 

-^6*. 

a*6*4-6 
aM  4-  b 

15.  2a:-«  4-  6x-^y-^  -  16  a:^^-*  by  2 a-  4-  2 a-^^-i  4-  4 ar^^-a. 

2 x-^  +  6 x-i^-i  -  16 a:2y-4  \2 x -\- 2 x^y'^ -\- 4 x^tf-^ 
2  a:-2  4-  2  x-^j^-i  +  4  y"^        ar'S  -f  2  x-^y'^  —  4  a:-iy-2 

4ar-i^-i-4y-^-16a-2^-* 
4  a:-ly-i  +  4  .y-2  +  8  a:^-« 

—  8^-2  -  8ar^-8  _  I6ar2y-^ 
_  8  j^-2  —  8  a:3/-8  -  16  ar2y-4 
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16.  x  +  y  +  2  — Sx^yM  bj  x»  +  y'  +  2* 
X  +  y  +  «  —  3  x^yh^  \xi  +  y^  +  z^ 


X  +  x^(y*  +  zi)  x^  ^  x^  (yi  +  zi)  +  (y*- y*«*  +  «*) 

—  x'(yi  +  2ri)  +  y  4-  «  —  3  x^y^z^ 

—  x^(y^  +  «^)  —  x*y^  —  x»5r^  —  2  x^y^^' 


17.  x-3x*  +  3x*-l  by  x*-l. 

a:-3x*  +  3x*-l|x*^ 


X—    x»  x'  — 2x^  +  1 


-2x'  +  3xt 
-2x*+2x* 

xi- 

•          X*- 

-1 
-1 

18.  X  +  x*yi  +  y  by  X*  -  x^y*  +  yi 

a:  +  a:2y*  +  y         [x^  —  xy +  y^. 
a:  — x^yi  +  x^yi    x*  +  x^y^  +  y^ 

a?*y  *  +  y 
arlyT,a:iyi  +  a:Jyf 

arV-^V  +  y 
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19.  a:*-4jri+l  +  6ar  i  bj  ar^-5 


a:*  — 2x^ 


^-2-Sx~i 


-2x^  +  1 +  6x"* 
—  2x^  +  4 

-3  +  6x"* 

—  3  +  6x"^ 

20.  9x-12x*-2  +  4x"i  +  x-i  by  3x*-2-x"^. 

9x-  12x^  -^2  +  4x"^  4-  ar-i |3x^  -  2  -  x"^ 
9x-   6x*-3  3xi-2-x"* 


-   6xi  +  l  +  4x 

-i  +  x-i 

—   6x^  +  4  +  2x 

-i 

-3  +  2x 

-i  +  .-i 

-3  +  2x 

-i  +  ^-1 

Find  the  square  root  of 

21.  x*+2x*  +  l. 

23.  x*-4x*  +  4. 

xt  + 
x* 
2xi+l 

2xHl|x*+l 

2x^+1 
2x*+l 

X* 
X* 

2x^-2 

-4x*  +  4|x^-2 

-4x*  +  4 
-4xi  +  4 

2.  4a^-4aM+6i 

4at-4ai6J  +  6*[2ai-fti      24.   4 a-^  +  4 a'l  +  1. 

4aJ  4a-^  +  4a-i+l|2a-i  +  l 


lai-fti 


-4a*6i  +  6* 
-4aHi  +  6* 


4a-2 


4a-i  +  l 


4a-i  +  l 
4a-i  +  l 
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26.  9a-12a*+10-4a~i  +  a-i. 


9a 


6a^ 


-2 

-12a* +  10 

-12a*+    4 

6ai-4  +  a-J 

6-.4a~i  +  a-i 

6-4a"i  +  a-i 

26.   49x*-28ar  +  18J-4ari+l. 

49ar^-28ar+18ar^-4ar*+ 117x^-2x^+1 


49 


r* 


14x*-2x* 


-28x+18x* 
-28x+    4x* 


14x*-4x*+l 


14x^-4x^+1 
14x*-4xi+l 


27.    fi|S  +  2»i-l-2m-i  +  »n- 


ffl2  +  2to  - 1  -  2m-i  +  m-gJTO  +  1  -  m"> 


2»i+l 


2m-l 
2m  +  l 


2»i  +  2  — m-i 


-2  — 2m-i+in-» 
-2-2»i-i  + in-« 
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1  +  ^y-i  -  2y"*  -  4y-i  +  25  y"*  -  24y"^  +  16y-«. 


1/  «— 2t/  *  — 


i/"*-24v"J- 


l  +  4y  »— 2y  »-   4y-i  +  26y"»  — 24y  »  +  16y-a 

1 

4y-i-2y"' 
4y"*  +  4y~* 


2  +  4y"i  — 3y~^ 


-6y"J-   4y-i  +  25y-* 
-6y-*-.12y-i+    Oy"* 


J  +  4y-*-6y-*  +  4y-i 


8y-i  +  16  y-*  -  24y-*  +  16y-« 
8y-i  +  16  y"*  -  24y~*  +  16y-« 


Expand: 

29.  (x-x-i)«  =  x«-.3a^x-i  +  3a,x-^»-x-« 

=  2*  — 3ar  +  3a:-i  — jr-«. 

30.  (v^-ix)*  =  (x*-.Ja:)* 

=  X*  -  4(})**a:  +  6(})2a:*jt»  -  4(})«x**«  +  (J)*** 
=  x*-2a:«+}x*-Ja:^  +  TV^. 

31.  (2 ai  -  a~iy  =  (2 a*)«  -  3(2 ai)2(a"i)  +  3(2 a*) (a"^)^  -  (a"*)« 

=  8a^-  12a*  +  6a"*  -a"*. 

32.  (2x-«  +  x^y  =  (2 jr-«)«  +  5(2ar^)*(ar*)  +  10(2  ar-^)«(ar*)« 

+  10(2  jr-^)2(xi)8  +  6(2x-«)(xi)*  +  (jpi)ft 
=  32  x-io  ^.  80  x"^  +  80:e-6  +  40x"4  +  10  +  x* 

33.  (iV^-i\^)*  =  (Jx*-Jx*)* 

=  (i^*)*  -  4(}x*)8(Jx*)  +  6(ixi)2(Jx*)» 
-4(}xi)axV  +  (i:r*)* 
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34.   (}  Vi^+  Ja:-i)«  =  (Jar"*  +  Jx-i)« 

Bxeicise  78.    Page  226. 
Simplify : 

1.  v^=  v^=5i=5i=  a/S.       6.    v/64=  v^=2i=2. 

2.  ^H6=  v^=2t  =  2i=  V^.       6.    v^^*P  =  aJ6i  =  a*6*=  v^. 

3.  ^=  v^=3*  =  3*=  V3.       7.    v^S2p  =  aM  =  aM=  v^. 

4.  ^49=  \/7a  =7*=:7*=V7.       8.    v^a*6*  =  a*6*  =  a*6*  =  VSS 
9.  ^27^W  =  v^3»^86«  =  3*aM  =  3*a*6  =  h^/Zi. 

10.    v^l6^*6*  =  v'^*^*  =  2*  ah^  =  2*  aM  =  \^^, 

•  \64  6«       >'2C6«      gf^J       26*       ^  ^^  6 

12     '/'    16:r-^     ^*/~2^^""^     2^^^    ^      2x^     ^2-iP^ 

•  A/(,^3)2      A(,^3)«      (^,3jf      (^,3)i        Afx-S 

13  Xl^^ =X\  "^^^  =  °^^^  ^  °^^  ^hxT^^ 

'    Vs^y'       >'28:r«/      g^A*     2^  xK^        ^^o^y 


Exercise  79.  Page  227. 
Simplify  • 

1.  >/28=  VT3<7  =  2V7.  4.    ^^500=  v^l26X4  =  5v^ 

2.  V72=  V36x^  =  6V§.  6.    v/4^=  v^216  x2  =  6\/§ 

3.  v^72=  v^8x9  =  2v^.  6.    v^l^=  \^64x3  =  4v^ 
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7.  v^l28=^32x4  =  2v^.  10.   V406=  V8rx6  =  9V6. 

a  v^i3=  ^J^8r3<3  =  3v^.  11.  2v/ll2  =  2v^l6>r7  =  4v^. 

9.   y/m=  v^l6xll  =  2v^.  12.  3 v^864  =  3 v^216  X 4  =  18\^T. 

13.  7v^li4  =  7v^l6^=14v/9=14\/3. 

14    SVT^  =  SmVn, 

15.  3v^^»S  =  362v^. 

16.  2y/a^  =  2^/Wx^fid^  =  2a^y/^fid^. 

17.  ny/aW^=Uy/a^^Xb^=lla^^W=Ua''f^Vb. 

18.  7v^'8^=7x2av^=14av^. 

19.  6  v^27  m2n«  =  6  v^27n«Xni2=  18  nv^. 

20.  4v^^=4v^iVxl?=4xy«v^. 
'Jl.   v^I^=  v'343x3=7v^. 

22.  y/"  2187  =  v'C-  729)  X  3  =  -  9  v^. 

23.  ^/l2E0=y/&2bx2  =  6y/2, 
4v^648  =  4v^216  X  3  =  24\/3. 


24. 
26. 

26. 

27. 


«/M^  ^  « /_64£^  4^2     3 

>27  m^n^       >'27  m^^     ^      3  mn  ^^ 

'/T26^^6x 
?'216y«     6y 

Af243         >V243/  3 
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30.  v('-y)*^=(^-.yK 

>      612  8 

,,     Sab    M^     Sab^l  4c«  Jl      Sab  ^  2c  ,/h      ,/= 

Exercise  80.    Page  228. 
Simplify : 

1.  2VJ  =  2Vi=}V^=V2. 

3.  iVi=J>/S=JxiV6=jV^. 


4.   7Ji=7Ji|l=7x^v/5  =  ^v/5. 
'o  '25  o  5 

V343      V  343       7 
10.  2^1  =  2^  =l<m. 
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17.  ^  =  J7^c  =  ^V^^. 

18. 2-j/pp§=2^r^ 

Exercise  81.    Page  229. 
Express  as  entire  surds : 

1.  5V5=V26V6=Vl25.  6.  3\/2=  v^2i3v^=  v^486. 

2.  3VlT=  V9\/iI=  V99.  7.   2\/2=v^\^=v^l28. 

3.  Zy/l=y/^y/Z=y/%i,  8.   2v^  =  2\/2=  ViV2  =  V8. 

4.  2v^=^8v^4=x/32.  9.   -2v^=  v^^  =  {/IT^. 

5.  2\/3=\/l6v^=  v^.  10.  -3Vp  =  -V9\/p  =  -\^8 

11.   --mv^  =  -v^\/i0=-v^l0^. 
12.. -2v^  =  -  v^l6v^  =  -  v^l67. 
13.  lV^  =  V|v-a  =  ^. 

16.  _l^;;?=_:yr^.=_^. 
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Bxercise  82.    Page  230 
Reduce  to  surds  of  the  same  order : 

1.  v^  and  \/6.  $.  2^,  2^,  and  2^. 

^  =  3*  =  3^^=  v^  2^  =  2*=  v^ 

^  =  6*  =  5^  =  ^^25  2*=  2^2^  =  v^256 

2^  =  2^"^=  y/m 

2.  v^  and  V6. 

^M4=  14*  =  14*=  </m  ^'   ^'  ^'  ^'^^  ^^ 

V6   =    6*=   6*=^!^  V2-=2i  =  2A=?/64 

^=3*  =  3A=^^J^1 

3.  v^and^.  ^=5^  =  61'^=  ^yi25 


v^  =  2*  =  2*=  v^ 
v^  =  4^  =  4*=  v^ 


8.   v^i,  v^,  and  V^. 

4.  ^/^and^P.  ^=6^  =  6*=^ 

VS^^i..,!^^.  V;=ci  =  c*=^ 

^=6l=6t=^^  9.    ^S^^,andV^. 

5.  VBandv^.  ^4  =  a*  =  a^i  =  v^8 

V5  =  5i  =  5*=  vl25  ^  =v^ 

^^76  =^75  v^=x*  =  a:T«=^^^ 

10.    v^,  v^,  and  y/Tz, 

y/l^y  =  x^y^     =  ar^ V^      =  v^ 
Vah^  =  ah^ci  =  d^h^c^  =  y/a^^ 
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11.   y/x-^y  and  y/x  +  y. 
Vx^=  y/{x  —  y)2 

Arrange  in  order  of  magnitude : 

13.  v^  and  V6. 

v'l6=  ^162=^^225 

V6   =  v^   =  v^216 

Therefore  the  ascending  order 
of  magnitude  is  >/6,  Vl5. 

14.  v^  and  V3. 

V3=  v^8=  v^27 
Therefore  the  ascending*  order 
of  magnitude  is  Vi,  VS. 


12.    Va  +  6  and  Va  -  b. 


15.  ^80,  v^O,  and  VS. 

V8   =  v^=  v/512 
Therefore   the  ascending  order 
of  magnitude  is  VSO,  ^9,  V8. 

16.  V3,  v^,  v^. 

V3=  ^^8=^^/729 

Therefore   the  ascending  order 
of  magnitude  is  V7,  V5,  V3. 


Exercise  83.    Page  231. 
Simplify : 

1.  4Vn  +  3vTI--5vTr=(4  +  3-5)VII=2\/lT. 

2.  2\/3  -  5 V3  +  9V3  =  (2  -  5  +  9)  V3  =  6\/3. 

3.  5v^  +  2v^- v^lM=5v^+2v/80O4- v/27xl 

=  6v/4  +  4v^-3v/4 
=  6^4. 

4.  3v^  +  4v^-v^  =  3v/^  +  4v'2-v/32"x2 

=  3v^2  +  4v^-2v^ 
=  6^. 
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J  v^6  +  2?  v^5  +  J  V^  =  }  v^  +  2i  v/6  +  }  VSxl 
=  Jv^  +  2Jv^  +  Jv^ 

3v^-5v^+  v^43  =  3^-6vl6ir3+  v^8rx~3 
=  3v^-10v^  +  3v^ 
=  -4^. 

V'2'7+  \/48+  V76=  V9"x3+  Vl6  X  3.+  V26  X  3 
=  3V3  +  4V3  +  5V3 
=  12V3. 


8.  4\/l47  +  3  V75  +  VT92  =  4V49  x  3  +  3V26^<3  +  \/64X3 

=  28\/3+15\/3  +  8\/3 
=  5lV3. 

9.  v^  +  }  v^  +  I VS  =  (1  +  }  +  8)  V^  =  3v^. 

10.  v^^+i^^^-3v'W^=  ^^+ J\^a-9v^  =  --Vv^. 

11.  Vcfi  +  6  Va  —  3  Va  =  ay/a  +  6  Va  —  3  Va  =  (a  +  6  —  3)  \/a. 

12.  V^56  +  2V96-3V46=6V6  +  6V6-6\/6  =  5\/6. 

13.  2vTJ^-3v^  +  5v^  =  2v^26or7-3V9ir7  +  6Vrx7 

=  10\/7-9\/7  +  10V7 
=  ll\/7. 

14.  V2  +  3V32  + Jvl28-6\/l8 

=  V^  +  3Vl6><^  +  \Visi~x2  -  6  V9><2 
=  \/2  +  12  V2  +  4  V2  -  18V2 

15.  V'76+ \/48- VT47+ V300 


=  \/26x^+  Vl6xl- V49X3+  \/l00x3 
=  6  V3  +  4  v/3  -  7  V3  +  10\/3 
=  12V3. 
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16.  20V246- V6+ Vl25-2}Vl80 

=  20>/i9x6-\/6+  V^5'x6-2}V36l<6 
=  140  V6  -  V6  +  5  V5  -  15\/6 
=  129  VB. 

17.  2V20+iVl2-2V27  +  6>/i6-9\/l2 


=  2  vTx^  +  J  vTx^  -  2  V9x^  +  5  V9^  -  OVIxl 
=  4V6+  V3-6V3+15\/5-18\/3 
=  19V5-23V3. 

18.  7V25+4V45-V9-2V^+ v^-4V64 

=  7  VP  +  4  VPx"6  -  V^  -  2\/r6^<^  +  vrx5  -  4  VP 
=  35  +  12  V6  -  3  -  8  V5  +  2  V5  -  32 
=  6V6. 

19.  v^64+Vi-v^^60-}V|=  v/27>c2+\/}-v^l25x2-?^ 

4    3 

=  3v^  +  iv^- 6 v^  -  }>/2 
=  -2v^  +  iV2. 


15 
152 

=  }Vl6  +  2  vi:6  -  Vl5  +  i Vl6  +  A Vi5 
=  2\/l6. 

21.  v^7^~  \/8^+  \^125^=  \^27c8xc- v^ScSxcH-  v^l25^ 

=  3cv^-2cv^+5\/^ 
=  (c  +  5)v^. 

22.  .J/^«^+  ^326=av^-6^6  +  2v^ 

=  (a-6  +  2)v^. 

23.  Va^+  V6*^-\/4^^  =  a2Vx  +  62V^-2a6v^ 

=  (a2-2a6  +  62)Vi 
=  Ca-6)2v'x. 
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24.  V4xV*^+  Vy*«+  V3t^=2xtiVz-\-y^Vz-\-x^y/z 

26.  Vo^^Pc  — a\/¥c+ 6Vrt^  =  a6V'c---2a-\/c  +  a6Vc 

=  (2a6  — 2a)Vc. 

26.  v^aTa*-  v^T6^+  v^25(r^=3av^-2v^  +  4av^ 

=  (7a-2)v^. 

27.  v/277^-  v^T25^+  v^216;^=  Smv^-S-^w  +  6v^ 

=  (3TO+l)v/m. 

28.  VsTi- V50^-3\/l8^=2V2a-5a\/2^-9v^ 

=  («7-5a)\/2^. 


29.   6aVG3^«-3Vll2a868  +  2a6V343^ 

=  6a V96i  X  7 a6  -  3Vl6a262  X  7a6  +  2a6\/49  X  7a6 
=  18aAV7^- 12a6VT^  +  14a6V7^ 
=  20a6V7a6. 


30.  3 V126 mM  +  n v^O^  -  V600 mSn^ 

=  3V25  7nV-i  X  6'tt  +  nV4ma  X  5m  —  VlOOm^naxSm 
=  15  mnVSm  +  2»nn\/5m  —  10mnV5m 
=  7mn"\/5m. 

31.  V32^*66  +  6\/m  +  3>/l28^2p 

=  Vl6a*6*  X  26  +  6  V36  X  26  +  3V64a262  x  26 
=  4a262\/26  +  36  V26  +  24a6  V^ 
=  (4a262  +  24  a6  +  36)\/26 
=  (2a6  +  6)2\/26. 

32.  2v^-3a2v^646  +  5av^  +  2a2v^l256 

=  2a2v/6  -  12a2v^+  5a2^6  +  10a2\/6 
=  5a2v/6. 
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Exercise  84.    Page  233. 

1.  VSxy/27=:y/Si=9.  5.    v^J  X  v^  =  v^64  =  4. 

2.  V6x  V20=  VlOO=10.  6.    v^X\/3=v^  =  3. 

3.  v^x  Vl8=>/36  =  6.  7.    v^  X  v^  =  v^32  =  2. 

4.  y/Sxy/Q=</27  =  S.  8.    v^27  X  V^  =  v/243  =  3. 
9.   V2X  \/l2=  V24=  Vrx5  =  2V6. 


10.  V3X  V^=\/18=  V9>r2  =  3v^. 

11.  v/3+ v^=  v^64=\^273<2  =  3v/2. 

12.  v^x  V^=  v^=  v^i63r3  =  2v^. 

13.  V^54X  v^=  v^486=^243x2  =  3v^. 

14.  2V8X  V^  =  2\/16  =  8. 

15.  v^x  v^^=  v^=^32=-2. 

16.  \/7xv^^^^i9=v^^=^343  =  -7. 

17.  \^8l  X  v/^=^46  =  3 v^  X  \/=^=  Sv/^^M  =  3v^- 27  X  6  =  - 9v^ 

18.  |v^X}\^=JX}Xv/l8x  v^=iv^64=iv/2. 


19.  (\/l8  +  2V72-3V8)XV^=  Vl83<2  +  2V72x2-3V8x2 

=  6  +  24-12 
=  18. 

20.  (v^-Jv^864  +  3v^)X  V^=  v^-iv/l728  +  3v^ 

=4-6+6 
=  4. 

21.  (JV^-iV2l87  +  tV432)X  V3 

=  Q  V9^  -  }V729x3  +  iVl44x3)  X  V3 
=  ( V3  -  i2^  VS  +  f  VS)  X  V3 
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22.  VbX\/i=y/^X  </^=  v^l25  X  16=  v/2000. 

23.  v^ltfX  v^260  =  2v^2x  v^250  =  2^Px  v^^60  =  2vl000  =  2vl0. 

24.  v^X  ^=  v^X^2*=  V^X  v^=  V2*  =  22  =  4. 

25.  V3x  V^=  V3X  v/2^X32=  V3X2v^ 

=  v^x2\^  =  2v^=6v^3. 

26.  Vix^  =  jV2Xjv^  =  tV§XV^ 

=  J\^28  X  v^=  iv^  =  J>X2. 

28.    v^X  V3=  v^xV3=  ^38x^»=  v/3ii  =  3v^. 


31.  v^X  vG?=  v^2*i*X  v^=  v^2^^=arv^l6^. 

32.  v^7*X\^=  v^X  v^V^=  v^2V»  =  yv^32]^. 

33.  v/7X  V5=  v^X  v^5«=  v/72>r6«=  v/6126. 

Exercise  85.    Page  234. 
Multiply : 


1.   V6+  V4  by  Vs  -^  Vi. 

Vs  +  \/4  X  Vs -  Vi  =  V7x  V3=  \/2l. 


2.   V9- V17  by  V9+  >/l7. 


Vo  -  Vn  X  V9  +  >/l7  =  V(9  -  \/l7)(9  +  VI?)  =  V81  -  17 
=  V64=8. 
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3.  3  +  2\/5  by  2  -  V6.  6.  3  -  V6  by  6  -  3  VO. 
3  +  2V5  3-    V6 

2-    V^  6-3V^ 


16+    6V3 


-16-19V3 

9.   \/9-2v^  by  4v^+ v^. 

4-5/3+    ^ 
4v^-8v^ 


6  +  4V6  18-   6\/6 

-3V5-10  -    9\/6  +  18 


-4+    V6  36-15V6 

4.  8  +  3v^  by  2- v^.  7.  2V6-3\/5  by  \/3  +  2\/2. 

8  +  3V^  2V6-3V5 

2-    V2  V3  +  2v^ 


16  +  6V5  4\/l2-6\/l0 

-8\/2-6  +2Vl8-3\/l5 

10-2v^  4Vl2-6Vi0  +  2Vl8-3Vl5 

=  8V3  -  6VI6  +  6  V2  -  3\/l5. 


5.  6  +  2>/3  by  3-5\/3. 

5  +  2\/3 

3-5V3  7-V3 


8.   7- V3  by  V2+ V5. 

7- V3 

V2+  \/5 


~25V3-30  7\/2-V6 

+  7V6-  v^ 


7v^-V6  +  7V6- Vl5 


+  \^-2v^ 


4\^-8v^+  \/l8-2v^ 
=  12-8v/12+  v^-4  =  8-8v^+  v^IS. 
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10.  2\/30-3V5  +  5\/3  by  VS  ■{;  \/3-\/5. 
(2V30-3\/5  +  5V3)(v^+  V3-V5) 

=  2\^40  -  3  ViO  +  5\/2i  +  2  V90  -  3\/l5  +  15 

-2\/l50+15-5VT5 

=  8>/l6  -  6>/l0  +  10\/6  +  6  VIO  -  3>/l6  +  16 

-10V6+16-5VI5 
=  30. 

11.  3V5-2\/3  +  4V7  by  3\/7 -4V6  -  5V3. 
(3  \/6  -  2  \/3  +  4  V7)  (3  V7  -  4  VS  -  6  V3) 

=  9\/35-6  V21+84-60+8  VI6-16  V35-16\/l5+30— 20  V2I 
=  54  -  7\/36 -26v^  -  7Vl5. 

12.  4v^+ jVl2-t>/32  by  8V32-4V60-2v^. 

4v^  +  iVl2-iV32  =  8v^+\/3- V5  =  7V2+  VS 
8\/32  -  4V50 -  2>/2  =  32 V2  -  20V2  -  2 V^  =  lOV^ 
.-.  (4V8+ J\/l2-jV32)(8\/32-4V50-2V2) 
=  (7  V2  +  V3)  X  10\^  =  140  +  10  V6. 

13.  \^-v^+\^  by  v^+ v^-v'i. 
(^ -.  ^  +  ^16)(  v^  +  \/9  -  v^) 

=  v^216  +  v^54-v^24-v^l08-v/27  +  v^i2  +  v^^76  +  v^^ 
=  6  +  3v/2-2\/3-3v/4-3+v^  +  4v^9  +  2v^-4 
=  -l  +  3v^2-2v^3-3v^  +  \/l2  +  4v^  +  2v^. 

14.  2\/i-8V^  +  3Vi  by  3\/|-\/i2-\/6. 
2\/[-  8Vi  +  3Vf  =  |\/6  -  2V6  +  iV6  =  jVe 
3  \/|  -  VI2  -  V6  =  V6  -  VI2  -  Ve  =  -  2  V3 

.-.  (2>/|  -  8  V}  +  3vl)  (3 Vj  -  VI2  -  V6)  =  (i V6)  X  (-  2  V3) 

=  -V2. 
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15.  2v'f-4A/f-7Vf  by  3V|- 6V30-2VJ?. 

(2V|  - 4 Vf  -  7  V|)(3  V|  -  6>/36  -  2  VJ?) 

=  (2 Vfl  -4 V|  -  7  Vf|)(3\/"fo  -  6 V30  - 2v^^) 
=  (jV30-2V6-jV30)(iV30-5V30-V30) 
=  («  1 1 V30  «  2  V6)  (- J^L  V30) 
=  ff  X  30  +  11  Vl86 
=  176  +  66\/6. 

16.  2>/i2  +  3V3  +  6\4  by  2\/i2  +  3V3  +  6VJ. 

(2VT2  +  3  V3  +  6\/|)(2  Vl2  +  3  V3  +  6\/j) 

=  (4  V3  +  3>/3  +  2  v/3)(4\/3  +  SVs  +  2\/3) 
=  (9\/3)2 
=  243. 

Exercise  86     Page  235. 
Divide : 

1.  \^43  by  V3.  5.    V|  by  Vf. 

2.  M  by  v^.  6.    ^/J^  by  V|. 
M=^7  =  3.                           ^i  =  ^A^Vi|  =  J. 

3.  y/Zdf  by  V^8.  7.    VJi  by  V||. 

4.  y/\  by  Vf.  8.    Vff  by  V^. 
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9.  Vfi  hj  VH. 

VJj     ^H     ^85X17      ^     172         17 

10.  3\/6  +  46\/2  by  3V3. 
(3\/6  +  45\^)-r-3V3 

=  3^  +  M2^=^/|+15V|=^/2  +  5Vg. 
3V3      3\/3 

11.  42V5-30V3  bj  2VI6. 
(42\/6-30\/3)-T.2\/l5 

=  i2V6-§5^^=2lV^-15VS 

2\/l5     2\/l6 
=  21__15_^7^_3^ 

12.  84\/l6  +  168\/6  by  3V^. 
(84>/l6  +  168  Ve)  H-  3\/2i 

^84Vl6^168v5^28Vif^,,^ 

3V21       3v^ 
=  28\/|  +  56\/|  =  4\/36  +  8\/Ii. 

13.  30v^-36v1B  +  30v^  by  3v^. 
(30\/4  -  36  v^d  +  30  v^90) -^  3  v^26 

^30^^36^^30^^10^. 12^^10^ 

3v^      3v^       3v/20 
=  2v^-6v^  +  5v^. 

14.  50yi8+18v^d-48v^  by  2v^. 
(50  v^  +  18  v^ -48  v^) -r- 2  v^ 

^50^^18:J^^4J:^5^25^^9yj_24^ 

2v^30        2v/30      2\^ 
=  5v^5  +  3v^l8-  4  v^36. 
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15.  VEi  by  v^. 

16.  \/i9  by  V7. 

17.  v^  by  Ve. 

21.   v^OOGJ  by  VIO. 


18.  v^  by  \^. 

19.  V|  by  v^. 

20.  \/2^  by  Vi*. 

V^        y/o^       ^^'     ^^' 


VlO    "    VlO    ~    VlO 


2 

VTo 
Vio" 


A=i. 


22.   V^--p  by  ar  +  y. 


Vjg  —  ya  _  V^  yXy/x 
x  +  y  ar  +  y 


rJl(: 


ULzlJL. 


/ar  +  y 


Exercise  87.    Page  236. 


Divide : 

1.   Va  +  V6  by  Va6. 

2.   \/T25  by  5\/66. 

Vl26       5\/5          1         Vl3 
5\/66     6V65      Vis        13 

3.  3  by  11  +  3  V7. 

3        _           3(11- 3  V7) 

_3(11-3V7) 

11  +  3V7      (ll  +  3V7)(ll-3\/7)  121-63  58 
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4.  3V2-I  by  3V2+I. 

3V2+1      (3V2  +  1)(3V2-1)         18-1  17 

6.  17  by  3V7  +  2V3. 

17         ^  17(3\/7-2\/3)  ^17(3>/7-2V3) 

3V7  +  2\/3      (3V7  +  2V3)(3V7-2V3)  61 


^V2.V3^^,^ 


_  ^  184  +  30  V7  ^     92  -f  15  V7 

3-5V7      (3-6\/7)(3+6V7)  -1^  ^ 

8.  21\/3  by  4V3-3v^. 

21 VS       ^         2lV3(4V3  +  3\/2)        ^84x3  +  63>/5 
4>/3-3V2      (4\/3-3v^)(4V3  +  3V2)  30 

^84  +  21\/6 
10 

9.  76Vli  by  8V2  +  2\/7. 

75V14      ^        76Vl4C8\/2-2>/7)        ^  600V^- 150V98 
8V2  +  2V7      (8V2  +  2V7)(8V2-2V7)  100 

^120V7-106V2^24\/7-21\/2 
10  2 

10.    V5-V3by  V5+V3. 

V5-\/3_  (V6-V3)a  _8-2\/l6_  ^     ^/j3 

V6+V3      (V6+ \/3)(V6-\/3)  2 


3a/7-2V3 
3 

6. 

1  by  \/2  + 

V3. 

1 

V5-V3 

V2+ V3 

(\/2+  V3)(V2- 

.V3) 

7. 

3  +  5V7  by 

3-6V7. 

3  +  6\/7_ 

(3  +  5V7)» 

1 
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11.  VS  +  Vl  hj  V7-v^. 

VS-f  V7  ^  (\/8+V7)(V7  +  v^)  ^  V66+7  +  \/l6-f  Vl4 
V7-V2      (V7-V2)(V7+\/2)  7-2 

^2vT4+7  +  4+ Vii^ii  +  3Vi4 
5  5         ' 

12.  7-3\/lO  by  5  +  4V5. 

7-3Vl0^(7-3\/l0)(5-4\/6)^35-28\/5-16\/l0+12\/50 
5  +  4V6        (6  +  4V5)(5-4V6)  26-80 

^  36  -  28  V6  -  1,6  VlO  +  60  V^ 
-66 

Giren    \/2=  1.41421,    \/3=  1.73206,    V^  =  2.23607;    find  to  four 
places  of  decimals  the  value  of 

13.  i2.  =  12^  3^  5  V2  ==  5  X  1.41421  =  7.07106. 
^         2 

14.  X=  gvg=.  8  X  1.73206  ^^^^33Q 
V3        3  3 

15.  jg.  ^12V6^  12  X  2.23607  ^^^33^^ 


V6         5  6 

/600      10  V6      60  60 


16.  _1_  =  _^=  v:§  =  ?-??52Z=o.04472. 


17. 

1 
V243 

1 
9V3 

27 

1.73206 
27 

0.06416 

18. 

1 
2V3 

V3 
6 

1.73206 
6 

=  0.28867 

19. 

1 
3V2 

V2 
6 

1.41421 
6 

=  0.23670. 

20. 

1 
Vl25 

1 
6V6 

_V6_ 
26 

2.23607 
26 

0.08944 

J 
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21.  J^^^  =  ^-^m  =  0MlSO, 
4V6      20  20 

22    7  --  3  \/5  ^  ( 7  ~  3  V6)  (6  -  4  VS)  ^  35  -  43  \/5  +  60  ^  95  -  43  V5 
*  5  +  4\/5      (5  +  4V5)(5-4\/5)  25-80  -65 

43  v^-  95     43  X  2.23607  -  95 . 


55  55 


:  0.02093. 


23.  ^W5^(3+\/5)(V5  +  2)^5V5+5  +  6^^^  ^  ^^ 
\/6-2      (V5-2)(V6  +  2)  6-4 

=  11  +  5  X  2.23607  =  22.18035. 

24    3\/2-l^  (3V2-l)g  ^19-6V2^19-6v^ 

*   3\/2+l      (3\/2  +  l)(3V^-l)         18-1  17 

^19-6x1.41421^^^^3^^ 
17 


Exercise  88.    Page  237. 
Perform  the  operations  indicated : 

1.  (  V^)«  =  (m*)«  =  ma.  3.  (  v^) «  =  (ar^ys  =  jt" 

2.  (  V^)6=  (inb*=  »»^^=  ViSw.        4.  ( v^)ia  =  (y*)i2  =  y» 

5.  <^7^^^|?=[(x-y)*]t=[(a:-y)*]*  =  x-y. 

6.  \/^(a-6)86=  [(a  -  6)^]*  =  [(a  -  ft)*]*  =  (a  -  6)«. 

7.  (  V2^)*  =  (2*  ah^y  =  23  a«62  =  4  oSfta. 

8.  ^(x^-y2)6  =  (ara  -  y^)*  =  (:ra  -  y2)2. 

9.  ( \/^)*  =  (x*)*  =  a:*  =  ar*  =  Vi. 

10.  V^  =  (a*)*  =  a*  =  \/a. 

11.  \^\^=[(729)i]i=(729)T^^=3A=\/5. 

12.  -^^12 5=  [(125)*]*  =  (125)*  =  5*=  V5. 
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13.  \/v'(3a-265^=[(3a-26)'V*]7=(3o-26)*=v/(3a-26)2 

14.  Vl/W^  =  [ (32  a«)i]*  =  (2  a9)*  =  a» \/2. 

15.  \^128v^2i3^  =  [128(243 a70)i]7  =  (128  X  3ai*)^  =  2a2^3. 

Exercise  89.    Page  241. 


1.    V7-4V3=V4-4V3  +  3  =  2-V3. 


2.   Vll  + V72  =  V9  + V72  +  2  =  V9+6V2  +  2  =  3+v^. 


3.    V?  +  2 VIO  =  V2  +  2\/l0  +  5  =  V2  +  V5. 


4.    Vl8  +  8 V6  =  VlO  +  8 V5  +  8  =  VlO  +  2\/80  +  8  =  VlO  +  V8 


5.  V8  +  2V15  =  V3  +  2\/l6  +  6  =  V3  +  V6. 

6.  Vl6  -  4\/i4  =  V?  -  4  Vli  +  8  =  V?  -  2  V60  +  8  =  \/7  -  Vg. 


V2  2 


8.   V75  +  12 \/2l  =  V63  +  12 V2T  +  12  =  V63  +  2 >/03xl2  +  12 
=  v^  +  V12  =  3\/7  +  2\/3. 


9.   Vl9  +  8Vl=Vl6  +  8\/3  +  3  =  4+\/3. 


10.   V8 V6  +  20  =  V8  +  8\/6  +  12  =  V8  +  Vl2  =  2 V2  +  2V3. 


11.    V28- 16V3  =  V16  -  16  V3  +  12  =  V16- 2^/192  +  12 
=  V16-Vl2  =  4-2V3. 


12.    V61  +  36\/2  =  V27  +  36 V2  +  24  =  V27  +  2 V648  +  24 
=  \^  +  V24  =  3  V3  +  2  V6. 


13.    V94  +  42  V6  =  V49  +  42  \/5  +  45  =  7  +  \/45  =  7  +  3 \/6. 
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14.  Vll  -  2\/ao  =  V6  -  2\/36  +  6  =  VB  -  Vs. 


15.    V47  -  4 \/33  =  V44  -  4  V33  +  3  =  V44  -  V3  =  2  VII  -  VS. 


16.    V29  +  6V22  =  Vl8  +  6v^+ll  =  Vl8+ Vn  =  3V2  + VTT. 


17.    V83  +  12  V35  =  V63  +  12  V35  +  20  =  V63  +  V20  =  3  V?  +  2  VS. 


18.    V66  -  12  V2I  =  V28  -  12  V2I  +  27  =  V^  -  V27  =  2  V?  — 3  V3. 

Exercise  90.  Page  242. 
Solve  : 

1.  2V7+5=v^  6.          7  +  2v^37=6 
4(a:+5)=28  V3^  =  -l 

4ar  =  8  3x  =  — 1 

.-.  a:  =  2  .-.  x=-} 

2.  3V47i:^=  Vl3.r-3  7.             v^2x-3  =  -3 
9(4x-8)  =  13x-3  2a:- 3  =  -27 

23jr  =  69  2jr  =  -24 

,',x=S  /.  a:  =  -12 

3.  V^T9  =  5VF33  8.            ^"1^  =  1 

3jr+7  =  27 


a:+9  =  25(x  — 3) 
24x  =  84 
.-.  a:=J 

4=2V^-3 

7  =  2Vi 
49  =  4x 


3x  =  20 

9.   14  +  v^4j:-40=10 
v^4t-40  =  -4 
4x-40  =  -64 
4ar=-24 
.-.  JT  =  —  6 


5-V37=4  10.  \^10j^-4=  v^7y+ll 

V3^=l  10y-4  =  7i^+ll 

3j^  =  l  3y  =  15 
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11.        2V732  =  V32(ar  ~  2)* 
(2Vi^^)*=:32(a:-2)8 
16(x-2)2  =  32(a:-2)8 
l  =  2(a:-2) 
2ar=5 


15.    Vx  +  20  --  Vx  ^  -  3  =  0 
Vx  +  20  =  Vx-1  +  3 
x  +  20=x-l  +  6V3:  —  1  +  9 
6\/7^  =  12 
a:-l  =  4 


12.         V-i^4-ar=f  +  V^ 

ij5  +  jr=}+3\/i  +  a: 

3\/i=J 


16.      \/7+T5  -7  =  7  -  Vx  -  13 

Var  +  15  =  14  -  Vj  -  13 
a:  +  16=196--28Va:-13  +  a:-13 
28Vj:-13--=168 
>/x-13  =  6 
x-13  =  36 
.-.  z  =  49 


13.        V32T^=16-Vx  17.  3:=7-Vx2->7 

32  +  x  =  256-32vG+ar  a:  -  7  =  -  Vx-^-  7 

32Vi  =  224  (a:-7)2  =  a:2-7 

V^^7  ara-14a:  +  49=:a:2-.7 

...  ar  =  49  14^=66 

.-.  x  =  4 


14.    Vx- Vx-5=  V5 

V^=  V5+ Vx-5 
j=5-f  2\/6(3r-5)+a:-5 
2\/5(a:-.5)  =  0 
6(x-6)  =  0 
.-.  x=5 


18.  >/J^  =  v^TT-s 

or  -  7  =  X  +1-4  V^  +  1  +  4 
4\/jr+l=rl2 
\/^Tl  =  3 
x+l  =  9 
/.  j:=8 


19. 


Vj:  —  3  _  V^  +  1 

Vi  +  3       Vi  -  2 

(Vx-3)(\/S-2)  =  (v^  +  l)(Var  +  3) 

X  -  5  V^  +  6  =  X  +  4  Var  +  3 

9Va:=3 
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2      X         4      ar  ^  x 

4     X     x^     A     X  ^         X 


I*      a: 
g.    o _^/ft       36 


)  —  Zx  =  -x'M 

81-64z  +  9a:>  =  9a:>-36x 
18i  =  81 
.-.  x=J 

21    l  +  a-:r)^_-  22.  (i-3)*+x*  = ?— - 

1+ (i-x)i=3[i-(i-r)i]      ^r  ^^"^i!!^"^^^ 

4(l-r)' 


l-r^i  =  2^      '    .'   ^  [x(x-3)]*  =  6-: 


j_    _,  i»-3x=3«-12x  +  z» 

/.  x  =  4 


23.  Vg  +  v^  +  Vg  —  Vx=  Vx 

g+  Vi  +  2Vg2  — x  +  g—  Vx=x 

2Vg2  — x  =  x  — 2g 


24. 


26. 


4g2- 

-4x: 

=  xi-^4tax 

+  4g2 

x2+(4-4 

a)x: 

=  0 

x  +  4- 

-4g: 

.'.    X: 

=  0 

=  4a-4t 

vS-i  = 

=  4  +  iA^i-J 

25.  3Vx- 

-3\/g  = 

=Vi^- 

Vo+2VS 

iV^  = 

=  4} 

2Vi  = 

:4V« 

Vgx  = 

=  9 

V-x  = 

=  2Va 

gz  = 

=  81 
81 

.*.  x  = 

:4g 

.'.  x  = 

a 
■2x. 

/2i: 

6 

/9  +  2x-^ 

V9  +  2a 
=  5 

94 

-  V2x(9  + 

2X): 

V2ar(9  +  2x): 

=  4  +  2x 

2x(9  + 

2X): 
2X: 

.'.  X-- 

=  16  + 16a 
=  16 
=  8 

:  +  4x2 
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Exercise  91.  Page  247. 

Keduce  to  the  form  6  V—  1 : 

1.  y/^  =  SV^.  6.    V^^^=xV^. 

2.  V^:^  =  iV^,  7.  V^^  =  9V^, 

3.  \/:^25=6V=l.  8.    Vi:266=16\/:^. 

4.  V-144=12\/^.  9.    V^=^"626  =  26\/^. 


5.   V- 169=  13V- 1.  10.    >^r36  =  6>/-l. 


11.  v^:r6i=  Vv^^=  >/i:i  =  2vCri. 


12.  ^^1^729=  Vv/:::729=  V=r9  =  3V=n:. 

13.  Vi:289'=17\/^^. 


14.  v^-  1024  =  Vv^-1024  =  V^  =  2\/^. 

15.  V^^  =  a:*>/=n:.  16.    V^=^  =  ar^V^nf. 


17.   ^-  xi8  =  V\/::^^=  V-  a*  =  x8 V^. 

18.  vi:j  =  jv^ri. 


19.   V-a*6-2  =  a2i-ivCri.  20.    VI^9^  =  3a:2\/in!. 

21.    ^-(2ar-3y)i2=  Vv^2a:-8^)i2=  V-(2x-3y)* 
=  (2x-3y)2V:^. 


22.  '^_(a:-2y)»=  Vv^-.(a:-23^)2o=  V-(x-2y)* 

=  (a:-2y)2V:rr 

23.  V=7^T7)  =  (:r2  +  y^)* V:n. 

24.  V-  (a:2  -  y2)  =  (x^  -  y2)i  VI^;. 
Add: 

25.  \/:r26+ V^^^- V=nM  =  5V'^+7\/^-llV^=  V^. 

26.  V364+ V^- VI^  =  8>An:+ \/^-6V^  =  3V^. 


836  SCHOOL   ALGEBRA. 

27.  VH^  +  V^T^  +  V-  16a*  =  a2\/^+  2a3\/in[  +  4a«\/irr 

=  7aaV^. 

28.  V=^+V^^=^8T^-V^^  =  aV^  +  9aV^-a\/=ri=:9aV^^ 

29.  a-6\/^  +  o  +  6V^  =  2a. 

30.  2  +  3N/^-2  +  3vCn[=6vCn:. 

31.  a  +  6^/^  +  <•-rfV^  =  a  +  c+ (6-rf)Viri. 

32.  3aV^-(2a-6)\/^  =  (3a-2o+6)Vin;=(a+6)\/iri. 
Multiply : 

33.  V=^xV^  =  -\/l6. 

34.  (-Vi:6)xV'^  =  -(-5)  =  5. 
36.    >/I^l6xV^  =  -VlS=-12. 

36.  V^^^X\/^  =  -V?  =  -x2. 

37.  v=:Px\/=^  =  -v^  =  -Ty. 

38.  V^xV^^^  =  -Vl28  =  -8V2. 

39.  vC:26XVC^  =  -Vl600  =  -40. 

40.  V-  (a  +  6)  X  V-  (a  -  6)  =  -  Va*  -  bK 

41.  (3\/33)x(2vC:^)  =  -6V6. 

42.  (-5V^)X(2V=1)=:10\/10. 

43.  (vcr2  + v:r3)(Viri-vz:5)  =  «V8  4.  V10-V12  + Vl6 

= -2v^  + VlO-2V'3+ Vl6. 

\        2         ^         2         /    ^  4 

=:x2-a:+i^:ii::i^  =  x2-x  +  l. 
4 
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45.  (aV^  +  6V-6)(a\/^-6V:r6)=(oV-a)2-(6V^)2 

=  -.  08  -  (-  68)  =  68  -  a^ 

46.  (2V'^  +  3vC:3)(3V=ri-2V=^) 

=  -  6  V8  +  4\/l0  -  9vl2  +  6  VI6 
=  -  I2V2  +  4\/l0  -  18\/3  +  6 Vl6. 

47.  (V3  +  2V:::i)(V3-2V:^)  =  (V3)2-(2\/=r3)2 

=  3-(-12)  =  16. 

48.  (in-3\/I^)(n  +  4V^)  =  mn  +  4mV^--3nv^+12\/6c. 


Perform  the  divisions  indicated : 


aV^       aV^ 


VITi      (V-1)' 


2        -1 


=  _aV^. 


50.  -^  =  _L_=:^J_=^^  =  -V=ri. 


51. 


52. 


53. 


/CT^  6v:^    v=n[   (V-i)2 

c  c  cV^  cV^ 


vCTi      2V^      2(vCo[^2  2 

v::::8i    9V^    ^ 

V— a       Va  V— 1       Vo 


v/ir6       \/6  V- 1       V6 


54.  v=^^  v^v^;^v^. 


55.  -^-  =  — ^ — =-:i^=-v^V=l  =  -vC:^. 


—       ^       _      1      _ 

—  V^^     —  VJe  V— 1 


56.  -£_  =  — ^-  =  _JL-  =  -.v:=T. 


57.  ^^Z  =  _£^^L_  =  .Vi 
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68. 


V'-2       V-2 


69.  V-io^^Vio^V=^^V2^^^V2. 

2Va:  2^^ 

61  1         ^  3+V^  ^     3+V^     ^3-fV^ 

'  3->/^      (3-V^)(3+V^)      32-(V^2  9  +  2 

11 

^    2+ V^^(2+A/ir2)(l4.  vCri)^2  +  2>/^^-f  y:^- v^ 

'  1-v^T    (1- v::ri)(i  + vCTi)  i2_(v'i:i)2 

_  2  +  2  V^  +  Vir2  -  V2 

2 

g3    g  +  yVlTT^  (g4a:vCT)g  ^  0'  + 2ax\/in!  — ar^ 

^a2_34t4.2oj:A/Zl 

Vo-V^    (V6-v:r8)(V6  +  v^) 

^  V30+\/Zi0+Vi:36-v/i8^  V30+2  yigo+e  v^~4  V3 
(>/6)2«(vCr8)2  14 

gg    2a  +  3feVin:^  (2a  +  3fevCn)g 

'  2a-36V^      (2a  +  3fc>^ri)(2a-36V^) 

^4a2+12a6vCrT-96g^4ag-96g-f  12aZ>\/^n' 
(2a)2-(36V::ri)2  4a2  +  962 

66,   ia-46vCn[^Ga-4feVi:T)(4a  +  ^6-/rT) 

^2ag  +  ia6\/in^~16a6V:ri-|-268_2a«+26»-16}afe\/=rT 
(4a)2-(}6V:ri)2  "  I6a2+^ 

4 


Solve : 
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Exercise  _92.    Page  251. 


1.  .3x2-2  =  3:2  +  6  g  2£^Zli  +  ^L±i  =  8 

2x2  =  8  '  7  5 

x2  =  4  5(2  j:2  -  4)  +  7(a:2  +  4)  =  280 

/.  x=±2  10x2-20  + 7x2  +  28  =  280 

17x2  =  272 

2.  5x2+10  =  6x2+1  ^2^jg 


-x2  =  -9 

x2  =  9 
.-.  X  =  ±  3 


:±4 


Q  3-x2      x2+6_o 


3.  7x2-60  =  4x2  +  25 

3x2  =  75  6(3  -  x2)  +  ll(x2  +  5)  =  198 

a^^26  18-6x2+11x2+55=198 

/.  x=±6  5x2=125 

x2  =  25 

4.  6x2-J  =  4x2  +  -y-  /.  x=±5 

2x2  =  -V-+i  =  ff 

a:2=2|  ^^          6x2  +  3      17-x2^^ 

'       .-.  x=±f  8                 4 

4(6x2  +  3)  -  8(17  -  x2)  =  128 

5.  ^iJ:=riO  20x2+12-136  +  8x2=128 

^  28x2  =  252 

^2+1=50  ^2=9 


x2  =  49 

.-.  x  =  ±7 

6.           ^  =  4  11-        i-672  =  l 

3x2-8  =  40  9-2  =  28x2 

3x2  =  48  28x2=7 

x2=16  ^^  =  i   , 

.-.  x  =  ±4  .-.  x=±J. 

7                      X2-9^X2+1  ^2              _5 3_=:± 

4              5     *  '3x2      5a-2      15 

5(x2  -  9)  =  4(x2  +1)  25  -  9  =  4x2 

5x2-45  =  4x2  +  4  4x2=16 

x2=49  x2  =  4 

.*.  X  =  ±  7  .-.  X  =  ±  2 


:=±3 


340  SCHOOL   ALGEBRA. 

13. 


1 

1 

1 

x-1 

x+1 

4 

4(x+l)-4(:r 

-1)  = 

=  (x- 

.1)(2 

+  1) 

4X+4-4 

x  +  4  = 

/.   X  = 

=  X2- 

=  0 
=  i3 

1 

''    +. 

7 

=  2 

14. 

8  — ar      2  — 3x 

16(2-3t)  +  7(8-x)  =  2(8-x)(2-3x) 
30-45x  +  56-7x  =  32-52x  +  6x2 
6x2=64 

xa=9 
.-.  x=±3 

15.  3x«+llx=10x  +  8  +  x2  +  x 

2x2=8 

x«  =  4 

/.  x=±2 

16.  (x  +  4)(x  +  5)  =  3(x  +  l)(a:  +  2)  -  4 

x2  +  9x  +  20  =  3x8  +  9x  +  6  -  4 
-2x2  =  -18 
xa  =  9 
.-,  x=±3 

17.  3(x-2)(x  +  3)=  (x+l)(x  +  2)  +  x8  +  6 

3x2  +  3x-18=x2  +  3x  +  2  +  xa  +  5 
x2  =  25 
.'.  X  =  ±  5 

18.  (2x+l)(3x-2)4-(l-.r)(3  +  4fl;)=3x2-15 

6  a:2  _  a- _  2  +  3  +  X  -  4  x2  =  3  x2  -  1 6 
x2=16 
.'.  X  =  ±  4 

19  x24-9     2x2--6      3x2+10_^^ 

17  9  5 

45(x2  +  9)-.85(2x2-5)  +  153(3x2+  10)  =  10710 
45 x2  +  405  -  170x2  +  425  +  459x2  +  1630  =  10710 

334x2  =  8350 

x2  =  25 

.'.  X  =  ±  6 
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3x2-5     2x8  +  4     a^-3^g 
7  9  2 

18(3x2  -  6)  +  11(2x2  +  4)  _  63(x2  -  3)  =  630 
54x2-90  +  28x2  +  66-63x2+189  =  630 

19x2  =  475 

x2=25 

/.  X  =  db  6 


21. 


10x2+7      12x2  +  2^6x2-9 
18  11x2-8  9 

10x2+7      5x2-9^12x2  +  2 
18  9  11x2-8 

103:2  +  7  _  (ioa.2  _  18)  ^12x2  +  2 
18  11x2-8 

25^12x2  +  2 
18      11x2-8 
25(11x2-8)=  18(12x2  +  2) 
275x2-200  =  216x2  +  36 
69x2  =  286 
x2  =  4 


22. 


X— 1      x+ 1_6 
a:+l"*"a:-l      2 
2(x  -  1)2  +  2(x  +  1)2  =  5(x2  -  1) 
J  a:2  _  4  a,  +  2  +  2  x2  +  4  X  +  2  =  6  x2  -  5 
x2  =  9 
/.  x=±3 


ax2  +  6  =  c 
ox2  =  c  — 6 

a 


x'  =  '. 


-b 


^     a 


ax2  +  6  =  6x2  +  a 
x2=l 

,\    X  =  db  1 


25.      x2  +  26x+c  =  6(2x+l) 
x2  +  26x+c  =  26x+6 
x2  =  6-c 

.'.  X  =  ±  y/b  —  c 


26. 


a      x_9a2  — x2 

X     a  ax 

a2  +  x2  =  9a2-x2 

2x2  =  8a2 

x2  =  4a2 

.-.  x  =  ±2a 
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x  —  a      x-^a      2 
2(x  +  a)a  +  2(ar  -  a)2  =  6(xa  -  a^ 
2a^  +  4ax  +  2a2  +  2a^»-4ax+2a2=6ar2_6aa 

.'.  x=  ±8a 

28.  26     ^  5a:+26^      ^ 

X  — 6  3a: 

66a:+  (ar-&)(5a:  +  26)  = -3x(a:-6) 
66x  +  5xa-36ar-262=-3z2  +  36x 
8x2  =  262 

6 


29.  2[(x  +  a)(x  +  6)  +  (ar-a)(a:-6)]=a2  +  462 
2(a:2  +  ox  +  6x  +  a6  +  ar2  —  aa:  —  6ar  +  a6)  =  a2  +  4  6^ 

4x2  +  4a6  =  a2  +  462 

4x2  =  a2-4a6  +  462 
^^a2_4aft^.4yi 

4 

a-26 

.'.  X  =  ± 

2 

30.  2  [(x  -a)(x  +  6)  +  (x  +  a)(x~6)]  =  9a2  +  2a6  +  62 
2(x2  —  ax  +  6x  —  a6  +  x2  +  ax  —  6x  —  a6)  =  9a2  +  2a6  +  62 

4x2-4a6  =  9a2  +  2a6  +  62 
4x2  =  9a2  +  6a6  +  62 
^_9a2  +  6a6  +  62 
""  ~  4 

3a  +  6 


Exercise  93.  Page  254. 
Solve : 

1.  x2  +  2x=8  2.  x^-6x=7 

i;2  +  2x  +  l  =  9  x2-6x+9=16 

x+l  =  dt3  X  — 3  =  ±4 

.*.  X  =  2,  or  —  4  .-.  X  =  7,  or  - 
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3.  a:2_4a;=i2 
ri  — 4ar  +  4=16 

x-2  =  ±"4 
.-.  j:  =  6,  or  —  2 

4.  x2  +  4:r=6 
a:24.4a:  +  4=9 

x+2=±3 
/.  X  =  1,  or  —  6 

5.  x2  +  6j:=14 

a:+f=±f 
.-.  a:  =  2,  or  -  7 

6.  a:2-3x  =  28 

/.  ar  =  7,  or  —  4 
7  2a^2  +  a:=l5 

/.  a:  =  I,  or  -  3 


8. 


6a:2  +  3x  =  2 


9.  a:2  +  fa:  =  40 

/.  a:  =  6,  or  —  Y 

10.  3a:2_4ar  =  4 

a:2-Jx=J 
a:2-fa:+J  =  ^^ 

/.  a:=r2,  or-J 

11.  6ar2  +  x=l 

^  +  tV  =  ±  A 
.-.  a:  =  J,  or  -  } 

12.  6x2-a:  =  2 

a:2-ix=J 

.*.  ar  =  f ,  or  -  J 

13.  12ar2-lla:  +  2  =  '0 

.-.  x  =  f,  or  i 
14. 


15a:2-2a:-l  =  0 

/.  x=f,or-l  ^-i^7  =  ±A 

.-.  a:=4,  or-t 


15  (a:+l)(a:  +  2) 

6 

2(a:+l)(z  +  2)- 
2a^«+6ar  +  4- 


-5(a:-l)(x-2)  =  30 
-6a:2+i5a._i0  =  30 

3a:2-21ar=-36 
a:2_7ar=-12 
a:2-7ar+^  =  i 

...  a:  =  4,  or  8 
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Ig  (2x-3)x      (x  +  4)(x-l)^^ 

4  6 

6x(2x-3)-4(x  +  4)(:c-l)  =  24 
12xa-18x-4xa-12ar+16  =  24 
8ar2-30x  =  8 

x-¥=±¥ 
.'.  x  =  4,  or  —J 

17  3x4-6  .  2x-6  ^  3 

x+4        x-2 
(3x+5)(x-2)  +  (2x-6)(x  +  4)  =  3(x  +  4)(x-2: 
3x2 -  X  -  10  +  2x2  +  3x  -  20  =  3x2  4.  6x  -  24 
2x2-4x  =  6 
x2-2x  =  3 
x2-2x+l  =  4 
x-l=±2 
.*.  x  =  3,  or  —1 


18.  *  £^^  +  .£±^.=  1 

x-2     2x+l 

(x-6)(2x+l)  +  (2r-2)(x4-5)  =  (x-2)(2x+l) 

2x2-llx-6  +  x2  +  3x-10  =  2x2-3x-2 

x2-6x=14 

-     x2-6x+^^  =  ^^ 

.-.  X  =  7,  or  -  2 


19  4  — 3x      l  +  2x_9 

2-^x        1  — X       2 
2(4  -3x)(l  -  x)  - 2(1  +  2x)(2  +  x)  =  9(2  +  ir)(l  -ar) 
8-14x  +  6x2-4-10x~4x2=18-9x-9x2 
llx2-16x=14 

.-.  x=2,  or  -^ 
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x+  1  ar  6 

6x3  +  6(a:  +  1)2  =  13x(i:+  1) 
6x2  +  6x2  +  12ar  +  6  =  13x2  + 13a: 
x2  +  x  =  6 
a:«  +  x+J=¥ 

.-.  x  =  2,  or-3 


21.        6x2-4x=l 

.2-1^  =  1 
5       5 


6       25 

.-.  X  =  1,  or  —  i 


22. 


x±2 
x-1 


4-x. 

2x,  " 


6x(x  +  2)-3(4-x)(x-l)  =  14x(x-l) 
6x2+  12x+  3x2-  15x+  12=  14x2-14x 
6x2-llx=12 

a:2-J^x=J^ 

x-H  =  ±i« 

/.  X  =  3,  or  -  f 


23. 


x  +  3 
x-2 
(x  +  3)(x  +  4) 


.5x  +  8 


x  +  4 

(5x  +  8)(x-2) 
x2  +  7x  +  12  =  6x2-2x-16 
4x2-9x  =  28 
z2-|x=7 

x-f=±¥ 
X  =.-  4,  or  —  } 


24. 


=  2 


2x-l      3__ 

3  2x-l 

(2x-l)2  +  9=6(2x-l) 
4x2-4x+l  +  9  =  12x-6 
4x2-.16x  =  -16 

a:2_4a:  +  4  =  0 

x-2  =  0 

/.  x  =  2 


25. 


x+1  .  x  +  2^13 
x+2      x+1       6 
6(x  +  1)2  +  6(x  +  2)2  =  13(x  +  2)(x  +  1) 
6x2  +  12x  +  6  +  6x2  +  24x  +  24  =  13x2  +  39 3.  ^  26 
x2  +  3x  =  4 
x2  +  3x+J  =  ^ 
x+t=±f 
.'.  X  =  1,  or  —  4 

7x2-8x  =  -l 
a:2-^x  =  -^ 

X-^=4:f 

/.  X  =  1,  or  ^ 
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Exercise  94.    Page  259. 


Solve : 

1.                3ar2-2x=8 

7. 

8x2+3x=26 

9x2-6x  =  24 

256x2  +  96x  =  832 

9a;a-6x+l  =  26 

266x2  +  96x+9  =  841 

3jr-l  =  ±5 

16x+3=±29 

3x  =  6,  or- 

-4 

16x  =  26,or. 

-32 

.'.  X  =  2,  or  - 

■♦ 

.-.  x=y,or 

-2 

2.               5ar2-6x  =  27 

8. 

7x2  +  5x=150 

26x3 -30  a:  =135 

196x2+ 140  x  =  4200 

25x3-30x  +  9=144 

196x2  +  140  X  +  25  -  4?,26 

5a:-3=±12 

14x  +  5  =  ±65 

5x=  16,  or 

-9 

14x=60,or 

-70 

.*.  x=   3,  or 

'% 

.-.  x=  Y-,or 

-5 

3.                2a:3  +  3a:  =  5 

9. 

6x2+6x=14 

16xa-+24jc  =  40 

144x2 +  120x  =  336 

16a:3  +  24x  +  9  =  49 

144x2 +120X  + 25  =  361 

4x  +  3  =  ±7 

12x  +  5  =  ±19 

4a:  =  4,  or  - 

-10 

12x=14,or. 

-24 

/.  X  =  1,  or  - 

-f 

.-.  x  =  J,  or- 

-2 

4.               2x2-6x  =  7 

10. 

7x2-2x  =  f 

16x3-40x=66 

196x2-56x  =  21 

16x2-40x  +  26  =  81 

196x2-56x  +  4  =  25 

4x-5=±9 

14x-2  =  ±5 

4x=  14,  or 

-4 

14x  =  7,  or- 

-3 

/.  x=},  or- 

-1 

.'.  X  =  J,  or  - 

-A 

5.               3x3+7x  =  6 

11. 

8x2  +  7x  =  51 

36x2  +  84x=72 

256x2 +  224x  =  1632 

36x24-84x  +  49=121 

256x2 +  224X  + 49  =1681 

6x+7=±ll 

16x+7  =  ±41 

6x  =  4,  or- 

-18 

16x=34,or- 

-48 

.-.  x=f,  or- 

-3 

.-.  x  =  V,or. 

-3 

6.               5x2-7x  =  24 

12. 

7xa-20x  =  75 

100x2-140x  =  480 

196x2 -560x  =  2100 

100x2 -140x+ 49  =  529 

196  r2  -  660x  +  400  =  2500 

10x-7  =  db23 

14x-20=±50 

10x  =  30,or. 

-16 

14x=70,or- 

-30 

.'.  X  =   3,  or  . 

-i 

.«.  X  =  5,  or  - 

-¥ 
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121x2 -110  a:  =  264  '                 4         "^       16 

121x2- 110  a: +  26  =  289  2ar2-^  =  --l 

llx-6=±17  "^^        4           16 

lla:  =  22,or-12  32x2- 12ar  =  -  1 

/.  x  =  2,or-^  266x2-96x=-8 
266x2-96x  +  9  =  l 

14.              3x2  +  ^=26  ^^"r/^^^     9 

3  16x  =  4,  or2 

81x2+ 18x  =  676  ..  j^^j^orj 
81x2+ 18x+ 1  =  676 
9x+l  =  ±26 

9x  =  26,or-27  19.               ix^+ix  =  ^^- 

.-.  x  =  J^,or-3  9x2  +  25x=100 
324  x2  +  900  x  =  3600 

,.                    2     3x      o     .  .  324 x2  +  900 x  + 626  =  4226 

16.                  a:2-_  =  3x+l  18x  +  25  =  ±66 

ar2— llf  =  l  18x  =  40,or— 90 

4  .-.  x  =  ^,or— 6 
64x2-240x  =  64 

64  x2-240x+ 226  =  289 

8x-16  =  ±17  ^^                    «        o      2 


8x  =  32,or-i 


20.  2x-3  = 


X 


c  =  4,or  — J'  2x2-3x  =  2 
16x2-24x=16 

^     X  16x2-24x  +  9  =  26 

16.                f-|=2(x-2)  4x-3=i6 

3x2-14x=  — 24  4x  =  8,  or-2 

36x2  — I68x+196  =  — 92 ...  x=2,  or-J 

6x-14=±2V^^^23_ 
.-.  x  =  J(7±V-23) 

21  l£-_l  =  ?? 

,«                2x2,3x__.-  '                  6       3x      3 

^'                "3"     T~  21x2-26  =  100x 

4x2  +  9x  =  90  21x2-100x  =  26 

64  x^  +  144  X  =  1440  1764  x2  -  8400  x  =  2100 

64  x2  +  144  X  +  81  =  1621  1764  x2  -  8400  x  +  10000  =  12100 

8x+9=±39  42x-100=±110 

8x  =  80,  or  -48  42x  =  210,  or  -  10 

.'.  X  =  J^,  or  — 6  /.  X  =     6,  or  —  ^^ 
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^  2*^    3        10 

'^  .  3       2a:       3 

4a^  +  9  =  20a: 
4x2-20  a:=-9 
4i^-20j:  +  25=16 
2x-6  =  ±4 
2x  =  9,  orl 
/.  a:  =  f,ori 


23.       (x  +  2)(2ar+l)  +  (j:-l)(3j:  +  2)  =  57 
2a^»  +  5x  +  2  +  3a:2-x-2  =  67 
5ar2  +  4a:  =  57 
26x2 +  20  a:  =  285 
26x2 +  20x  + 4  =  289 
5x  +  2  =  ±17 

5x=15,  or -19 
/.  x=   3,or-J^ 


24.  3x(2x  +  6)-(x+3)(3x-l)=l 

6x24-15x-3x2-8x  +  3=l 

3x2+7x  =  -2 
36x2  +  84x  =  -24 
36x2  +  84x4-49  =  26 
6x  +  7  =  ±6 

6x  =  -2,  or-12 
.-.  x=-J,or-2 

25  (2x  +  6)Cx-3)      x(3x  +  4)_g 

3  6 

6(.2x  +  6)(x-3)  +  3x(3x  +  4)  =  75 
10x2  -  5x  -  75  +  9x2  +  i2x  =  76 
19x2 +  7x=  150 
1444x2  + 632  x=  11400 
1444x2 +  632X  + 49  =11449 
•     38x+7  =  ±107 

38x=100,  or-144 
x  =  {f,  or-3 
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|(5:r2-8a:-6)-i(^^-3)  =  2x+l 
4(5a:2  -  8 X  -  6)  -  3(r2  -  3)  =  6(2  a:  +  1) 
20.r2  -  32x  -  24  -  3a^2  +  9  =  12x  +  6 
17x2 -44  a:  =  21 
1166a^2- 2992  a:  =  1428 
1166  a:2  _  2992  x  +  1936  =  3364 
34  a: -44  =  ±58 

34  a:  =  102,  or  -  14 
/.  a:  =  3,  or  -  T^y 


27. 


2  +5= 

ar  +  3^ar 

:2 

2x+6(a:  +  3)  = 

:2a:(x+3) 

2a:+6ar+16  = 

:2a:2  +  6a: 

2a:2-ar  = 

:15 

16a:2-8a:  = 

=  120 

16ar2-8ar+l  = 

:121 

4a:-l  = 

:±11 

4a:  = 

■  12,  or  -  10 

.'.  x  = 

3,  or-i 

5              3 

4 

•r-l      2a:  4-1 

3 

16(2a:4-l)-9(a:-l)  =  4(a:-l)(2a:+l) 
30a:  +  15  -  9a:  4- 9  =  8a:2 -  4a:  - 4 
8a:2-25a:  =  28 
256  a:2- 800  a:  =  896 
256  a:2  -  800x  +  625  =  1621 
16a:-25  =  ±39 

16a:  =  64,  or  -14 
.-.  a:=4,  or  -} 


3x-2      2a:-5~ 
7(2a:-5)4-4(3a:^2)  =  5(3a:-2)(2a:-6) 
14a:  -  35  4-  12 a:  -  8  =  30a:2  -  96a:  +  50 
30a:2-121a:  =  -93 
4  X  302a:2-4  X  30  X  121x  =  -  11160 
4  X  302a:2- 4  X30  X  121a:  +  1212=  3481 
60x-121  =  ±59 

60  a:  =180,  or  62 
.-.  a:  =  3,orH 
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30.  ^-  =  ^-+     2 


jc—  1      a:  — 2      a:  — 4 
2(x-2)(x-4)  =  3(x-l)(ar-4)  +  2(a:-.l)(x-2) 
2x2- 12ar  +  16  =  3  a:2  -  15x  +  12  +  2x2  -  6x  +  4 
3x2-9a:  =  0 
ar(x-3)  =  0 

/.  X  =  0,  or  3 

31.  ^±_24.^±i  =  _r5 

x-4      x-2 

(x  +  2)(x-2)  +  (x  +  3)(x-4)4-5(x-4)(x-2)  =  0 
a:2  -  4  +  x2  -  X  -  12  4-  5.r2  -  30x  +  40  =  0 

7x2-31x  =  -24 
196x2 -868x  =  - 672 
196x2-868x4-961  =  289 
14x-31  =  ±17 

14x  =  48,  or  14 
.-.  x=-2/,  orl 

32.  2x~3      6-3x^.^ 

X  —  4        X  4-  2 
(2x-3)(x4-2)4-(5-3x)(x-4)  =  (x-.4)(x4-2) 
2  x2  4- X  -  6  -  3  x2  4- 1 7  X  —  20  =  x2  —  2  X  -  8 
2x2-20x  =  -18 
x2-10x=-9 
0:2-10x4-26=16 
X  — 5=  ±4 
,*.  X  =  9,  or  1 

33  11-3X     2(7-4x)^ 

1-x  l-2x 

(11-3x)(1-2x)4-2(7-4x)(1-x)  =  (1-x)(1-2t) 
6x2-25x4-114-8x2-22x4-14  =  2x2  —  3x4-1 
12x2-44x  =  -24 
36x2-132x  =  -72 
86x2-132x4-121  =  49 
6x-ll  =  ±7 

6x=18,  or4 
.-.  x  =  3,  or| 
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34  T+1        1-J:^         2 

a:2  -  4      a:  +  2      6(a:  -  2) 
5a:  +  6  +  5(j:  -  2)  (1  -  a:)  =  2(a;  +  2) 
5  ar  +  5  -  6  a:2  —  10  +  1 5  a:  =  2  ar  +  4 
5ar2-18ar  =  — 9 
26a:2--90x=-46 
26a^-90ar  +  81  =  36 
5x  — 9=±6 
5a:  =  15,  or  3 
/.  a:  =    3,  or  f 

36.  2a:+7      3x-2^^ 
2a:-3       x+l 

(2x  +  7)(a:  +  l)  +  (3a:-2)(2x-3)=5(2a--3)(a-+l) 
2a^«  +  9a:  +  7  +  6a:2  -  13 X  +  6  =  10a:2  -  Sa- -  15 
2a^i-a:  =  28 
16a:2-8a:=224 
16a^-8x+ 1  =  225 
4a:-l  =  ±15 

4x=16,  or  — 14 
.'.  X  =    4,  or  —  J 

36  2ar+3  7  — a:     ^7  — 3a: 

2(2x-l)      2(a:+l)      4-3a: 
2(2a:  +  3)(a:+l)(4-3a:)-2(7-a:)(2a:-l)(4-3a-) 

=  4(7-3a:)(2a:-l)(a:+l) 
- 12  x8  -  14  a:3  +  22  a:  +  24  -  12  a:8  +  106  a:2  -  162  X  +  56 

=  -  24a:8  +  44a:3  +  40x  -  28 
48x2 -180x  =  - 108 
16x3-60x  =  -36 
64x2 -240x  =  - 144 
64x2 -.240x4- 225  =  81 
8x-15=±9 

8x  =  24,  or6 
/.  X  =  3,  or  f  / 

37.  2x-l 3_^£:^^5 


3  x—S     X— 8 

2x~l      3-fCa^-2)^g 


3  x-8 

r  —  1      X  - 
3  x-8 


2x-l      J?+1^5 
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(2x-l)(a:-8)-3(j:+l)=15(x-8) 
2x3-17a:  +  8-3ar-3=15x-120 
2x2-35a:=-126 
16ar3-280x  =  -1000 
16  :ra- 280  x+ 1226  =  225 
4x-35=±16 

4a;=60,  or20 
/,  X  =  -y,  or  5 

3£+2     1::^^7£-1      g 
2ar-l      2x4-1      4^2-1^ 
(3x  +  2)(2x+l)  +  (7-a:)(2ar-l)  =  7x- 1  +  5(4x2-1) 

6.T2+7T+2-2ar2+16a:-7  =  7ar-l  +  20x2-5 
16a:2_i5a.=  l 

4  X  162  x2  -  4  X  16  X  15  ar  =  4  X  16 
4  X  162x2-4  X  16  X  16x  +  162=  289 
82x-15  =  ±17 

32x  =  32,  or— 2 
/.  x  =  l,  or-^Jy 


)9. 

x-5 
x  +  3^ 

x-8 
x-3 

:       ^       +1 

x2-9     2 

2(x- 

•5)(x 

-3)  +  2(x-8)(x  +  3)  = 

:160  +  x2-9 

2x3 

-16x 

+  30  +  2x2-10x-48  = 

:160  +  x2-9 

3x2. 

-26x  = 

:169 

36x2- 

312x  = 

:2028 

36x2 -312x 

+  676  = 

:2704 

6x-26  = 

:±62 

6x  = 

:  78,  or -26 

/.  x  = 

:18,or-J5^ 

40  2x+l      4x+l^     46  . 

7-x  ^  7  +  x       49-x2^ 
(2x  +  1)(7  +  x)  +  (4x  +  1)(7  -  x)  =  46  +  49  -  x2 
2x2+16x+7-4x2  +  27x+7  =  46  +  49-x2 
a4i«42ar  =  -80 
aJi-.42x  +  441  =  361 
x-21  =  ±19 
/.  x  =  40,  or2 
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Solye : 

1.  a:2+2ax  = 
z2+2aa:+a2  = 

x  +  az 
.*.  a:  = 

2.  a:2-4aa:  = 
a:2  —  4  ax  +  4  a2 1 

X  — 2a  = 

/.    X: 

3.  x2  +  86x  = 
a:2  +  86x+1662: 

X  +  46: 

.*.  a?.: 

4.  x2  +  36x: 


Exercise  95.    Page  262. 


.3a 


X+-: 


5.  x2  +  5  ax  = 
x2+5ax  +  ya2  = 

.  5a 
x  +  -  = 

.'.    X 

6.  3x2  +  4cx 
9x2+12cx  +  4c2 

3x  +  2c 
3x 


3a2 
:4a2 
:±2a 
:  a,  or  ■ 

:12a2 
:16a2 
:  ±4a 
:  6  a,  or  —  2  a 

:962 
:2562 

:  6,  or- 9  6 

:1062 

.4962 
4 

2 
:26,  or  — 56 

=  14a2 

:-y-a2 


7.         5ax-2x2 

2x2  — 5ax 

16x2-40ax+25a2 

4x  — 6a 

4x 


9a 

''  2 
=  2a,  or  — 7a 

=  4c2 
=  16c2 
=  ±4c 

=  2  c,  or  —  6  c 
:=2c  or.2^ 

3 

=  2a2 

=  -2a2 

=  9a2 

=  ±8a 

=  8a,  or  2a 


8.  6x2  — ax  — a2  =  0 

oa    1      a         .   o^      25a2 

36  x2  —  6  ax  H =  — -— 

4         4 

ft        a      ^6a 

Ox  — -  =  ±— - 

2  2 

6x=3a,  or  —2a 

a  a 

.'.  X  =  -,  or 

2'  3 

9.  2a2x2  +  ax-l  =  0 
16a2x2+8ax+l  =  9 

4ax+  1  =  ±3 

4ax  =  2,  or  —4 

...x=JL,or-l 
2tt  a 

10.     1262x2-56x=3 

14462a;2«606x+  ^c'-=  H^ 
126x-f=±  V 
12  6x  =  9,  or-4 


11. 


2x» 


+  ^=lla(r-3a) 
o  4 


X  =  2  a,  or 


2 


8x2  +  3aa:  =  132 ax  -  396 a2 
8x2-129ax  =  -396a2 

16x2-258  ax+i5^  =  ^Fa2 
16 

4a:  _  121a  =±6^3  a 

4x  =  48a,  or  -^-a  . 
/.  x=  12  a,  or  \^-a 

12.  8^+-^  =  ^ 

4        2a      2a2 

3a2x2  +  2ax  =  6 

9a2x2  +  6ax+l  =  19 

3ax+l  =  ±  VT9 

3ax  =  -l±  Vl9 

-1±  Vl9 
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^  __  X      J^  ^  J^  9aV^  +  8ax  =  52 

a      4a2      a*  9a2a:2  +  8aa:+ V  =  H^ 

2a         a  3aa:  =  6,  or  — 2^ 

3  1  2  26 

.-.  a:  =  -^,  or .-.  a:  =  -,  or  —  =^ 

2a  2a  a  9a 

4(a:a  +  ax  +  a«)  +  3(a2  -  x^)  =  12  ax 
4x2  +  4ax  +  4aa  +  3a2-3x2=12ax 
x2-8az  =  -7a2 
a:«  — 8ax  +  16a2  =  9a2 
X  — 4x  =  ±'3a 
/.  X  =  7  a,  or  a 

16.  2x2-x  +  a  =  2a2 

2x2-x=2a2-a 

16x2-8x+l  =  16a2-8a+l 

4x-l  =  ±(4a-l) 

4x  =  4a,  or  2  — 4a 

l-2a 
/.  X  =  a,  or  = — ^^ 


17.  £(^j:i£l+?=6a 

aJfX        3 

3x(rt  — x)  +x(a  +  x)=  15a(a  +  x) 

3ax  — 3x2  +  ax  +  x2=15a2  +  16ax 

2x2+llax  =  -16a2 

16x2  +  88ax+121a2=:a2 

4x+  lla=  ±a 

4x  =  — 10a,  or  — 12a 

...  x  =  -^,or-.3a 


iQ  x(3x  — g)  _  a 

4x  +  a     ~12 

12x(3x  — a)  =  a(4x4-a) 
36x2-12ax  =  4ax  +  a2 
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19. 


i»  + 


36x2 

-16aa:  + Va2  = 

^a» 

Qx'-ia^ 

±|a 

ex  = 

3  a,  or 

a 
3 

.'.  x  = 

1- 

a 
18 

mn 

1 

ni2  — n2 
mn 

(m2  +  «2)a 
4r/i2n2 

ni2  —  n2 

--^■^ 

_n_2 

2  win  2  7nn 

2n2  2m2       n    _      m 

.-.  X  = ,  or  — =  — ,  or 

2mn  2mn      m  n 

20.  |±£  +  *^  =  2 

(x  +  ay  +  (6  -  a)2  =  2(6  -  a)(a:  +  a) 
r^  +  2aa:  +  a2  +  62  -  2a6  +  a^  =  26x  -  2ax  +  2  afe  -  2a2 
ar2  4.(4a_26)x  =  -4a2  +  4a6-62 
:r2  +  (4  a  _  2  6 )  a:  +  (2  a  -  6)  2  =  0 
ar  +  2a  — 6  =  0 

.-.  a:  =  6-2a 

21  a  +  26       a  +  6  ^g 

36~x      a:  +  2a 

(a  +  26)(a:  +  2a)  +  (a4-6)(36-a:)  =  2(36-a:)(a:4-2a) 

ax  +  26a:  +  2a2  +  4a6  +  3a64-362  — aa:— 6ar=?  — 2a:2  +  66a:  — 4aar  +  12ai 

2a:2+  (4a-56)a:  =  -2a2  +  5a6-362 

16ar2  +  8(4a  -  56)a-=  -  16a2  +  40 a6  -  2462 

16ar2  ^  8(4a  -  56)z  +  (4a  -  56)2  =  fc2 

4a:  +  4a  — 56=  ±6 

4a:  =  66  —  4a,  or46  —  4a 

36-2a  ^^,      ^ 

/.  a:  = ,  or  0  —  a 

2       * 

22.  a^«  +  (a  -  fc)^  =  «* 

4ar2  +  4(a  -  5)3;  +  (a  -  6)2  =  a2  +  2 a6  +  62 
2x-{-a  —  b  =  ±(a  +  b) 

2ar=2  6,  or— 2  a 
/.  a:  =  6,  or  —  a 
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23  2a  +  a:      a--2ar_8 

2a-x      a  +  2a:      3 
3(2a  +  a:)(a  + 2r)  +  3(a-2a:)(2a -ar)  =  8(2a -ar)(a  +  2ar) 
6x2  +  15aj:  +  6aa  +  6a:2  _  i5aj.  ^  6a2  =  16a2  +  24aa:  -  16x2 
28x2-24ax=4a2 
196x2  _  i68ax  +  36a2  =  64a2 
14x  — 6a=:±8a 

14  X  =  14  a,  or  —  2  a 

.-.  x  =  a,or-^ 

24.  2x~3a      3x  +  2a^l0 

x  +  4a        4x  — a        7 
7(2x-3a)(4x-a)  +  7(3x  +  2a)(x  +  4a)  =  10(x  +  4a)(4x-a) 
66  x2  -  98  ax  +  2 1  a2  +  2 1  x2  +  98  ax  +  56  a2  =  40  x2  4- 1 50  ax  -  40  a2 
37x2-150ax  =  -117a2 
4  X  372x2  -  4  X  37  X  150 ax  +  1502a2  =  5184 a2 
74x  — 150a  =  ±  72a 

74x  =  222a,  or78a 
.-.  x  =  3a,  or  |^a 

25.  -^_j5x+l  =  0 
662     6a6      a2 

a2x2-5afex  +  662  =  0 

a2x2  -  5a6x  +  i^-}fi=  \h^ 

ax  —  f  6=  ±  J6 

ax  =  3 6,  or  26 

86  _26 

.'.  X  =  — ,  or  — 

a  a 

26.  a-Mi£^«±i^2 
a+6+x      x+6 

(a  -  6  +  x)(x  +  6)  +  (a  +  6  +  ic)(a  +  6)  =  2(a  4-  6  4-  a:)(x  +  6) 
x2  +  ax  -f  a6  -  62  +  a2  4-  2a6  +  62  +  ax+  6x  =  2x2  +  2ax  +  46x+2a6+262 

x2+36x  =  a2  +  a6  — 262 

a:2  +  36ar  +  £^  =  a2  +  a6  +  ^ 
4  4 

,36  /     ,   6\ 

.-.  X  =  a  —  6,  or  —  o  —  2  6 
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a  +  6  +  ar      a      b     x 
abx  =  bx(^a  +  6_4-  a?)  +  ax(a  +  6  +  ar)  +  afc(a  +  6  +  x) 
abx  =  abx  +  62^;  +  bx^  +  a^a:  +  abx  +  ax^ -{-  a%  -\-ab^-\-  abx 
(a  +  6)J^2  +  (a^  +  2afc  +  62)a:  =  -a%-  ab^ 
a^»  +  (a  +  6)ar  =  --  a6 


^+(«  +  5).+  (^y=«-i:^ 


2  2 

a:  =  —  6,  or  —  o 


2g  i3£-aK2x  +  al      ai-4£2^2^2 

2  3 

3(3a:-a)(2a:+a)  +  2(a2-4a:2)  =  i2aa 
18x2  +  3aa:  -  3a2  4- 2a2  -  8ar2  =  12a2 
10a:2  +  3aar=13a2 
100  a:2  +  30ax  +  |a2  =  ipa2 
10a:+fa  =  ±iya 

10a:=10a,  or  —13a 
/.  x  =  d,  or  —  xS* 


29.  9ar2  -  3(a  +  26)a:  +  2afc  =  0 

9x2  -  3(a  +  26)0:  +  i(a  +  26)2  =  ^ini^^^+1^ 

4 

3x-Ka+26)  =  ±K«-26) 

3ar=  a,  or  26 

a        26 

.-.  ar  =  -,  or  -— 

3         3 


30  (2a  +  l)a:2  +  3a2a:  +  a'  — a2  =  0 

4(2a  +  l)2a:2  +  12a2(2a  +  l)a:  =  4(2a  +  l)(a2  -  a8) 

4(2a  +  1)2x2  +  12a2(2a  +  l)x  +  9a*  =  9a*  -  8a*  +  4a8  +  4a2 

=  a*  +  4a8  +  4a2 

2(2a  +  l)x  +  3a2=  ±(a2  +  2a) 

2(2a+l)ar  =  2a-2a2,  or  -4a"-2a 

a  — a2 

/.  X  = ,  or  —  a, 

2o  +  l' 


358  SCHOOL   ALGEBRA. 

31.  (1  -  a2)x2  -  2(1  +  a2)x  +  1  -  a^  =  o 

(1  -  a^yx^  -  2(1  -  a2)  (1  +  a2)x  =  -  (1  -  a2)2 
(1 -02)^x2-2(1 -a2)(l  +  a«)a:  +  (1  +  a2)a  =  4a2 
(l-a2)x-(l  +  a2)=±2a 

(1  — a2)x=l±2a  +  a2 
.  _l±2o  +  a2 
"'-      l-a2 

1-a        1  +  a 

32.  (a  +  6)2x3  -  (a2  -  62)^.  ==  ab 
4(a  +  6)^x2  -  4(a2  -  62)a:  =  4  «& 

4(a  +  6)^x2  -  4(a2  -  b^)x  +  (a  -  6)2  =  a2  +  2  a6  +  62 
2(a  +  6)x  —  (a  —  6)  =  ±  (a  +  6) 

2(a  +  6)x  =  2a,  OP— 26 

.\^_a_Qj, 6_ 

a  +  6*  a  +  6 

33.  a2x2  +  26cx  +  a2  =  c2x3  4. 2a2x  +  62 
(a2  -  c2)x2  +  2(6c  -  a2)x  =  b^^a^ 

(a2  -  c2)2x2  +  2(a2  -  c2) (6c  -  a2)x  =  (a2  -  c2)(62  -  a^) 
(a2-c2)2j.2+2(a2-c2)  (6c-a2)x+  (bc-a^f  =  a%^  -  2a26c  +  aV^ 
(a2  _  c2)x  +  6c  —  a2  =  ±  (a6  —  ac) 
(a2  —  c2)x  =  a2  +  a6  —  ac  —  6c  or  a2  —  a6  +  oc  —  6c 
(cfi  —  c2)x  =  (a^c){a-\-  6)  or  (a  +  c) (a  —  6) 

...  ;r  =  ^±i,or^^ 
a-\-  c        a-^c 

34.  (a  +  6)x2 -  (2a  +  6)x  +  a  =  0 

4(a  +  6)2x2  -  4(a  +  6)(2a  +  6)x  =  -  4(a  +  6)0 
4(a  +  6)2x2-4(a  +  6)(2a  +  6)x+(2a  +  6)2=62 
2(a  +  6)x-(2a  +  6)  =  ±6 

2(a  4-  6)x  =  2a  +  26,  or  2a 


a  +  6 


gg  2x  — 86         3x 


*-26       x  +  2a      2(a-6) 
2(a-6)(2x-36)(x  +  2a)-6x(a-6)(x-26) 

=  a(x-26)(x  +  2a) 
4(a-6)x2+(8a-66)(a-6)x-12a6(a-6)-6(a-6)x2+126(a-6)x 

=  aa:2  +  a(2a  — 26)x-4a2J 
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(26-3a)j:2+(6a  +  66)(a-6)a:=8a26-l2a62 
(26-3a)2a^2+6(26-3a)(a2-62)a.  =  (26-3a)(8a26-.12a62) 
(26-3a)2.T2+6(26-3a)(a2-62)-p+9(a2.62)2 

=::  9  a*  -  24  a86  +  34  a262  _  24a68+ 9  6* 
(26-3a)a:  +  3(a2-62)  =  ±(3„2_4aft  +  3ft2) 

(26  — 3a)a:  =  662-.4a6,  or-6a2  +  4a6 
662-4a6 


26-3a 


-,  or  2  a 


36  3a:  — 26      4x  +  26_a-6 

ar  — 6  X  +  a        a  +  6 

(a+6)  (3a:-26)  (x+a)-(a+6) (4x+26)  (a:-6)=  (a  -  6)  (or  -  6)  (a:  +  a) 
3(a+6)a:2+  (a+6)  (3a-26)ar-2a6(a+6)-4(a+6)ar2+26(a+6)a:+262(a+6) 

=  (a  -  6)a:2  +  (a  -  6)2a:  -  a6(a  -  6) 
-  2ax2  +  (2a2  +  5a5  _  52)3.  =  ^25  +  a62  -  2  6* 
4o2x2  -  2a(2a2  +  5q6  -  62)  a:  =  -  2a86  -  2  a262  +  4a68 

4a2^2a(2a2+5a6-62)x+(^°'+^^^-^')'=^^'+^^^'^+^^"'^'+^^^+^' 

4  4 

2ax     2a2  +  5a6-62^  ^  2a2  +  3a6  +  62 

""^  2  2 

2ax  =  2a2  +  4a6,  or  06 -62 

a6-62 


a:  =  a  +  2  6,  or 


2a 


37.  (3  a2  +  62)  (a:2  -  ar  +  1 )  =  (a2  +  3  62)  (a:2  +  x  +  1) 

2(a2  -  62)x2  -  4(a2  +  62)a:  +  2(a2  -  62)  =  0 

^      o«^  +  62         /a2+62\2_      4a262 
a2-62    ^Va2-62;  -(a2-62y' 
^_aMi^^^2a6 


a2  -  62         a2  -  62 
•    j._«^±2a6  4-62_a4-6  ^^  a  — 6 
a2-62  a -6'        a  +  6 

38.  a:2  -  (a  +  6)a:  +  ac  +  6c  —  c2  =  0 

x2^(a  +  fe)^+/^^^a^  +  2a6  +  62-4ac-46c  +  4c2 

g  +  6_     g  +  6  — 2c 
2     ~  2 

.*.  a:=r  a  +  6  —  c,  or  c 
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39.  xa-Zix  =  (/»  +  9  +  0(9  +  »•) 


x^-px  +  ^=pg-{-pr  +  q^  +  2qr-^r^  +  ^ 


;.  x  =  p  +  q-^r,OT  —  (?  +  r) 


'-f 


40.  (a2  4-  a6)(j:2 -  1)  -  (a^  +  62)a:  +  (a  +  &)(«  - 26)=  0 

a(a  +  b)a^  -  (a2  +  62)ar  =  2a6  +  26^ 

a  +  6 

a  +  6      ^      4(a  +  6)2  4  (a  +  6)2 

aar  -  Q^^+^   =  ±  a2  +  4a6+62 
2(a  +  6)  2(a  +  6) 

«x=--^^,or(a  +  6) 

26  (a +  6) 

a  H-  6  a 

Exercise  96     Page  265. 
Find  all  the  roots  of 

1.  ar2-6a:  +  4  =  0  ar(x  +  3)(x-2)  =0 

(x-l)(x-4)  =  0  /.  ar=0, -3,  or2 

.'.  a:  =  1,  or  4 

6.  2:8-8  =  0 

2.  6a:2-5a:-.6  =  0  (x- 2)(j:2  + 2x  +  4)  =  0 


(2x-3)(3a:  +  2)  =  0 
ar=f,  or- 


x  =  2 
or  z2+2a:  +  4  =  0 

a^«  +  2x+l  =  -3 

3.  2a:2-ar-3  =  0  a:+l  =  ±V-3 

(2x-3)(x+l)  =  0  .-.  x  =  -l±  VHS 

.-.  ar=  I,  or  —  1 

^  7.  x«  +  8=i0 

4.  10x2  +  x-3  =  0  (x  +  2)(x2_2a:  +  4)  =  0 
(5a:  +  3)(2a:-l)=0  •••  a:  =  -2 

.-.  a:=-.|,or  J  <>'  x2-2a:  +  4  =  0 

a;2«2a:+l  =  -3 

5.  x8  +  a:2-6x  =  0  a:  — 1  =  ±\/^ 
a:(a:2  +  ar-6)  =  0                                       /.  x=l±  V^ 
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8.  a^  — 16  =  0  or  x^^i  =  0 
(x2  +  4)(ja-4)  =  0  0:2  =  4 

a:«4-4  =  0  x=±2 

j:3=:_4  .-.  x=±2,  or±2V^ 

.•.  x=±2V^ 

9.  (x-l)(x  -S)(x^+6x  +  6)  =  0 
(x-l)(x-3)(ar  +  2)(o:  +  3)=0 

/.  X  =  1,  3,  -  2,  or  -  3 

10.  (2x-.l)<a:-2)(3a:2-5a:-2)  =  0 
(2x-1)(x-2)(3j:+1)(x-.2)  =  0 

/.  a:=J,2,-J,or2 

11.  (x2  4-^-2)(2a;2  +  3ar-5)  =  0 
(jr-l)(x  +  2)(2x  +  5)(x-l)  =  0 

/.  x=l,  — 2,  —  f,  orl 

12.  3i*  +  a^'-^x+l)^0 
xa(x+l)-4(x+l)  =  0 

(a:2-4)(a:+l)  =  0 
(a:+2)(x-2)(x+l)  =  0 
/.  a:  =  -  2,  2,  or  -  1 

13.  3aJ»  +  2x2-(3x  +  2)  =  0 
aJJ(3x  +  2)-(3x  +  2)  =  0 

(x2-l)(3x  +  2)  =  0 
(x-l)(x+l)(3.r  +  2)  =  0 
.-.  x=l,-l,  or-f 

14  x»-27-13x  +  39  =  0 

x«-27-13(x-.3)  =  0 

(a3  +  3x  +  9)(x-3)-13(x-3)  =  0 

(x2  +  3x-4)(x-3)  =  0 

(x-l)(x  +  4)(x-3)=0 

.'.  X  =  1,  —  4,  or  3 

16.  x8  +  8  +  3(x2-4)  =  0 

(xa-.2x  4-  4)(x  +  2)  +  3(x  -  2)(x  +  2)  =  0 

(x«  — 2x  +  4  +  3x-6)(x  +  2)  =  0 

(a:2  4.a:-2)(x  +  2)  =  0 

(x-l)(x4-2)(x  +  2)  =  0 

.%  x=l,  —2,  or  — 2 
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16.  a:(j:3.i)«6(j:-l)  =  0  19.  2j^  +  2x^  +  (^x^~6x-~6)=0 
a:(a:+l)(x-l)-6(x-l)  =  0  2a:2(a:+ 1)  +  (a:+ l)(:c-6)  =  0 

(xa  +  a:-6)(x-l)  =  0  (2x*  +  :c-6)(x  +  1)  =  0 

(a:  -  2)  (a:  +  3)  (x  -  1 )  =  0  (2  x  -  3)  (x  +  2)  (x  +  1 )  =  0 

.-.  x  =  2,  —  3,  orl  /.  x=f,  —  2,  or  — 1 

17.  2x»-2x2-.(x2-l)  =  0  20.  z*-4x»-x2+16x-12  =  0 
2x2(x-l)-(x+l)(x-l)  =  0  (x-l)(x«-3x2-4x+12)  =  0 

(2xa-x-l)(x-l)  =  0  (x-l)[x2(x-3)-4(x-3)]  =  0 

(2x+l)(x-l)(x-l)  =  0  (x-l)(a:2-4)(x-3)  =  0 

.-.  x^~i,  l,orl  (x-.l)(x  +  2)(x-2)(x-3)  =  0 

.-.  x=l,  — 2,  2,  or  3 

18.  x«-3x-2  =  0 
(x+l)(x2-x-2)  =  0 

(x+l)(^+l)(x-2)  =  0 
.-.  X  =r  —  1,  —  1,  or  2 
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SoItg  : 

1.               2x2  +  3x=14 

3. 

x2-7x=18 

2ar2  +  3x-14  =  0 

a:2_7ar-18  =  0 

a  =  2,  6  =  3,  c  =  -14 

a=l,  6  =  -7,  c  =  -18 

.    ^_-3±  V9+  112 

.   ^_7±V494-72 
2 

-3  ±11 

7  ±11 

4 

2 

=  2,  or-} 

=  9,  or -2 

2.  3x3-6x=12  4.  5x2-x  =  42 

3a:2_5j;_i2=r0  6x2  —  x-42  =  0 

a=3,  6  =  -6,  c  =  -12  o  =  5,  6  =  -l,  c  =  -^ 


^     6  ±  V25  4-  144  .    ^     1  ±  VI  4-  840 

X  = . .  X  = 

6  10 

^6±13  ^1±29 

6  10 

=  3,or-t  =:3,or-Jj^ 


6ra-7a:=10  9.  6x^-\-7x=\2 

6ar2-7ar-10  =  0  6a:2  +  7x-12=0 

a  =  6,  6  =  —  7,  c  =  —  10  a  =  5,  6=7,  c  =  —  12 


7  ±  V49  +  240 
••  ^                12 

.    ^_-7±V49+240 
10 

7  ±17 

-7±17 

12 

10 

=  2,or-f 

=  l.or-J^ 

3a:2-llx  =  -6 

10. 

lla:2-9a:  =  -yi 

3x2-llx  +  6  =  0 

llar2-.9x+  V  =  0 

a  =  3,6  =  -ll,c  =  6 

a  =  ll,  6  =  -9,  c=i,^ 

.   ^_11±  V121-72 
6 

.          9±V81-H^ 
22 

11  ±7 
6 

22 

=  3,  or  J 

=  ior/. 

5x2-7a:  =  -2 

11. 

7x2  +  5ar  =  38 

6a:2_7a:  +  2  =  0 

7x2  +  6a:-38  =  0 

a=6,6  =  -7,c  =  2 

a=r7,6  =  6,c  =  -38 

.          7±V49-40 
10 

.    ^_-5±V26+1064 
14 

7±3 
10 

-6  ±33 
14 

=  l,or| 

=  2,or-J^ 

4ar3-9x  =  28 

12. 

6a:2-7ar  =  6 

4ara-9a:-28  =  0 

6ar2_7x-6  =  0 

a  =  4,6  =  — 9,c=r  — 28 

a  =  5,  6  =  -7,  c=-6 

.  ^_9±V81-f448 
8 

7  ±  V49  +  120 
"  "^                10 

9  ±23 

7  ±18 

8 

10 

=  4,or-J 

=  2,  or-l 
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Exercise  98.    Page  268. 


1.  a:* -5x2 +  4  =  0 
a:4-.5jr2+y  =  f 

x^  =  4,  or  1 
.-.  X  =  ±  2,  or  ±  1 

2.  a:4-13r2  +  36  =  0 
x*-13x2  +  i|a  =  ^ 

x2  =  9,  or  4 
.'.  X  =  ±  3,  or  ±  2 

3.  x*-21x2  =  100 
x*-.21x3  +  Aji  =  Aji 

x2  =  25,  or-4 
/.  x=  ±5,  or  ±2\/^ 

4.  4x6-3x8  =  27 
4x6-3x»+T«^  =  W 

2x»-i=±^:^ 

2x8  =  6,  or -I 
x«  =  3,  or  -  I 
.«.  a:  =  v^,  or  —  Vf 

5.  2x*  +  5x2  =  21| 
4x*+10x2+ y  =  if6. 

2x2  +  t=±J^ 

2x2=  I,  or  -  V- 
x2=f,  or-y- 

.'.  X  =  db  f,  or  ±  iV— 19 

6.  10x*-21  =  x2 
10x*-x2  =  21 

100x*-10x2  +  J=aji 
10x«-J=±V 


10x2=16,  or -14 

/.  x=±  Vi,  or±  V— ^ 

7.  \/^+3v^=l| 

x*  +  3xi=} 

x^ +  3x^+1  =  4 

x^  +  f=±2 

x^  =  J,  or  -  J 
/.  x=J,or-^t^ 

a  3v^-2\/i  =  -20 

2x^-3xi  =  20 

4x^-6x^  +  1=  J^P 

2x^-i=±J/ 

2x^  =  8,  or -5 

x^  =  4,  or  —  f 
.-.  X  =  256,  or  ^5* 

9.         5x2«+3x'»  =  6| 

100x2«  +  60x«=136 

100x2"  +  60x«  +  9  =  144 

10x«  +  3=±12 

10x»=9,  or—  16 

.-.  x=V^,orV=| 

10.   (8x  +  3)2+(8x  +  3)  =  30 
(8x  +  3)2+(8x  +  8)  +  i  =  i|i 
(8x  +  3)  +  J=  tV 
8x+3=5,  or— 6 
8x  =  2,  or  — 9 
•••  ^=i.  or-f 
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11.  2  (ar2  -  a:  +  1 )  --  Var^  -  X  +  1  =  1 

4(3^^3:+ l)-2\/a:2-a:4-l  +  i  =  f 

2Vx2-ar4-l  =  2,  or-1 


>/^ 

-ar+l  =  l,or-} 

ara- 

-a:+l  =  l,ort 

if 

a:2. 

-a:+l  =  l 

' 

a:2-.x  =  0 

ar 

Cx-.1)=0 
.-.  a:  =  0,  or  1 

if 

a:2- 

-x+l=t 

a:2. 

a:-J=±V-i 
...  a:=i±V^ 

12.         a*-9a*  +  8  =  0 

14.     ar+l  +  Vx+l  =  6 

a«-9aH»  +  ^^  =  ^ 

a:+l  +  Va:  +  l  +  i  =  ^ 

aJ»  =  8,  or 

1 

Va:+l  +  i  =  ±f 

/.  a:  =  2,  or 

1 

\/a:+l  =  2,or-3 

a:  +  1  =  4,  or  9 

13.                ar*  +  a:"*  =  J^ 

.-.  ar  =  3,  or  8 

Multiply  through  by  ar*. 

15.               a:*-13x2  =  -36 

a:+l  =  jy^x* 

a4_i3a:2  +  lji=,.j^ 

a:--Vx*=-l 

.r2-V=±f 

^-¥^*+HI  =  i% 

a:2  =  9,  or4 

ar*=f,or 

.-.  ar  =  ±  3,  or  ±  2 

* 

/.  x=|,or 

* 

16.  2xa  +  4ar  +  9  +  3V2x2  +  4ar  +  9  =  40 

(2a:a  +  4x  +  9)  +  3V2ar2+4r4-9  +  i  =  H^ 

V2ar2  +  4x+9+f  =  ±Y 

V2ar2  +  4ar  +  9  =  5,  or  -  8 
2ar2+4ar+9  =  25,  or64 
if  2ar2+4a:  +  9  =  25 

2a:2  +  4ar=16 
ar2  +  2ar  =  8 
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a:«  +  2ar+l  =  9 
x+l=±3 
/.  x  =  2,  or— 4 
if  axa  +  4a:  +  9=64 

4a:2  +  8ar  +  4=114 

2ar  +  2  =  ±  Vll4 
.-.  ar  =  -l±i\/ll4 

12x8-llx2+10a:-78=(|x-J)(8x2-7x  +  6) 
24x8-22a:2  +  20x-166=(3a:-l)(8x2-7x  +  6) 
24  x«  —  22  x2  +  20  X  —  1 66  =  24  x8  —  29  x2  +  26  X  —  6 
7a:2_5a:_i50  =  0 

49x2-36x+¥^  =  ^/^ 
7x-f=±-V- 

7x=36,  or-30 
/.  X  =  6,  or  —  ^f 


Exercise  99.    Page  270. 
Solve: 

1.  V9x  +  40~2Vx  +  7=Vx 

9a:  ^  40  ,  4\/9x  +  40  \/x+7  +  4x  +  28  =  x 
4V9X  +  40  V^r+7  =12x  +  68 
\/9x  +  40  vT+7  =  3x  +  17 
(9x  +  40)(x  +  7)  =  9x2  4- 102  X  +  289 
9x2  ^  i03x  +  280  =  9x2  4.  I02x  +  289 
.-.  x  =  9 

2.  Va  +  x+  Va  — x=  >/6 
a  +  X  4-  2  >/a  +  x  Va  —  x  +  a  —  x  =  6 

2\/a  +  X  Va  — x  =  6  — 2a 

4  (a2  -  x2)  =  fc2  _  4a6  ^.  4a2 
4x2  =  4a6-&2 
2     4a6-62 

.-.  x=±iV4a6-i2 
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a 


33:+ V4ar  — arg_2 

3jr+  V4x--xg=6x  — 2V4x-g3 

3V4^^^=3ar 

V4  a?  —  x^  =  A* 

4x  — x*  =  a:2 

2a:2-4x  =  0 

x*-2x  =  0 

x(x-2)  =  0 

.-.  x=0,  or2 


4.  \/x-3-V^^:rTi=  V4X-155 

j»3,.2Vx  —  3\/x  —  14  +  -g  —  14  =  4x  —  155 
-2\/^^^Vx-14  =  2x-138 
-  V^^^V^^^^  =  X  —  69 

(x-3)(x-.  14)  =  x2-  138x4-  4761 
xa  - 17  X  +  42  =  x2  - 138  X  4-  4761 
121  x=  4719 
.-.  x  =  39 


^-  Vx  +  4  —  Vx  =  Vx+i 

X  +  4  —  2  VxVx  +  4  +  x  =  x+  J 

—  2  Vx  Vx  +  i  =  —  X  —  f 

4x(x  +  4)  =  x2  +  5x+y 
4x2  4-16a:  =  x2+5x  +  ^ 
3x2+llx  =  i^ 
9x2  +  33x  +  i|i  =  ifa 
3x  +  J3ji-=±Y 

3x=|,or-.J»/ 
.-.  x=i,or-Jy^ 

6.  3Vx-4  _  15  +  3Vx  ^  Q 

2  +  Vi       40  +  Vx 
(3\/i-4)C40+  V^)-(2+  Vi)(15+_3Vx)  =  0 
116V^-160  +  3x-30-2lVx-3x=0 
95V^  =  190 
Vi  =  2 
/.  x  =  4 
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Vl4x  +  9  =  -  2 Vx  +  1  -  V3x+1 


14g  +  9  =  4x-f  4  +  4Vr+l  V3x+H-3x+l 
7x+4  =  4Vx+l  VSar+l 
49x3  +  56x+  16  =  48x3  +  64x4-16 
,    x3-8x  =  0 
x(x-8)  =  0 

/.  X  =  0,  or  8 


a  V6X+1-2- Vx+1  =  0 

V6x  +  1  =  2+  Vx+1 


5x+l  =  4  +  4\/x+l  +  x+l 
4x  — 4  =  4v/x+  1 
X  —  1  =  Vx+1 
x2  — 2x+l  =  x+l 
x3-3x  =  0 
x(x  —  3)  =  0 

.-.  X  =  0,  or  3 


Vx-2  +  Vx  +  3 -  V4x+1  =  0 


\/x--2+  Vx  +  3=  V4x  +  1 
X - 2  +  2 Vx - 2  Vx+1  +  X +  3  =  4x  +  1 
2\/x  — 2\/x  +  3  =  2x 
/x  +  3  =  X 


10. 


/7-X+  V3X+10+  Vx  +  3  =  0 


V7-X+  V3x+10  =  -  Vx  +  3 

7~x  +  2V7-xV3x+l0  +  3x+10  =  x  +  3 

2V7^^  V3x+10  =  -x-14 
4(7  -  x)(3x  +  10)  =  (x  +  14)2 
-  12  x2  +  44  X  +  280  =  x2  +  28  X  +  1 96 
13x2-16x=84 
169  x2  -  208  x=  1092  . 
169xa-208x  +  64=1156 
13x-8  =  ±34 

13x  =  42,  or-26 
.-.  x=Jf,  or-2 
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11.      3  Var8  +  17  +  y^Tfl  +  2  v^6ar8  +  41  =  0         

3Vi»TT7+  Vx«+  l  =  -2\/6a:8  +  41 
9(ar8  +  17)  +  6 V^s+I?  V^»Tl  +'a:«  +  1  =  4(6ar»  +  41) 
6 Vi«Tl7  Var«+  1  =  10a:*  +  10 
3Vjr»+17  V^»T1  =  5ar«  +  6 
9a:fl  +  162a:8  +  153  =  2bofi  +  50x«  +  25 
16a:«-112ar«=128 


a«-7ar8  =  8 
a«-7a:8  +  y  =  V 

aH»  =  8,  or  —  1 
/.  a:=2,  or  — 1 


12.       2g~V23r-l  =  a:  +  2  13.       Vx+2-Vx^-V^  =  0  _ 

x  -  2  =  V2x-1  Vx  +  2  —  Var  — 2  =  \/2j' 

a:^  — 4jr  +  4  =  2j:-l  x+2— 2  Vx+2V£^+x-^  =  2  a: 

a:3  — 6x=  — 5  — 2Vx+2\/x  — 2  =  0 

x2-.6x  +  9  =  4  (x  +  2)(x-2)  =  0 

X  — 3  =  ±2  .•.  x=— 2,or2 
/.  X  =  5,  or  1 


14.  ^ + \ =  12 

X -f  Vt2 -  1      ar— Vxa-l  

X- V^:^  +  x+ Via:^=  12(a:+ Vx^- l)(x- Vx-i- 1) 

2x=12[xa-(x2-l)] 

2x=12 
.-.  x  =  6 


15.  \/3^+V3x+13  = 


91 


V3X+13 
\/3^V3x+13  +  3x+13  =  91 

V3^V3x+13  =  78-3x 
3x(3ar+13)=(78-3x)2 

9  x3  +  39  X  =  6084  -  468  x  +  9  x* 
507  x  =  6084 
.-.  x=12 
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a*-2a:3-a:8_6a^i+12a:-8 
4«3-12x  =  -8 
4a:8-12x  +  9=l 
2x-8=±l 
2x  =  4,  or2 
/.  IT  =  2,  or  1 


17. 


32:-v^^=(x-Vxa-8)(x+  Vj:2_8) 
3x- V^^  =  8 

Vxa-8  =  3x-8 
a^-8  =  9a:2-48a:  +  64 
8x3-48z  =  -72 
ra-6x  =  -9 
x3-6a:  +  9  =  0 
a:-3  =  0 


18.  2j:g  +  3x~5V2xg  +  8x  +  9  =  -3 

C2a:g4-3x+9)-6V2xg  +  3x  +  94-y  =  y 
V2x»  +  3x+9-f=±l 


if       2x«  +  3x  +  9  =  36 
2x2  +  3x  =  27 
4xa  +  6x+|=^F 
2x+f=±¥ 
2x  =  6,  or— 9 
/.  X  =  3,  or  —  I 


\/2x2+3x  +  9  =  6,or-l 
2x2  +  3x4-9=36,  or  1 

if       2x3  +  3x  +  9  =  l 

2xa  +  3x  =  -8 
4x2  +  6a:  +  |  =  --y 

-8±V-65 


2x  =  - 


2 


-3±V-65 
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19. 


*    -r  V*  T  ■«■  —  *  —  ^  ^ 

3  V^TJxTj.  =  5,  or  -  3 
Va:^+6a:+l  =  f ,  or  —  1 


if       Vx2+6a:+l  =  f 


if      Va:24-5a:+l  =  -l 
a:2  +  5a:+l  =  l 

a:(a;  +  6)  =  0^ 

.*.  a:  =  0,  or  —  6 


20.  ar2_|j;^.3V23r2  — 3a:-r2  =  7 

2a:2  -  3a:  +  6V2x2j-3x  +  2  =  14 
2a:2-3ar  +  2  +  6v^^2^3x+2  +  9  =  25 
V23:2-3a:  +  2  +  3=  ±5 

V2a:2-3a:  +  2  =  2,  or  -  8 
22a-3a:  +  2  =  4,or64 


2a:2-3a:  +  2  =  4 
2i2-3a:  =  2 
4a:2«6a:+J  =  ^^- 


2a:  =  4,  or  — 1 
.'.  a:  =  2,  or  —  J 


2ar2-3r  +  2  =  64 
2a:2-3a:==62 

4a:2-6.r+|  =  iJ5. 

2a:-i  =  ±iV505 

„         3±  \/606 
zx  = 


21.  2a:2-V^2^2V^=4ar  +  9 

2ar2-4a:- V^2--2^--3  =  9 
2(a:2-2a:-3)->/x2-2a:-3  =  3 
4(x2-2a:-3)--2\/x2-2ar-3  +  i=y 
2Va:2-2ar-3->^=dbf 

2\/^^2^^  =  3,  or  -  2 

Va:2-2ar-3=},  or  - 1 

x2-2a:-3  =  J,orl 
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if          x2«2x-3=|  if          z2-2a:-3  =  l 

x2-2x  =  i'^  ar2_2a:  =  4 

X  — 1  =  ±J  X  — l  =  dbV6 

/.  X  =  J,  or  —  f  /.  X  =  1  ±  VE 


22.  3x2-.4x+ V3xg-4x-6=18 

3j:2,4a:_6^  V33:2_43,_6  +  i  =  -y 
V3xa-.4x-6-^|=j:^ 

V3x2-.4x-6  =  3,  or  - 4 
3a:2_4-r«e  =  9  orie 

if       3x2-4x-6  =  9  if       3x2-4x-6  =  16 

3x2-4x=15  3x2-4x  =  22 

9x2-12x4-4  =  49  9x2-12x  +  4  =  70 

3x-2=±7  3x-2  =  ±V70 

3x  =  9,or  — 5  3x  =  2±\/76 

.•.x  =  3,or-}  .  2=fcV70 


3 


23.  3x2^7  +  3V3x2->16x+"2l=16x 

3 x2 -  16 X -  7  4-3>/3x2-16x  +  21  =  0 
3x2  -  16x  +  21  +  3  V3x2 -  16x  -f  21  +  f  =  ^1^ 
V3x2  -16x_+21+_|=  i  .y_ 

>/3x2-.16x  +  21=    4,  or-7 
3x2-.16x  +  21  =  16,  or49 

if       3x2-16x4-21  =  16  if 

3x2-16x  =  -5 
9x2-48x4-64  =  49 
3x-8  =  ±7 
3x=16,  orl 
/.  X  =   5,  or  J 


Exercise  100.    Page  274. 

1.   The   sum  of  the   squares  of  two  consecutive  integers   is   761. 
Find  the  numbers. 


3x2. 

-16x 

+  21  = 

:49 

3x2- 

-16x  = 

:28 

9x2. 

-48x 

4-64  = 

:148 

3 

x-8  = 

:  ±  V148 

3x  = 

:  8  ±  V148 

8  ±  V148 

3 

_ 

8±2\/37 
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L«t  X  —  the  smaller  integer ; 

then  a:  +  1  =  the  greater  integer. 

(a:+l)2  +  xa  =  761 

x2  +  2x+l  +  ara=761 

2xa+2x=760 

x2  +  X  =  380 

.-.  X  =  19,  or  -  20 
a:  +  1  =  20,  or  -  19 
Therefore  the  integers  are  19  and  20. 

2.  The  sum  of  the  squares  of  two  consecutive  numbers  exceeds  the 
product  of  the  numbers  by  13.    Find  the  numbers. 

Let  X  =  the  smaller  number ; 

then  x-\-l  =  the  greater  number. 

a^+(a:+l)2=a:(a:+l)  +  13 
x24.ara^2a:+l  =  x2  +  r+13 
a:a  +  ar=12 

.'.  X  =  3,  or  —  4 
X  +  1  =  4,  or  -  3 
Therefore  the  numbers  are  3  and  4. 

3.  The  sq[uare  of  the  sum  of  two  consecutive  even  numbers  exceeds 
the  sum  of  their  squares  by  336.     Find  the  numbers. 

Let  X  =  the  smaller  number ; 

then  X  +  2  =  the  greater  number. 

(2x  +  2)2  =  x2+(x  +  2)2  +  336 
4x2  +  8x+4  =  x2  +  x2  +  4x  +  4  +  336 
2x2  +  4x  =  336 
xa  +  2x=168 
«a  +  2x+l  =  169 
x+l  =  ±13 

.-.  X  =  12,  or  — 14 
X  +  2  =  14,  or  -  12 
Therefore  the  numbers  are  12  and  14. 
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4.  Twice  the  product  of  two  consecutiye  numbers  exceeds  the  sum 
of  the  numbers  by  49.    Find  the  numbers. 

Let  X  =  the  smaller  number ; 

then  X  +  1  =  the  greater  number. 

2(x  +  1):p  =  2x+1  +  49 
2a:2  +  2x  =  2x  +  50 
2x3  =  50 
x»  =  26 
.'.  x=  ±5 
X  +  1  =  6,  or  —  4 
Therefore  the  numbers  are  5  and  6. 

6.    The  sum  of  the  squares  of  three  consecutiye  numbers   is  110. 
Find  the  numbers. 

Let  X  =  the  smallest  number ; 

then  X  +  1  =  the  middle  number, 

and  X  +  2  =  the  greatest  number. 

a^+(a:+l)»  +  (x+2)2=110 
x2+x3  +  2x+l  +  x«  +  4x+4=110 
3x2  +  6x=105 
x3  +  2x=36 
x2  +  2x+l  =  36 
x+l=±6 

/.  X  =  5,  or  —  7 
x+  1  =  6,  or— 6 
X  +  2  =  7,  or  —  6 
Therefore  the  numbers  are  5,  6,  and  7. 

6.  The  difference  of  the  cubes  of  two  successire  odd  numbers  is 
602.    Find  the  numbers. 

Let  X  =  the  smaller  number ; 

then  X  +  2  =  the  greater  number. 

(x  +  2)8-x»  =  602 
x»  +  6x2  +  12x  +  8  -  x8  =  602 
6x3+12x=594 
x«  +  2x  =  99 
x2  +  2x+l  =  100 
x+l  =  ±10 

.-.  X  =  9,  or  — 11 
x+2=ll,  or— 9 
Therefore  the  numbers  are  9  and  11. 
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7.  The  length  of  a  rectangular  field  exceeds  its  breadth  by  2  rods. 
If  the  length  and  breadth  of  the  field  were  each  increased  by  4  rods, 
the  area  would  be  80  square  rods.    Find  the  dimensions  of  the  field. 

Let  X  —  the  breadth  of  the  field  in  rods ; 

then  x  +  2  =  the  length  of  the  field  in  rods, 

X  +  4  =  the  increased  breadth  of  the  field  in  rods, 
X  +  6  =  the  increased  length  of  the  field  in  rods. 
(x  +  4)(a:  +  6)  =  80 
x3+10a:  +  24  =  80 
x2+10x  +  25  =  81 
x+5=±9 
.•.  a:  =  4,  or  —  14 
X  +  2  =  6,  or  -  12 
Therefore  the  field  is  4  rods  wide  and  6  rods  long. 

8.  The  area  of  a  square  may  be  doubled  by  increasing  its  length  by 
10  feet  and  its  breadth  by  3  feet.    Determine  its  side. 

Let  X  =  the  length  of  a  side  of  the  square  in  feet ; 

then  a^  =  the  area  of  the  square  in  square  feet, 

X  +  10  =  the  increased  length  of  the  square  in  feet, 
X  +  3  =  the  increased  breadth  of  the  square  in  feet, 
(z  +  10)  (x  +  3)  =  the  area  of  the  increased  square  in  square  feet. 
(x+10)(ar  +  3)  =  2x2 
x3  +  13a:  +  30=2a:2 

x2-13a:  =  30 
x2_l3x  +  J^fA  =  A|^ 

.'.  a:  =  16,  or  —  2 
Therefore  the  side  of  the  square  is  15  feet  long. 

9.  A  grass  plot  12  yards  long  and  0  yards  wide  has  a  path  around  it. 
The  area  of  the  path  is  |  of  the  area  of  the  plot.  Find  the  width  of 
the  path. 

Let  X  =  the  width  of  the  path  in  yards ; 

then  2x  +  12  =  the  length  in  yards  of  the  plot  including  the 

path. 
2x4-9  =  the  breadth  in  yards  of  the  plot  including  the 
path. 
(2  a:  +  9)  (2x  +  12)  =  the  area  in  square  yards  of  the  plot  and  path. 
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(2  X  +  9)  (2  IT  +  12)  —  108  =  the  area  in  square  yards  of  the  path. 
(2  j:  +  9)(2 X  +  12)  -  108  =  J  X  108 
4x«  +  42  X  +  108  -  108  =  72 
4x2+42x=72 
4x«  +  422:  +  ^i^  =  ^i* 

2x  +  iy^=±¥ 

2x  =  3,or-24 

.-.  x  =  f ,  or  — 12 

Therefore  the  path  is  1^  yards  wide. 

10.  The  perimeter  of  a  rectangular  field  is  60  rods.  Its  area  is 
200  square  rods.    Find  its  dimensions. 

Let  X  =  the  length  of  the  field  in  rods ; 

then  30  —  X  =  the  breadth  of  the  field  in  rods, 

x(30-a:)  =  200 
30x-x2  =  200 
x3-30x  +  225  =  25 
x-16  =  ±5- 

.-.  X  =  20,  or  10 
30-x=10,  or20 
Therefore  the  field  is  20  rods  long  and  10  rods  wide. 

11.  The  length  of  a  rectangular  plot  is  10  rods  more  than  twice  its 
width,  and  the  length  of  a  diagonal  of  the  plot  is  25  rods.  What  are 
the  dimensions  of  the  field? 

Let  X  =  the  width  of  the  plot  in  rods ; 

then  2  X  +  10  =  the  length  of  the  plot  in  rods, 

V(2  X  +  10)'^  +  x2  =  the  length  of  the  diagonal  of  the  plot  in 

rods. 
V(2x+10)2  +  x2  =  25 
(2x  +  10)2 +  x2  =  625 
4x2  +  40x+100+x2  =  625 
6x2  +  40x  =  525 
x2  +  8x  =  105 
ara  +  8x+16  =  121 
X  +  4  =  ±  11 
/.  X  =  7,  or  —  15 
2x+10=24,  or-20 
Therefore  the  plot  is  24  rods  long  and  7  rods  wide. 


teachers'  edition.  377 

12.  The  denominator  of  a  certain  fraction  exceeds  the  numerator 
hj  3.  If  both  numerator  and  denominator  be  increased  by  4,  the 
fraction  will  be  increased  by  |.    Determine  the  fraction. 

Let  X  =  the  numerator  of  the  fraction ; 

then  x  +  3  =  the  denominator  of  the  fraction. 

'  ^  =  the  fraction. 
a:+3 

y      1      A 

— ^— -  =  the  second  fraction. 
ar  +  7 

3:  +  4_     X         1 

x  +  7      a:  +  3      8 

8(a:  +  4)(ar+3)=8x(x+7)  +  (x  +  3)(x  +  7) 

8a:a  +  56  a:  +  96  =  8x2  +  56x  +  x2  +  10  x  +  21 

x3+10x=75 

a:a+10a:  +  25=100 

X  +  6  =  ±  10 

/.  X  =  5,  or  —  16 

x+3  =  8,  or  — 12 

Therefore  the  fraction  is  }. 

13.  The  numerator  of  a  fraction  exceeds  twice  the  denominator  by 
1.  If  the  numerator  be  decreased  by  3,  and  the  denominator  increased 
by  3,  the  resulting  fraction  will  be  the  reciprocal  of  the  given  fraction. 
Find  the  fraction. 

Let  X  =  the  denominator  of  the  fraction ; 

then  2x  +  1  =  the  numerator  of  the  fraction. 


=  the  second  fraction. 


-  =  the  fraction. 

X 

2x-2 


x  +  3 
2x-2 


x  +  3       2x+l 
(2x-2)(2x+l)  =  x(x  +  3) 
4a^-2x-2  =  x2  +  3x 
3x2-6x  =  2 
9xa-16x+2^  =  i^ 
3x-f=±J 

3x=6,  or  —  1 
.'.  x=2,  or  — I 
2x  +  l  =  5,  or  J 
Therefore  the  fraction  is  f . 
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14.  A  farmer  sold  a  number  of  sheep  for  $  120.  If  he  had  sold  5 
less  for  the  same  money,  he  would  have  received  $2  more  per  sheep. 
How  much  did  he  receive  per  sheep  ? 

State  the  problem  to  which  the  negative  solution  applies. 

Let  X  =  the  number  of  dollars  received  for  each 

sheep ; 

120 
then  —  =  the  number  of  sheep. 

X 

120 

5  =  the  number  of  sheep  less  5. 

X 

120 

•  =  the  number  of  dollars  he  would    have 


120 

0         received  for  each  sheep  had  he  sold 

5  less  for  the  same  money. 

X 


120 -5a: 

120x=(x  +  2)(120-5.r) 
120x=-5x2+110x  +  240 
6x2+10x  =  240 
x3  +  2x  =  48 
x3  +  2x+l  =  49 
x+l=±7 
.-.  X  =  6,  or  —  8 
Therefore  he  received  |6  for  each  sheep. 

Had  the  problem  read :  "  If  he  had  sold  6  more  for  the  same  money 
he  would  have  received  $  2  less  per  sheep/'  the  solutions  would  have 
been  —  6  and  8,  the  negatives  of  the  present  solutions. 

15.  A  merchant  sold  a  certain  number  of  yards  of  silk  for  $40.50. 
If  he  had  sold  9  yards  more  for  the  same  money,  he  would  have 
received  75  cents  less  per  yard.     How  many  yards  did  he  sell  ? 

Let  X  =  the  number  of  yards  he  sold ; 

4050 
then  =  the  number  of  cents  received  per  yard. 

X 

4050 

=  the  number  of  cents  he  would  have  re- 

X  4-  9 
^  ceived  per  yard  if  he  had  sold  9  yards 

more  at  the  same  price. 
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4060      4060^-. 
= +  75 

X         x  +  9 
4060(a:  +  9)  =  4050  ar  +  75ar(x  +  9) 
4060x9=76(a:2  +  9x) 
ar2+9a:=54x9 

/.  x=18,  or  — 27 
Therefore  he  sold  18  yards. 

16.  A  roan  bought  a  number  of  geese  for  $27.  He  sold  all  but  2 
for  $25,  thus  gaining  26  cents  on  each  goose  sold.  How  many  geese 
did  he  buy  ? 

X  =  the  number  of  geese  bought ; 

=  the  number  of  cents  paid  for  each  goose. 

=  the  number  of  cents  received  for  each 

goose  sold. 
=  25 


Let 

X 

then 

2700 

X 

2500 

x-2 

2600   2700 

a:-2    X 

2500  a:  -  2700(x  -  2)  =  25  ar(a:  -  2) 
2500  a:  -  2700  ar  +  5400  =  25a:2  -  60  a: 
25a:2+ 150  a:  =6400 

a:2  + 6a:  =  216 
a:34.6a:+9  =  225 
ar  +  3  =  db  15 
.-.  X  =  12,  or  — 18 
Therefore  he  bought  12  geese. 

17.  A  man  agrees  to  do  a  piece  of  work  for  $48.  It  takes  him  four 
days  longer  than  he  expected,  and  he  finds  that  he  has  earned  $1  less 
per  day  than  he  expected.  In  how  many  days  did  he  expect  to  do  the 
work? 

Let  X  =  the  number  of  days  in  which  he  expected 

to  do  the  work ; 

then  —  =  the  number  of  dollars  he  expected  to 

^  receive  per  day. 

=  the  number  of  dollars  he  actually  receives 

ar  4-  4 
^  per  day. 
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48(ar  +  4)-48x^a'(a:  +  4) 
48x  +  192  -  48x  =  a:2  +  4;P 

a:2  +  4a:=192 
x«  +  4x  +  4=196 
X  +  2  =  ±  14 
.-.  X  -  12,  or  — 16 
Therefore  he  expected  to  do  the  work  in  12  days. 

18.  Find  the  price  of  eggs  per  dozen  when  10  more  in  one  dollar's 
worth  lowers  the  price  4  cents  a  dozen. 

Let  X  =  the  price  per  dozen  in  cents  ; 

then  12  [  —  j  =  the  number  of  eggs  in  one  dollar's  worth. 

100 
— — =  the  cost  of  one  egg  if  there  were  10  more 

h  10      *  in  a  dollar's  worth. 

X 

1200 

=  the  cost  per  dozen  if  there  were  10  more 


h  10         in  a  dollar's  worth. 

X 

1200 


MO  +  io 

X 


120x^4 


120 +  x 

a:(120  +  x)  -  120a:  =  4(120  +  x) 
120x  +  x2  -  120x  =  480  +  4x 
x2  — 4x  =  480 
x2-.4x  +  4  =  484 
x-2  =  ±22 
.-.  X  =  24,  or  -  20 
Therefore  the  price  is  24  cents  per  dozen. 

19.  A  man  sold  a  horse  for  $171,  and  gained  as  many  per  cent  on 
the  sale  as  the  horse  cost  dollars.     How  much  did  the  horse  cost  ? 

Let  X  —  the  cost  of  the  horse  in  dollars ; 

then  x[l  +  -^)  =  the  price  in  dollars  for  which  the  horse 

^        ^^'  was  sold. 
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\    loo; 

a: +  —  =  171 
100 

a^+100a:=1710Q 

X24. 100  a: +  52600=  19600 

a:  +  50=±140 

.-.  X  =  90,  or  —  210 

Therefore  the  horse  cost  $  90. 

20.  A  drover  bought  a  certain  number  of  sheep  for  $160.  He  kept 
if  and  sold  the  remainder  for  $10.60  per  head,  and  made  on  his 
investment  }  as  many  per  cent  as  he  paid  dollars  for  each  sheep  bought. 
How  many  sheep  did  he  buy  ? 

Let  X  =  the  number  of  sheep  he  bought ; 

160 
then  —  =  the  number  of  dollars  paid  for  each  sheep. 

X 

10f(a:  — 4)  =  the  number  of  dollars  received  for  the 
sheep  sold. 
3^160 

I     ~ 

— rrrjr —  X  160  =  the  number  of  dollars  profit. 

W- 

.-.  lOf  (:r  -  4)  =  160  +  -j^  X  160 
i^(a:-4)=160  +  — 

X 

53x(ar  -  4)  =  800  a:  +  960 
53ar2  -  212  a:  =  800  a: +  960 
53a:2_ioi2a:=960 
532  a:2  _  53  X  1012  x  +  6062  =  306916 
63x-506=±564 

53  x=  1060,  or -48 
.-.  x  =  20,or-f} 
Therefore  he  bought  20  sheep. 

21.  Two  pipes  running  together  can  fill  a  cistern  in  5|  hours.  The 
larger  pipe  will  fill  the  cistern  in  4  hours  less  time  than  the  smaller. 
How  long  will  it  take  each  pipe  running  alone  to  fill  the  cistern  ? 

Let  X  =  the  number  of  hours  in  which  the  smaller 

pipe  can  fill  the  cistern ; 
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then  r  —  4  =  the  number  of  hours  in  which  the  larger 

pipe  can  fill  the  cistern. 
-  +     ^    =  the  part  that  both  pipes  together  can  fill 
in  one  hour. 

X      a:-4      35 

36(x  -  4)  +  35ar  =  6T(jr  -  4) 

35  a:- 140  +  35  JT  =  6x2  -  24x 

6r2-94x  =  -140 

9x2- 141  x  = -210 

4  4 

3x-V  =  ±V 
3x  =  42,  or  5 
.-.  x=14,  orf 
X  —  4  =  10,  or  —  J 
Therefore  the  smaller  pipe  can  fill  the  cistern  in  14  hours,  and  the 
larger  in  10  hours. 

22.    A  and  B  can  do  a  piece  of  work  together  in  18  days,  and  it 

takes  B  15  days  longer  to  do  it  alone  than  it  does  A.    In  how  many 

days  can  each  do  it  alone  ? 

Let  X  =  the  number  of  days  in  which  A  can  do  the 

work  alone ; 

then  X  +  15  =  the  number  of  days  in  which  B  can  do  the 

work  alone. 

-  + =  the  part  of  the  work  A  and  B  can  'do  to- 

X     X  + 15  *i      •  J 

gether  m  one  day. 

But  3*y  =  this  part. 

X      X  + 15      18 
18(x  +  15)  +  18x  =  x(x  +  15) 
18x  +  270  +  18x  =  x2  +  15x 
x2-21x  =  270 
a:2  -  21 X  +  AJJ^  =  J^j2jL 

X--2jl^=±\ft 

.-.  X  =  30,  or  —  9 
X  +  15  =  45,  or  6 
Therefore  A  can  do  the  work  in  30  days,  and  B  in  45  days. 


TEACHEKS'   EDITION.  383 

23.  A  boat's  crew  row  4  miles  down  a  river  and  back  again  in  1 
hour  and  30  minutes.  Their  rate  in  still  water  is  2  miles  an  hour 
faster  than  twice  the  rate  of  the  current.  Find  the  rate  of  the  crew 
and  the  rate  of  the  current. 

Let                                 X  =  the  rate  of  the  current  in  miles  per  hour ; 
then                          2  X  +  2  =  the  rate  of  the  crew  in  still  water. 
3x4-2  =  their  rate  down  stream. 
X  +  2  =  their  rate  up  stream. 
4  ^ 
=  the  number  of  hours  it  takes  them  to  row 

^  "*"  4  miles  down  stream. 

4 


the  number  of  hours  it  takes   them   to 
] 
4         3 


^  "^  row  back. 


3x+2      x+2      2 
8(r  +  2)  +  8(3x  +  2)  =  3(x  +  2)  (3x  +  2) 
8x+16  +  24x+16  =  9xa  +  24x+12 
9x2-8x  =  20 
9x2-8x  +  -V  =  ^ 

3x-f=±Y 

3x  =  6,  or-J^<^ 

.-.  X  =  2,  or  —  Y 
2x  +  2  =  6 
Therefore  the  rate  of  the  current  is  2  miles  per  hour,  and  the  rate  of 
the  crew  in  still  water  is  6  miles  per  hour. 

24.  A  number  is  formed  by  two  digits.  The  units'  digit  is  2  more 
than  the  square  of  half  the  tens'  digit,  and  if  18  be  added  to  the  num- 
ber, the  order  of  the  digits  will  be  reversed.    Find  the  number. 

Let  X  =  the  tens'  digit ; 

then  -1.  +  2  =  the  units'  digit. 

4 


lOx  +  ^  +  2  =  the  number. 
4 

10[^  +  2]  +  x=  the  number  reversed. 

10x  +  ^+2+18  =  10/^  +  2War 
9(J)-9x  =  0 
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x(x-.4)  =  0 

.'.  X  =  0,  or  4 

^+2  =  2,  or6 
4 

Therefore  the  number  is  46. 

26.  A  circular  grMS  plot  is  surrounded  by  a  path  of  a  uniform 
width  of  3  feet.  The  area  of  the  path  is  {  the  area  of  the  plot.  Find 
the  radius  of  the  plot. 

Let  X  =  the  radius  of  the  plot  in  feet ; 

then  X  +  3  =  the  radius  of  the  plot  and  path  together, 

irx^  =  the  area  of  the  plot  in  square  feet. 
ir(x  +  3)2  =  the  area  of  the  plot  and  path  in  square  feet. 
ir(x  +  3)2  —  irx2  =  the  area  of  the  path  in  square  feet. 
ir(x  +  3)2-»x2=iTx2 

(x  +  3)2-x2=Jxa 
xa+6a:+9-x2=ix2 
Jxa-6x  =  9 
7x2-64x=81 
49xs- 378x4-729  =  1296 
7x-27  =  ±36 

7  X  =  63,  or  —  9 
.-.  x=   9,  or-f 
Therefore  the  radius  of  the  plot  is  9  feet. 

26.  If  a  carriage  wheel  11  feet  round  took  ^  of  a  second  less  to 
revolve,  the  rate  of  the  carriage  would  be  five  miles  more  per  hour. 
At  what  rate  is  the  carriage  travelling  ? 

Let  X  =  the  number  of  feet  the  carriage  travels 

per  second ; 

then  —  =  the  number  of  seconds  it  takes  the  wheel 


to  revolve  once. 
X      4 


-  =  the  number  of  seconds  it  would  take  the 


wheel  to  revolve  in  the  supposed  case. 

yi — =-  =  the  number  of  feet  the  carriage  would 

7         move  in  one  second. 

X      4 
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,.      ,  —  x  =  the  number  of  feet  gained  per  second. 

Also,     5  miles  per  hour  =  6  X  5280  feet  per  3600  seconds 
=  ^  feet  per  second. 
.       11 


IT 

— -*-^ 

X 

4 

44 
44- 

£--.  =  V 

132  a:- 

132x  +  3xa  =  22(44-.x) 

3xa  =  968-22x 

3xa  +  22x=968 

9x2 +  66x4-121  =  3026 

a 

x+ll  =  ±66 

3x  =  44,or-66 
.-.  x  =  V,or-22 

Therefore  the  carriage  is  travelling  ^  feet  per  second, 

or  10  miles 

per  hour. 

Exercise  101.    Page  282. 

1. 

I      xy=10 

(1) 

(2) 

Square  (1), 

x2  +  2xy  +  y2  =  49 

4X(2)is 

4xy         =40 

Subtract, 

x2-2xy  +  y2=    9 

Extract  root, 

x-.y  =  ±3 

(l)i8 

X'\-y=     7 

Add, 

2x        =  10,  or  4 

.'.  x=6,or2 

y  =  2,  or  6, 

2. 

fx  +  y=12 
I      x^^  =  27 

(1) 

(2) 

Square  (1), 

x3+2xy  +  ya=144 

4x(2)is 

4xy          =108 

Subtract,  x2-2xy  +  y2=   36 
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Extract  root,  a:  -  y  =  ±  6 

(1)  is  x  +  y=  12 
Add, 


3. 

Square  (1), 
4x(2)i8 

Add, 
Extract  root, 

(l)i8 

Add,  2x        =     8,  or  4 

/.  a:  =  4,  or  2 
y  =  -2,or-4 


2x 

18,  or  6 

/.  x  = 

9,  or  3 

y  = 

3,  or  9 

fa:-y  = 

6 

-8 

ara- 

-2Ty  +  y2  = 

36 

4xy          = 

-32 

a:^  +  2xy  +  y^  = 

4 

x  +  y  = 

±2 

a:-y  = 

6 

far-y  =  10 
I       xy=ll 


(1) 
(2) 


(1) 
(2) 


Square  (1),  ar^ - 2xy  +  y^  =  100 

4  X  (2)  is  4j:y  =   44 

Add,  a:«  +  2iy  +  ya  =  144 

Extract  root,  x  +  y  =  ±  12 

(1)  is  ar-y=     10 

Add,  2x        =     22,  or -2 

/.  x  =  ll,or-l 
y  =  1,  or  -  11 

=  12  (1) 

=  80  (2) 

Square  (1),  x^  +  2  xy  +  y^  =  144 

(2)  is  xa  +y^=    80 

Subtract,  2xy  =64  (3) 

Subtract  (3)  from  (2),  x2  -  2  xy  +  y^  =  16 
Extract  root,  x  —  y  =  ±  4 

(1)  is  x  +  y=  12 

Add,  2x        =  16,  or  8 

/.  X  =  8,  or  4 
y  =  4,  or  8 
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6. 


=  3  (1) 

29  (2) 


Square  (1),  x^+2xy-{-y^=       9 

(2)  is  x^  +^2=     29 

Subtract,  2xy         =-20  (3) 

Subtract  (3)  from  (2),  x^  —  2  xy -{- y^  =  49 
Extract  root,  x  —  y  =  ±  7 

(1)  is  x4-y=     3 

Add,  2x        =   10,  or  — 4 

.*.  X  =  6,  or  —  2 
y=  — 2,  or  5 


7. 


/    ^-y=    0  (1) 

I: 


1x2  +  3^2=45  (2) 

Square  (1),  x^  -  2  xy  +  3^^  =  81 

(2)  is  x2  +  3/2  =  45 

Subtract,  -2xy  =36  (8) 

Subtract  (3)  from  (2),  x^  +  2xy  +  y2  =  9 
Extract  root,  x  +  y  =  ±  3 

(l)is  x-y=     9 

2x        =  12,  or  6 
/.  X  =  6,  or  3 
y  =  —  3,  or  —  6 


ra:  +  2y=    7  (1) 


8. 

x2  +  y2=10  (2) 

From  (1),  x=7-2y 

Substitute  in  (2),  (7—2  y)2  +  y2  =  10 

49-28y  +  6y2=iO 
6y2-28y  +  39  =  0 
(6y-13)(y-3)=0 

.-.  y  =  3,orJi^ 
x=l,or| 


9. 


f3x-y  =  12  (1) 

1x2-^2=16  (2) 

From  (1),  y  =  3x-12 

Substitute  in  (2),         ar2  -  (3 x  -  12)2  _  iq 


388  SCHOOL   ALGEBBA. 

:c2-.9r2  +  72x-144=16 
8:ra-.  72x4-160  =  0 
a:2  — 9x  +  20  =  0 
(x-4)(x-5)=0 

.-.  ar  =  4,  or  5 
y=r0,or3 

10  /        y  =  3x+i  (1) 

lxa  +  ary  =  33  (2) 

Substitute  the  Talue  of  y  from  (1)  in  (2), 
a:a  +  x(3x  +  l)=33 
4a:2  +  x-33  =  0 
(x  +  3)(4x-ll)=0 

.-.  x  =  — 3,  or-y^ 
y  =  -8,orV^ 


11                                          r    6x-4y  =  10 
I3xa-4y2=    8 

(1) 

(2) 

Frora(l),                                             y={(x-2) 

Substitute  in  (2),  3x2-4  [}J(^- 2)2]  =  8 

3x2-^^(x2-4x  +  4)  =  8 

-  13x2 +  100x- 132  =  0 

13x2-100x+ 132  =  0 

(13x-22)(x-6)=0 

.-.0:  =  6,  or  If 

y=}(^-2)  =  5,  or- 

-A 

12.                                               /a:+7y  =  23 
I         xy=    6 

(1) 

(2) 

From(l),                                            x  =  23-.7y 

Substitute  in  (2),                (23  -  7  y)y  =  6 

23y-7y2  =  6 

7y2_23y  +  6  =  0 

(7y-2)(y-3)=0 

.-.  y==3,or| 

x=5  =  2,or21 

y 

13.                                           r2x-3y=     2 
lx2-2xy  =  -7 

(1) 

(2) 

From(l),                                              y  =  |(x-l) 
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Substitute  in  (2),         ^2  -  ^  (x  -  1)  =  -  7 

3x2-4x2  +  4x  =  -21 

ara-4x-21  =  0 
.(ar4.3)(x-7)  =  0 

/.  X  =  —  3,  or  7 

y  =  |(x-l)  =  -|,or4 

f     2x-3y=    1  (1) 

I3x2-4xy  =  32  (2) 

Froin(l),  y  =  ?*""^ 


14. 


3 

Substitute  in  (2),     3 x2 - ^^C^^-^)  =  32 

3 
9x2--8x2  +  4x=96 
jr2  4.4x--96  =  0 
(a:-8)(x+12)  =  0 

/.  x=8,  or~12 

y  =  ^^  =  5,or-y- 

rx2-xy  +  y2  =  21  (1) 

^  x  +  y=   9  (2) 

Square  (2),  x2  +  2  xy  +  y^  =  81 

(1)  is  x2-    xy4-y^  =  21 

Subtract,  3xy  =60 

xy  =  20  (3) 

Subtract  (3)  from  (1),  x2  —  2xy  +  y^  =  1 


15. 


Extract  root, 

X— y=±l 

(2)  is 

x  +  y=    9 

Add, 

2  X        =  10,  or  8 
.-.  X  =  6,  or  4 
y  =  4,  or  5 

16. 

rx2  — 3xy  +  2y2  =  0 
I             2x+3y  =  7 

(1) 

(2) 

Factor  (1), 

(x-y)(x-2y)  =  0 

.-.  x  =  y,  or2y 

Substitute  in  (2), 

2y  +  3y  =  7, 
4y  +  3y  =  7 
/.  y  =  iorl 
x  =  |,or2 
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17.      {-*-y''=9 

I    x-y=l 
Divide  (1)  by  (2), 

x  +  y=    9 

(1) 
(2) 

19. 

1         1 

[^    y^ 

r6 
:5 

(1) 

(2) 

(2)  is           x-y=    1 

(1) 
(2) 
-3 

Divide 

Wis 
Add, 

(2; 

)  by  (1), 
i_l_ 
^    y" 

:1 

:5 

Add,           2x        =10 
.-.  x  =  6 

y  =  4 

1ft      rxa+3y+17  =  0 
^^-     I       3x-y  =  3 
From  (2),           y  =  3x- 
Substitute  in  (1), 
:r3  +  9x-9+17  =  0 
xa  +  9x  +  8  =  0 

2- 

X 

.   X  = 

:6 

=  i 

=  i 

(x+l)(x  +  8)  =  0 

/.  x  =  -l, 

or — 

8 

y  =  3x- 

-3 

=  -6, 

or  — 

27 

20. 

' 

X     y      6 
1       1  _  13 
x2  "^  y2     36 

(1) 
(2) 

Square  (1), 
(2)  is 

1 

X2 

^y 

+ 

1      26 
y2     36 

1  _13 
y2     36 

Subtract, 

2^ 

xy 

12 
36 

(3) 

Subtract  (3)  from  (2), 

1 
X2 

1        1 
y2      36 

Extract  root, 
(l)is 

X     y         6 

-+-=  -« 

X      y         0 

i 

» 

Add, 

2 

X 

=     1, 

or 

X  =  2,  01 

•3 

y  =  3,  01 

•2 

teachers'  edition. 


391 


21. 

From  (2), 
Substitute  in  (1), 

Extract  root, 


Square  (1), 

(2)  is 

Subtract, 

Subtract  (3)  from  (2), 

Extract  root, 

(1)18 

Add, 


r?  +  5  =  2 

6 

?  +  ?  =  2 
X      2 

4  +  xa  =  4a: 

:c2-4x  +  4  =  0 

a:-2  =  0 

:,x  =  2 

6  q 


1  +  Ull 

'    y 

1  +  1  =  61 


i+2.+  l=12l 
i2     xy     y« 

i  +i=   61 

a:*  £ 


2_ 


=  60 


a:2      ary      y« 

1.1=^1 
X     y 

1  +  Ull 


2 

X 


From  (2), 


=  12,  or  10 

x=J,  ori 
y  =  i,ori 

h?  =  4 

y 

ary=  16 
16 


(1) 
(2) 


(1) 
(2) 


(3) 


(1) 
(2) 
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Substitute  in 

(1). 

X     16 
12  +  xa=8x 
x3-.8x  =  -12 

Extract  root, 

X3. 

-8x+16  =  4 
x-.4  =  ±2 
.-.  X  =  6,  or  2 
y  =  i,or8 

24. 

^ 

fx»  +  y«  =  36 
\    x+y=    6 

Divide  (1)  by  (2), 
Square  (2), 

ar2-xy  +  y»=    7 
xa  +  2x5r  +  y2  =  25 

Subtract,' 

3xtf          =  18 

(1) 

(2) 
(3) 


xy  =  6  (4) 

Subtract  (4)  from  (3),  x^  —  2xy  +  y«  =  1 

Extract  root,  x  —  y  =  ±  1 

(2)  is  X  +  y  =     6 

Add,  2x        =     6,  or  4 

,-.  X  =  3,  or  2 
y=2,or3 

25.  fa:»-y»=61  (1) 

I    x-y=    1  (2) 

Divide  (1)  by  (2),  x2+    xy  +  y2  =  61  (3) 

Square  (2),  x^  -  2  xy  +  y2  =    1 

Subtract,  3xy  =60 

xy  =  20  (4) 

Add  (4)  to  (3),  x3  +  2  xy  +  ya  =  81 

Extract  root,  x  +  y  =  ±  9 

(2)  is  x-y^     1 

Add,  2x        =  10,  or -8 

/.  X  =  6,  or  —  4 
y  =  4,  or  —  6 
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26  fa:»  +  y»=66  (1) 

^    x  +  y=   6  (2) 

Divide  (1)  by  (2),  x^--    xj(+-3^2=i3  (3) 

Square  (2),  x^'^2xy  +  y^  =  26 

Subtract,  Sxy         =12 

jry  =  4  (4) 

Subtract  (4)  from  (3),  x^  —  2  xy  ■\- y^  =r  9 
Extract  root,  a:  —  y  =  ±  3 

(2)  is  X  +  .y  =     6 

Add,  2x        =     8,  or  2 

.*.  a:  =  4,  or  1 
y  =  1,  or  4 


27 


faraj^  +  ry2=120  (1) 

\        x-^y=      S  (2) 

Divide  (1)  by  (2),  xy  =  16  (3) 

Square  (2),  x^ -{■  2  xy -\- y^  =  64 

4  X  (3)  is  4xy  =60 

Subtract,  jc^  —  2  ary  +  y'*  =    4 

Extract  root,  a:  —  y  =  ±  2 

(2)  is  x+y=     8 

Add,  2x         =  10,  or  6 

/.  X  =  5,  or  3 
y  =  3,  or  6 

/^-y'  =  A  (1) 

I    x--y  =  i  (2) 

Divide  (1)  by  (2),  a:a+    Ty  +  y«  =  A  (3) 

Square  (2),  xi~2xy-^y^=^ 

Subtract,  Sxy  =    | 

^y-i  (4) 

Add  (4)  to  (3),  xs  +  2  xy  +  y2  =  tV 

Extract  root,  x  +  y  =  i  | 

(2)  is  x^y=     i 

Add,  •  2x        =     1,  or  — 1 

.-.  x=},  or-i 
y  =  }»  or  -  J 


28. 
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29.  I  x3  +  y»=l26 

ix^^xy  +  yi=    21 
Divide  (1)  by  (2),  x  +  y  =  6 

Square  (3),  x^  ■}■  2  xy  +  y^  =  S6 

(2)  is  :r-'-    xy  +  y^  =  21 
Subtract,  Sxy         =16 

xy  =  5 
Subtract  (4)  from  (2),  ar^  —  2  ary  +  y2  _  iQ 
Extract  root,  a:  —  y  =  ±  4 

(3)  is  x  +  y=    6 


(1) 
(2) 
(3) 


(4) 


Add, 

2x        =   10,  or  2 

.*.  z  =  6,  or  1 

y  =  1,  or  6 

30. 

Divide  (1)  by  (2), 

f           x«-y«  =  66 

\^  +  :ry  +  y2  =  28 

a:  — y=    2 

(1) 

(2) 
(3) 

Square  (3), 
(2)  is 

a:2-2a:y  +  y2=    4 

x^+    ary  +  y2  =  28 

3xy          =24 

Add  (4)  to  (2), 

xy=   8 

(4) 

Extract  root, ' 
(3)  is 

ar  +  y  =  i6 
x-y=     2 

Add, 

2x         =     8,  or -4 

.*.  z  =     4,  or  —  2 

y=     2,  or -4 

31. 

3^       X       3 
.     a:      y      12 

(1) 
(2) 

From  (1), 

x»  +  y^_  35 
xy          3 

(3) 

From  (2), 

Divide  (3)  by  (4), 
From  (4), 

ara- 

a-  +  y       5 

^3^         12 

a:y  +  y2  =  28 

(4) 
(6) 
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Square, 

^  +  2j:y  +  y2  =  32^^3:2^2 

(5)  is 

a:2-    xy-{-y^  =  2S 

Subtract, 

Sxy          =t'A^V-28 

^-^^     3.y  =  28 
144             ^ 

25  rV 
144 

— l?)'-!' 

Extract  root, 

^^y     18__    32 
12        6           6 

^^^V  =  10,or-\^ 
,12                       5 

.-.  a:^  =  24,  dr— -V/ 

Substitute  the  value  of 

:ryin(4),x  +  y=10,  or-i3< 

(6) 

Subtract  the  value  of 

xy  from  (5), 

a:2_2xy  +  y"  =  4,  or  A^ 

Extract  root, 

5 

x-y  =  ±2,or  ±|V217 

(6)  is 

x-^y=  10,  or-V 

Add, 

2x        =12,8,or-14-2V2T7 
6 

. a  A  ..  -7±\/217 

y  =  4.6,or-^-/217 

32. 

' 

y       a;       2 

1      1       1 

.    y      i      18 

fl) 
(2) 

From  (1), 

x^-y^  =  \9-xy 

(3) 

From  (2), 

x-'y  =  j\xy 

(4) 

Divide  (3)  by  (4), 

ar2+     xy-\-y^=ni 

(6) 

Square  (4), 

x^-2xy-{.y^=^i^xV 

Subtract, 

Sxy          =:rl71-^h^V 

324 

i:y  + 729  =  900 
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Extract  root,  f^  +  27  =  ±  30 

18 

^=   3,  or -67 

18 

xy  =  64,  or  —  1026 
Substitute  in  (4) ,  a:  —  ^  =   3,  or  -  67  (6) 

Add  the  value  of  xy  to  (6), 
Extract  root,  a:2  +  2  ary  +  y^  =  225,  or  -  856 

a:  +  y  =  ±  16,  or  ±  V—  865 
(6)  is  x  —  y=       3,  or  —  57 


Add,  2x         =     18,  - 12,  or  - 67  ±  V—  855 


y  =  6,-9,or-^7^^^^^ 


ra:«  +  xy  =  24  (1) 

l:ry  +  y2  =  40  (2) 


Add,  a^  +  ixy  +  y^^ei 

Extract  root,  x-\-y=  ±S  (3) 

Divide  (l)by  (3),  .-.  x=±3 

Divide  (2)  by  (3),  y  =  ±  6 


34. 


far2-ary  =  8  (1) 

\xy-y^=7  (2) 


Subtract,  j:^  —  2  j:y  +  y2  =  i 

Extract  root,  ar  —  y  =  ±  1  (3) 

Divide  (1)  by  (3),  .-.  a:  =  ±8 

Divide  (2)  by  (3),  y  =  ±  7 


35. 


r    a:2  +  2xy=    24  (1) 

l2a-y  +  4y2  =  120  (2) 


Add,  ar2  +  4a:y  +  4y2  =  144 

Extract  root,  a:  +  2  y  =  ±  12  (3) 

Divide  (1)  by  (3),  .-.  a:  =  ±  2 

Divide  (2)  by  (3),  2y  =  ±  10 

y  =  ±6 
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3g                                          (4:X^+6xy=U 

(1) 

C2) 

Add,                           4x2  +  12  xy  +  9^2  =  54 

Extract  root,                            2x4-8y  =  ±8 

...x-^8-3.T 

2 

Substitute  in  (2),  ^C^^-^.vXy  4.  93^2  ^  50 
2 

^^^y-^^y%9j/2_6o 

-|y2±28y=60 

9y2:p  168^  +  784  =  484 

Extract  root,                             3  y  +  28  =  ±  22 

/.  y  =  ±  2,  ±  ^y<i 

x=±1,t21 

37                                  /       a:2  +  a:y  +  y2  =  39 
\2x2  +  3xy  +  y2=^63 

(1) 

(2) 

Let                                                            y  =  «x 

From  (1),                        x2  +  t;x2  +  t;2x2  =  39 

(3) 

From  (2),                   2  x2  +  3  t;x2  +  t;2x2  =  63 

(4) 

Divide  (3)  b7  (4),             }  +J  +  ''\  =  ^^ 

2  +  3v  +  v2      21 

21(1  +  u  +  yS)  =  13(2  +  3t'  +  i;2) 

Reduce,                                  8u2  — I8t;  =  6 

16u2~36y  +  \i-  =  iji 

4i;~f  =  ±-y- 

•••  «  =  1,  or  -  J 

Substitute  these  values  in  (3) 

x2(l  +  f  +  ¥-)  =  39 

x2  =  4 

.-.  x  =  ±2 

y=±5 

x2(l-i  +  ^)  =  39 

x2  =  48 

/.  x=±4V3 

y  =  =FV'3 
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38.     /^  +  3y«  =  62 

(1) 

39.      /2^-.y^  =  46 

(1) 

(2) 

(2) 

Let                   y  =  rx 

Let                     y  =  vx 

From  (1), 

From  (1), 

x2(l  +  3i;a)  =  62 

(3) 

r2(2  - 1;2)  =  46 

(3) 

From  (2), 

From  (2), 

x\v-{-2v^)  =  40 

(4) 

x\v  +  r2)  =  14 

(4) 

Divide  (3)  by  (4), 

Divide  (3)  by  (4), 

l  +  3«a_13 

2  -  r2      23 

i;  +  2t72      10 

V  +  !^»          7 

l0  +  30t72=13i;  +  26«2 

14-7i;2  =  23i;  +  23i;a 

4t;2«i3„  =  .io 

30  »2 +  231;  =  14 

4i;3-13i;  +  Y/  =  ^^ 

900  »2+  690 1;  +  &}i  =  i^^ 

2i;-V=±i 

30r  + Y=±  V 

2t;  =  4,  or 

1 

.-.  »  =  -|,or 

1 

v  =  2,  or 

1 

Substitute  these  values  in 

(3). 

Substitute  these  values  ii 

^(3), 

^(2 -11)  =  46 

a:2(l  +  12)  =  52 

.-.  x  =  ±6\^ 

/.  x=±2 

y  =  T7v^ 

y  =  ±4 

or          i»(2-A)  =  4a 

or           x2(l  +  }|)  =  52 

.-.  x=±5 

...X-.    « 

y  =  ±2 

V7 

10 

y  =  ±-^ 

V7 

40. 

r      ar2  +  Ty  +  2j^2  =  44 

a) 

12x2. 

-3xy+2y»=16 

(2) 

Let 

y  =  i>x 

From  (1), 

x2(l  +  i;  +  2ir2)  =  44 

(3) 

From  (2), 

x2(2- 

-3i>  +  2»a)  =  16 

(4) 

Divide  (3)  by  (4), 

2-3i'  +  2y2      4 

4  +  4t;  +  8i;2  =  22  -  33  V  +  22»2 

14t;2 

-37i)+18  =  0 

(»-2)(14»-9)=0 

.-.  »  =  2,or^. 

Substitute  these  values  in  (3),  ar2(l  +  2  +  8)  =  44 

.-.  x=±2 

y  =  ±4 

41. 
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(x^-\-Sy^  =  Sl  (1) 

\4xy^y^  =  m  (2) 
Let                                                          y=zvx 

From  (1) ,  a:2(i  4.  3  „2)  ^  31  (3^ 

From  (2),  x\^v  +  v^)  =  33  (4) 

Divide  (3)  by  (4);  r^  =  |-o 

4 1;  +  172      33 

33  +  99t;2=124i;  +  3l!;a 
68i;2-124t;  +  33  =  0 
(2i;-3)(34i;-ll)=0 

.-.  v=iorJJ 
Substitute  these  values  in  (3), 

ar2(l  +  ^)  =  31 
/.  X  =  ±  2 
y=i3 
or  Al  +  A%)=31 


42. 

r 

3a:2  +  7ary  = 

:     82 

2+5:ry  +  9y2  = 

:279 

Add, 

4a:-^ 

+  12a:y  +  9y2  = 

:361 

Extract  root, 

2a:+3j/  = 

:±19 

y  = 

±19- 
3 

2x 

Substitute  in 

(1), 

3ar2  + 

7a:(i  19-23:)  _ 
3 

:82 

9x5^: 

fcl33a:-14a:2  = 

246 

5a:2 

!Tl33ar+246  = 

0 

(5arTl23)(arT2)  = 

:0 

.'.   x  = 

:  ±  2,  or  ±  Ifi 

y  = 

:  ±  5,  or  T  J^ 

(1) 

(2) 
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x  +  y=    5  (2) 


43.  fx«  +  ,*  =  97  (1) 


Raise  (2)  to  the  fourth  power, 

**  +  4  J:*y  +  6x3y2  +  4xy»  +  y*  =i  626 

(1)  i8  x*_ +y*=   97 

Subtract,  4  j:»y  +  6  jp^yS  +  4  xy»         =  628 

2jc»y  +  3iay2  +  2xy«  =  264 
xy  (20:2  +  3  xy  +  2  y^)  =  264  (3) 

Square  (2),  jfi -{■  2  xy -{■  y'^  =  26 

Hence,  ar2  +  y2  =  26  —  2  xy 

2(x2  +  y2)  =  60-4xy 
2x2  +  3xy  +  2y2  =  60-xy 
Substitute  in  (3) ,  xy  (50  —  xy )  =  264 

xay«-50xy  +  625  =  361 
Extract  root,  xy  —  25  =  i:  19 

xy  =  44,  or  6  ^4) 

From  (2),  y  =  5  —  x 

Substitute  in  (4),  6  x  —  x^  =  44,  or  6 

x3-5x  +  y  =  -J-fi,  orj 
Extract  root,  x  —  f  =  ±  J  V—  151,  or  ±  J 


y  =  ^i^^,2.or3 


^  (x*  +  g*=.n  <i) 

I    x  +  y=    3  (2) 

Raise  (2)  to  the  fourth  power, 

x«  +  4i»y  +  6xV  +  4iy»  +  y*  =  81 


(l)i8 

X* 

+  y*=l7 

Subtract, 

4x8y  +  6xV  +  4xy«          =64 

2x8y  +  3xV  +  2xy«  =  32 
xy(2x2  +  3xy  +  2y2)  =  32 

Square  (2), 

x2  +  2xy  +  y*  =  9 

x2  +  y2=9-2xy 
2x2  +  2y«=18-4xy 
2x2  +  3xy  +  2y2=18-xy 

Substitute  in  (3) 

xy(18-xy)  =  32 

(3) 
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ISxy— ar3ya  =  32 

.-.  xy  =  16,  or  2  (4) 

From  (2),  y  =  3  —  a; 

Substitute  in  (4),  ar(3  —  ar)  =  16,  or  2 

a:2  — 3a:=  — 16,  or— 2 
x2-3ar  +  f=-J!^,or  J 
Extract  root,  a:  —  f  =  ±  J  V—  55,  or  ±  J 

._3W=E,2,orl 
y  =  3-x  =  ^^:^,l,or2 


45. 


fr*  +  y4  =  881  (1) 

I    a:-y=      1  (2) 


The  fourth  power  of  (2)  is, 

a:*  — 4j:8^  +  6ar2y2  — 4a:y8  +     y*  =       1 
Add  (1)  or*  +    /  =-  881 

Divide  by  2,  2 a:*  —  4 arS^  ^.  g  a:2y2  ^  4ar/  +  2/  =  882 

Extract  root,  ar*  —  2  .r^y  +  3  x^y^  —  2  a-yS  +     y*  =  441 
Subtract  (2)2  from  (3),  a:2  -  jry  +  y2  =:,  i  21  (3) 

Add  (4)  to  (2)2,  xy  =  20,  or  -  22  (4) 

a^  +  2a:j/  +  y2  =  81,  or-80 

.-.  a:  +  y  =  ±  9,  or  ±  V— 89   (6) 
From  (5)  and  (2),  ar  =  5,  or  -  4,  or  ^1  ±  v'^^ 

y  =  4,  or  -  5,  or  K-  1  ±  V-89) 


fa:6+y6  =  211  (1) 


46. 

I    x  +  y=      1  (2) 

Divide  (1)  by  (2), 

a^  —  aH»y  +  arV  —  a^y' +  ^  =  211 
^  +  y*  -  xydx^  +  y2)  +  a:2y2  =  211  (3) 

Square  (2),  a:2  +  2 a:y  +  y2  =  i 

x^^y^=l^2xy  (4) 

Square  (4),  x^  +  2a:2y2  +  y4  =  i  —  4 j^y  +  4a:2y2 

^  +  i/*=l-4ary  +  2ar3y2         (5) 
Substitute  from  (4)  and  (5)  in  (3), 
(l~4xy  +  2a:2y2)  -xy(l  - 2a:y)  +  a:2y2=  211 
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Extract  root,  Jfy  —  J  =  ±  ¥' 

a:y  =  7,or-6  (6) 

From  (2),  y  =  1  -  a: 

Substitute  in  (6),  x(l  -  ar)  =  7,  or  -  6 

ar3  — x  =  — 7,or6 
x2-x  +  l  =  -V^or\*- 
Extract  root,  a:  -  i  =  ±  f  V^,  or  ±  f 

..x=^^^^"^3,or-2 
2 

y  = r >  —  2,  or  d 


fx6-y6  =  242  (1) 


*'^-  ^  y=      2  (2) 

DiYide  (1)  by  (2),  **+    a:«y+    arV+    a:y8  +  y*=121 

Raise  (2)  to  the  fourth  power,  x*  —  4x8y  +  Gary  — 43:y«  +  y*=    1^ 


Subtract, 

6aJ»y- 6x2^2 +  5xy«           =106 
:r«y-.ar3ya  +  xy«  =  21 
xy(a:a-a:y  +  y2)=21                                   (3) 

Square  (2), 

x^^2xy-\-f  =  4: 
sfi-xy-{-y^  =  4-\-xy 

Substitute  in 

(3), 

xy(4  +  xy)  =  21 
3^y^'\-4xy  =  21 

.-.  xy  =  3,or-7                      (4) 

From  (2), 

y  =  x  — 2 

Substitute  in 

(4). 

x(x-2)  =  3,  or-7 
a:2  — 2x  =  3,or  — 7 

.-.  x  =  -l,  3,  or  1±  V— 6 
y  =  -3,l,or-l±V-6 

48. 

ra:«  +  y2  =  ^y  +  7                     (1) 

I    x  +  y  =  :ry-l                           (2) 

Square  (2), 

a:2  +  2ary  +  y*  =  ar2y2-2xy  +  l 

(l)i8 

J.2                  +y2  =  xy+7 

Subtract,  2xy  =x2y2-3xy  — 6 

a^2y2-5xy-6  =  0 

.-.  xy  =  6,  or  —  1  (3) 
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Substitute  in  (2), 

a:  +  y  =  5,  or  —  2 

(4) 

From  (4), 

y  =  6  —  X,  or— 2  —  a: 

Substitute  in  (3), 

x(6-ar)  =  6. 

or 

x(-2-±)  =  -l 
jca_5a.  +  6  =  0 

.-.  ar  =  2,  or  3 
y  =  3,or2 

or 

x2  +  2a:-l  =  0 

/.  a:  =  -l±\/2 
y  =  -li:V^ 

49. 

faJ»-y8=7Ty 
I    ar-y  =  2 

(1) 

C2) 

Divide  (1)  by  (2), 

^^■^    xy  +  y^  =  ixy 

Square  (2), 

ar2-2a:y  +  y2  =  4 

Subtract, 

3ary           =lxy-4 

a:y  =  8 

(3) 

From  (2), 

y  =  a:-2 

Substitute  in  (3), 

a:(ar-2)  =  8 
ar2-2ar=:8 

.-.  a:  =  4,  or-2 
y  =  2,or-4 

60. 

x+  y  =  24 

(1) 

(2) 

Divide  (1)  by  (2), 

ar2  —    xy  +  y2  =  1  a:y 

Square  (2), 

xa  +  2xy  +  y2  =  676 

Subtract, 

3xy          =576- J  xy 

xy  =  128 

(3) 

From  (2), 

y=:24-x 

Substitute  in  (3), 

x(24-a;)  =  128 
x2-24x+ 128  =  0 

.-.  x  =  8,  or  16 
y  =  16,  or  8 

51. 

(x8  +  3xy2=   62 

I3x2y  +  y8=    63 

(1) 

(2) 

Add,  x8  +  3x2y  +  3xy2  +  y«  =  125 
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Extract  cube  root,  a:  +  y  =  5  (3) 

Subtract  (2)  from  (1), 

x»-3a:ay  +  3xy2-y8  =  .l 


Extract  cube  root. 

x-.y  =  -l 

(4) 

Add  (3)  and  (4), 

2x  =  4 
/.  a:  =  2 

y  =  3 

52. 

r    3^-\-xy-{-y^=     61 
la:*  +  a^y2  +  y*=1281 

(1) 

(2) 

Divide  (2)  by  (1), 

x2-j:y  +  y2  =  21 

(3) 

Subtract  (3)  from  (1), 

2a:y  =  40 

xif  =  20 

(4) 

Add  (4)  to  (1), 

ar2  +  2xy  +  y2=81 

Extract  root. 

'^+y=±9 

(5) 

Subtract  (4)  from  (3), 

3^-^2xy  +  y^=l 

Extract  root, 

x—y=±l 

(6) 

From  (5)  and  (6), 

.-.  a:  =  ±  5,  or  ±  4 
y  =  ±  4,  or  ±  5 

53. 

f    ar2-.a:y  +  y2=    3 
\x*  +  xV  +  y*  =  21 

(1) 

(2) 

Divide  (2)  by  (1), 

x2  +  xy  +  y2=:7 

(3) 

Subtract  (1)  from  (3), 

2a:y  =  4 

xy  =  2 

W 

Subtract  (4)  from  (1), 

a:2-2ary  +  y2=l 

Extract  root, 

x  —  y  =  ± 1 

(5) 

Add  (4)  to  (3), 

x2  +  2a:y  +  y2  =  9 

Extract  root, 

x+y=±3 

(6) 

From  (6)  and  (6), 

.-.  a:  =  ±  2,  or  ±  1 
y  =  ±  1,  or  db  2 

f^  +  y  ,  :r-y_10 

(1) 

54. 

Jar-y      x  ■{■  y       3 

I             x2  +  y2  =  20 

(2) 

From  (1),                        (a 

2(a:2  +  y2)  =  iy0(-^_y2) 
2x2-8y2  =  0 

a:2  =  4y2 
.-.  a:  =  ±2y 

Substitute  in  (2), 

4y2  +  y2=20 

y  =  ±2 

x  =  ±4 
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f  ^— .y  _  ^  +  .y  ^  24^ 

55.  Ja:+yx  —  y5 

From  (1),  (a:  -  y)2  -  (a:  +  y)2  =  ^(x^  -  y2) 

-4xy  =  V(x2-j,2) 
-6xy  =  6(x2-j^2) 
6a:2^.5a:y_6y2  =  o 
(3x-2y)(2x+3y)  =  0 
/.  3x-2y  =  0 

3 
r  2x  +  3y  =  0 

.  =  -?! 
2 
Substitute  in  (2),  2  y  +  4  y  =  36 

x  =  2i^  =  4 
3 

ir  -^  +  4y  =  36 

.-.  y  =  -72 

:r  =  -^=108 
2 


(1) 
(2) 


(1) 
(2) 


5g  fx2  +  y2  +  x  +  y  =  32 

I  xy+16=   0 

From  (2),  2xy  =  -32  (3) 

Add  (3)  to  (1),  x2  +  2xy  +  y2  +  ar  +  y  =  0  (4) 

(x  +  y)(x  +  y+l)  =  0 

-  .-.  X  +  y  =  0  (5) 

or  X  +  y  +  1  =  0  (6) 

From  (5),  a7  =  — y 

Substitute  in  (2),  y2  =  16 

y  =  ±4 

/.  X  =  T  4 
From  (6),  y=:— x— 1 

Substitute  in  (2),  x(-  x  -  1)  =  -  16 

ar2  +  a:  -  16  =  0  _ 

.-.  r  =  -i±  J\/65 
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57 

r  x-y-3  =  0 

(1) 

*/#  • 

I2(x2-y2)=3xy 

(2) 

Frofa  (I), 

x-y  =  3 

(3) 

Divide  (2)  by  (3) 

2(x  +  y)  =  .ry 

W 

From  (3), 

y  =  ar-3 

Substitute  in 

(4), 

2(2a:-3)  =  a:(j--3) 
4x-6  =  x2-3a: 
r2-7x  +  6  =  0 

.-.  a:  =  l,  or6 

y  =  a,  —  3  =  -  2,  or  -  3 

f               1+1=7 

(1) 

68. 

11         31 
[x+l'y+l     20 

(2) 

From  (1), 

x-\-y  =  7xy 

(3) 

From  (2), 

y  +  l  +  a:+l  =  fj(:r+l)(y+l) 
ar  +  y  +  2=fi(:ry  +  a:  +  y+l) 

U^ 

.y  +  U(^  +  y)-iSy  =  o 

31 

a:y+ 11(3:  + y) -9  =  0 

(4) 

Substitute  the  value  of  ar  +  y  from  (3)  in  (4), 

31xy  +  77a:y-9  =  0 

108xy  =  9 

xy  =  pV 

(6) 

Substitute  in 

(3), 

^  +  y  =  A 

(6) 

From  (6), 

y  =  A-^ 

Substitute  in 

(6), 

.-.  ar  =  J,  orl 

y  =  i,or} 

69. 

fa:*  +  y4  =  272 
Lj:2  +  y2  =  3a:y  — 4 

(1) 

(2) 

Square  (2), 

a:*  +  2xV  +  y*  =  9x2y2-24a:y+    16 

(1)  is, 

i«                +  y«  =                              272 

Subtract, 

2xY         =  9  ^ays- 24x^-266 

7arV-24a:y-256  =  0 

(7^.V 

+  32)(xy-8)  =  0 
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/.  xy  =  8,  or  -  V  (3) 

Substitute  in  (2),  ofi-^-y^--  20,  gr  -  if^  (4) 

Add  2  X  (3)  to  (4),        ¥'^-\-2xy -^  y^  =  36,  or  -  ^\ 

Extract  root,  x  +  y  =  ±  6,  or  ±  \/-  ifA  (5) 

Subtract  2  X  (3)  from  (4),  r2-2xy+y2  =  4,  or  -  ^^ 

Extract  root,  x-y  =  ±2,  or  ±  V-  V (6) 

From  (6)  and  (6),  ar  =  ±  4,  ±  2,  K±  v^^  ±  V-V) 

y  =  ±2,  ±4,  K±  v:::^'^^  V- V) 


AH 

fx2  +  y2  =  a:2y2+l 
L    a:  +  y  =  2ary  — 1 

(1) 

QV« 

(2) 

Square  (2), 

ar2  +  2ary  +  y2  =  4a4!^2 _  4  j^y  4. 1 

(l)i8 

x2              +i/2  =  ^V                +1 

Subtract, 

2xy           =3x2y2-4xy 
3a:2y2_6a:y  =  0 

.-.  xy  =  0,  or  2 

(3) 

Substitute  in 

(2), 

ar  +  y  =  -l,  or3 

(4) 

From  (3)  and  (4), 

x  =  0,  y  =  l 

y  =  0,   x^l 

r 

xy  =  2 

x  +  y  =  3 

y=-x+3 

a:(-x  +  3)  =  2 

x2-3ar+2  =  0 

(x-l)(a:-2)=0 

.-.  x=\,  or  2 
y  =  2,  or  1 

61. 

rx3-y3  =  a» 
I    x-y=a 

(1) 
(2) 

From  (2), 

y  =  ^-« 

Substitute  in 

0). 

a^-(a:-a)8  =  a8 

:c8- 

-(x8- 

.3aa:2+3a2a:-a8)=a8 
3aar2-3a2a:  =  0 
a:2-aar=0 

.*.  .r  =  0,  or  a 
y  =  —  a,  or  0 
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62. 

From  (1), 
From  (2), 

From  (3), 


a      b 

^'^    y 

bx-^ay  =  ab 
fcx+ay  =  4xy 
/.  Axif  =  ab 

aif  =  ab  —  bx 
_ab-^bx 


Substitute  in  (5),  4^/06 -6x\  ^  ^ 


4  ax  —  4  x^  =  a* 
4x2-4ax  +  a2  =  0 
2x  — 0  =  0 


(1) 

(2) 

(3) 
(4) 
(5) 


y  =  ; 


63. 

Subtract, 


( x^  =  ax-\-bif 
Xy^=bx-\-ay 


a:a-y2  =  a(x-j^)  +  6(y-x) 
(x-j^)(x  +  y)  =  a(x-y)-6(x-y) 
(x-y)(x  +  y-a+6)=0 

.-.  X  —  y  =  0,  orx  +  y  —  a  +  6  =  0 


Substitute  in  (2), 


y2  =  6y  +  ay, 


/.  X  =  y,  or  X  =/i  —  6  —  y 
or  y«  =  6(a  —  6  —  y)  +  ay 


y2-.(a  +  6)y  =  0,   or  y^  +  (6-a)y  =  6(a  -  6) 
y  =  0,  or  a  +  6,  or  y  =  - 


X  =  0,  or  a  +  6 


2 

_a-b 
2 


±jVa2  +  2a6-362 


TjVa2  +  2a6-362 


64. 


fx3  +  ya=2(a2  +  62) 
\         xy  =  a2-62 
Add  2  X  (2)  to  (1),         x2  +  2xy  +  y2  =  4a2 
Extract  root,  x  +  y  =  ±  2  a 

Subtract2x(2)from(l),x2-2xy  +  y2=462 

Extract  root,  x  —  y  =  ±  2  6 

From  (3)  and  (4),  x  =  ±  a  ±  6 


(1) 

(2) 


(1) 
(2) 

(3) 

(4) 
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66. 


Add  2  X  (2)  to  (1),        ^  +  2*y  +  y«  =  5i+2^+i* 


r:r8  +  y2  =  £i±ii 


a& 


Subtract  2  X  (2)  from  (1), 


From  (3)  and  (4), 


ar-y  =  dk 


ab 


a  b 

x=  ±-,  or  ±  - 

6  a 

6  a 

.y=±-,  or  ±- 

a  6 


(1) 
(2) 

(3) 
(4) 


66. 

From  (2), 
Substitute  in  (1), 


:ra-ya  = 


xy. 


y  = 


x2-. 


a262 


a-b 
a  +  6 

a6 
(a  +  by 

ab 
x(^a  +  6)2 
a-b 


x\a  +  6)*      a  +  6 
Va  +  ft;  (a +  6)* 

U  +  6y  "^       4(a  +  6)2  4(a  +  6)* 


x2- 


a  —  b 
2(a  +  6)  ~  "^  2(a  +  6)3 


•  62 


(a +  6)2'        (a +  6)2 


a+6  a+6 

y  =  ±  — ^— ,  or  T — 

^         a+6  a+6 


0) 
(2) 
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67. 

rj:3-ary  =  2a6  +  26a 
lxy-y2  =  2a6-262 

(1) 
(2) 

Subtract, 
Extract  root, 
Divide  (1)  by  (3), 
Divide  (2)  by  (3), 

xa-2:ry  +  y«=462 
X  — y  =  ±26 
x=±(fl  +  6) 
y  =  ±(a-6) 

(3) 

68. 

From  (2), 

fxa-y2  =  a2 

(1) 
(2) 

Substitute  in  (1), 

X*-a2x2=fc4 

Extract  root, 

x2-^  =  ±iV4M  +  a4 
2 

2 

if             2 

\              2 

69. 

From  (2), 

^_a2-462 

(1) 
(2) 

Substitute  in  (1), 

.r2      i^^zi^=Sat 

x2 

X*- 

Extract  root, 

-  8a6a:»  +  16a«6i'  =  o«  +  Sa^  +  166* 
i»-4a6  =  ±(a«  +  46!') 

x2  =  ±(a2  +  4a&  +  462) 
X  =  ±  (a  +  2  6) ,  or  ±  (a  -  2  6)  V^ 
y  =  ±  (a  -  2  ft) ,  or  T  (a  +  2  ft)  V^-l 
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70  fx»  +  y«  =  a»  +  68  (1) 

\    x  +  y  =  a  +  b  (2) 

Divide  (1)  by  (2),  a:*  —    xy  +  y^  =  a«  -    ab  +  6^  (3^ 

Square  (2),  x^  +  2xy -^  f  =  a^-{-2ab-\-  b^ 

Subtract,  Sxy  =  Bab 

xy  =  ab  (4) 

Subtract  (4)  from  (3),  a:^  —  2  j-y  +  y«  =  a^  -  2a6  +  b^ 

x^y  =  ±(a''b) 
(2)  is  x-{-y  =  a  +  b 

2x  =  2o,or26 
X  =  a,  or  6 
y  =  bf  or  a 

Exercise  102.    Page  285. 

1.  The  area  of  a  rectangle  is  60  square  feet,  and  its  perimeter  is  34 
feet.    Find  the  length  and  breadth  of  the  rectangle. 

Let  X  =  the  length  of  the  rectangle  in  feet, 

y  =  the  breadth  of  the  rectangle  in  feet. 
Then,  2(x  +  y)  =  the  perimeter  of  the  rectangle  in  feet, 

xy  =  the  area  of  the  rectangle  in  square  feet. 

xy  =  GO  (1) 

2(x  +  y)  =  34  (2) 

From  (2),  y  =  17  —  x 

Substitute  in  (1),  x(17  —  x)  =  60 

xa-17x  +  60=0 

.-.  X  =    5,  or  12 
y=12,  or    6 
Therefore  the  rectangle  is  12  feet  long  and  5  feet  wide. 

2.  The  area  of  a  rectangle  is  108  square  feet.  If  the  length  and 
breadth  of  the  rectangle  are  each  increased  by  3  feet,  the  area  will  be 
180  square  feet.    Find  the  length  and  breadth  of  the  rectangle. 

Let  X  =  the  length  of  the  rectangle  in  feet, 

y  =  the  breadth  of  the  rectangle  in  feet. 
Then,  xy  =  the  area  of  the  rectangle  in  square  feet, 

(x  +  3)  (y  +  3)  =  the  area  of  the  enlarged  rectangle  in  square  feet. 

xy  =  108  (1) 

(x  +  3)(y  +  3)  =  180  (2) 
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From  (2),  xy  +  3x  +  3y  =  171 

108+3x  +  3y  =  171 
x  +  y  =  21 
y  =  21-x 
Substitute  in  (1),  x(21  -  x)  =  108 

x«-21x+ 108  =  0 

/.  x=    9,  or  12 
y=12,  or    9 
Therefore  the  rectangle  is  12  feet  long  and  9  feet  wide. 

3.  If  the  length  and  breadth  of  a  rectangular  plot  are  each  increased 
by  10  feet,  the  area  will  be  increased  by  400  square  feet.  But  if  the 
length  and  breadth  are  each  diminished  by  5  feet,  the  area  will  be  75 
square  feet.    Find  the  length  and  breadth  of  the  plot. 

Let  X  =  the  length  of  the  rectangle  in  feet, 

y  =  the  breadth  of  the  rectangle  in  feet. 
Then,  xy  =  the  area  of  the  rectangle  in  square  feet, 

(x  +  10)  (y  + 10)  =  the  area  of  the  increased  rectangle  in  square 
feet, 
(x  ~  5)  (y  —  5)  =  the  area  of  the  diminished  rectangle. 

(x  +  10)(y+10)  =  xy  +  400  (1) 

(x-5)(y-6)  =  75  (2) 

From  (1),  10x+10y  =  300 

x  +  y  =  30  (3) 

From  (2),  xy  —  5 x  —  6y  =  60  (4) 

Substitute  from  (3)  in  (4), 

xy  —  150  =  60 

xy  =  200  (5) 

From  (3),  y  =  30  — x 

Substitute  in  (5),  x(30  -  x)  =  200 

x2-30x+200  =  0 

.-.  X  =  10,  or  20 
y  =  20,  or  10 
Therefore  the  plot  is  20  feet  long  and  10  feet  wide. 

4.  The  area  of  a  rectangle  is  168  square  feet,  and  the  length  of  its 
diagonal  is  25  feet.    Find  the  length  and  breadth  of  the  rectangle. 

Let  X  =  the  length  of  the  rectangle  in  feet, 

y  =  the  breadth  of  the  rectangle  in  feet. 
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Then,  y/x^  +  y^  =  the  length  of  the  diagonal  in  feet, 

xy  =  the  area  of  the  rectangle  in  square  feet. 

xy=16S  (1) 

Vx2  +  y2  =  26  (2) 

From  (2),  a:2  +  y2=,625 

A(ld2x(l),  2xy  =  SS6 

x^-\-2xy  +  y^  =  961 

ar  +  y=±31 
Similarly,  x^ -^  2  xy -{- y^  =  289 

a:  — y  =  ±  17 
.'.  ar  =  ±  24,  or  ±    7 
y  =  ±    7,  or  ±  24 
Therefore  the  rectangle  is  24  feet  long  and  7  feet  wide. 

5.  The  diagonal  of  a  rectangle  is  25  inches.  If  the  rectangle  were 
4  inches  shorter  and  8  inches  wider,  the  diagonal  would  still  be  26 
inches.    Find  the  area  of  the  rectangle. 

Let  X  =  the  length  of  the  rectangle  in  inches, 

y  =  the  breadth  of  the  rectangle  in  inches. 
Then,  Vx^  +  y^  =  the  length  of  the  diagonal  in  indies, 

V{x  —  4)2  +  (^  +  ^y^  =  the  length  of  the  diagonal  of  the  new  rectan- 
gle in  inches. 
Var2  +  y2  ^  26  (1) 


V(a:-4)2+(y  +  8)2  =  26  (2) 

From  (1),  x2  +  y2=626  (3) 

From  (2),  a:2-8x+16+y2+i6y+64  =  625 
j:2  +  y2  _  8a:  +  16 y  =  545 
625-8a:+16y  =  546 
8ar  — 16y  =  80 

a:-2y=10  (4) 

a:=10  +  2y 
Substitute  in  (3),  (10  +  23^)2  +  3^2^625 
5y2  +  40y  =  525 
y2+8y=106 

.-.  yz=    7,  or  —  15 
X  =  24,  or  —  20 
Therefore  the  rectangle  is  24  inches  long  and  7  inches  wide. 
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6.  A  rectangular ^eld,  containing  180  square  rods,  is  surrounded  by 
a  road  1  rod  wide.  The  area  of  the  road  is  58  square  rods.  Find  the 
dimensions  of  the  field. 

Let  X  =  the  length  of  the  field  in  rods, 

y  =  the  width  of  the  field  in  rods. 
Then,  xy  =  the  area  of  the  field  in  square  rods, 

(x  +  2)  (^  +  2)  =  the  area  of  the  field  and  road  in  square  rods. 
xy  =  180  (1) 

(x  +  2)(y  +  2)  =  238  (2) 

From  (2),  ry  +  2x+  2y  +  4  =  238 

180  +  2a:+2y  +  4  =  238 
x  +  y  =  27 
y  =  27-a: 
Substitute  in  (1),  t(27  —  x)  =  180 

ar2-27x+180=-0 

.-.  X  =  12,  or  15 
y  =  15,  or  12 
Therefore  the  field  is  12  rods  wide  and  15  rods  long. 

7.  Two  square  gardens  have  a  total  surface  of  2137  square  yards. 
A  rectangular  piece  of  land  whose  dimensions  are  respectively  equal 
to  the  sides  of  the  two  squares,  will  have  1093  square  yards  less  than 
the  two  gardens  united.     What  are  the  sides  of  the  two  squares  ? 

Let  X  =  the  length  in  yards  of  a  side  of  the  first  garden, 

y  =  the  length  in  yards  of  a  side  of  the  second 
garden. 
Then  x^  =  the  area  in  square  yards  of  the  first  garden, 

y*  =  the  area  in  square  yards  of  the  second  garden, 
xy  =.  the  area  in  square  yards  of  the  rectangle. 

x3  +  y2  =  2137  (1) 

X3/ =  2137  -  1093  (2) 

From  (2),  xy  =  1044  (3) 

Add  2  X  (3)  to  (1),  x2  +  2xy  +  y2=4225 

x  +  y=±65  (5) 

Similarly,  x^  — 2xy  +  y2  =  49 

x-y  =  ±7  (6) 

From  (5)  and  (6),  x  =  ±  36,  or  ±  29 

y  =  ±  29,  or  ±  36 
Therefore  the  one  garden  is  36  feet  square  and  the  other  29  feet 
square. 
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8.  The  sum  of  two  numbers  is  22,  and  the  difference  of  their  squares 


is  44.    Find  the  numbers. 

Let 

X  =  the  greater  number, 
y  =  the  less  number. 

T  +  y  =  22 

(1) 

ar2_y2  =  44 

(2) 

Divide  (2)  by  (1), 

ar-y  =  2 

(3) 

From  (2)  and  (3), 

ar=12 

Therefore  the  numbers  are  10  and  12. 

9.  The  difference  of  two  numbers  is  6,  and  their  product  exceeds 
their  sum  by  39.     Find  the  numbers. 

Let  X  =  the  greater  number, 

y  —  the  less  number. 
x^y=.6  (1) 

xy  =  x  +  y  +  Sd  (2) 

From  (1),  y  =  ar  — 6 

Substitute  in  (2) ,  x(x  —  6)  =  ar  +  ar  —  6  +  39 

a:2-8a:  =  33 

.-.  jr=_3,  or  11 
y  =  ~  9,  or  5 
Therefore  the  numbers  are  6  and  11. 

10.  The  sum  of  two  numbers  is  equal  to  the  difference  of  their 
squares,  and  the  product  of  the  numbers  exceeds  twice  their  sum  by  2. 
Find  the  numbers. 

Let  X  =  the  greater  number, 

y  =  the  less  number. 
X  +  y  =  ar2  —  y2  (1) 

Ty  =  2(a:+y)  +  2  (2) 

From(l),  a:  +  y-(a:2-y2)^0 

(^  +  y)[i-(^-y)]  =  o 

.-.  x-\-y  =  0 
or  x  —  y  =  l 

The  former  solution  x  =  —  y  is  to  be  rejected,  since  x  and  y  are  to  be 
both  positive. 
Hence  we  have  a:  —  y  =  1  (3) 

xy  =  2ar  +  2y  +  2  (2) 

From  (3),  y  =  ar-l 
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Substitute  in  (2),  j:(2r— 1)  =  2x  + 2ar- 2  +  2 

2ra-5x  =  0 
/.  X  =  0,  or  5 
y  =  -l,  or4 
Therefore  the  numbers  are  4  and  5. 

11.  The  sum  of  two  numbers  is  20,  and  the  sum  of  their  cubes  is 
2060.    Find  the  numbers. 

Let  X  =  the  greater  number, 

y  =  the  less  number. 
x  +  ^  =  20  (1) 

z«  +  y8  =  2060  (2) 

Divide  (2)  by  (1),  ar2  -    xy  +  y2  =  103  (3) 

Square  (1),  x^  +  2  xy  +  y2  =  400 

Subtract,  3xy  =297 

xy  =  99  (4) 

Subtract  (4)  from  (3),  x2-2xy+y^  =  4 

X— y=±2 
(1)  is  X  +  y  =  20 

Hence,  x  =  11,  or    9 

y=   9,  or  11 
Therefore  the  numbers  are  9  and  11. 

12.  The  difference  of  two  numbers  is  5,  and  the  difference  of  their 
cubes  exceeds  the  difference  of  their  squares  by  1290.  Find  the 
numbers. 

Let  X  =  the  greater  number, 

y  =  the  less  number. 
x-y  =  5  (1) 

x8-y8  =  x2-y2+1290  (2) 

From  (2),    (x-y)(x2  + xy  +  y2)  =  (x-y)(x +y)  +  1290 
5(x2  +  xy  +  y2)  =  6(x  +  y)  +  1290 

:r2  +  xy  +  y2=x  +  y  +  258  (3) 

From  (1),  y  =  x~6 

Substitute  in  (3), 

jja  +  ^(ar  —  5)  +  (a:  —  5)2  =  X  +  X  —  6  +  258 
3x2- 16x4- 25  =  2x- 5 +  268 
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3a?2-.17a:  =  228 

.-.  jr=rl2,  or-J^ 
y=    7,  or~i^ 
Therefore  the  numbers  are  7  and  12. 

13.  A  number  is  formed  of  two  digits.  The  sum  of  the  squares  of 
the  digits  is  58.  If  twelve  times  the  units'  digit  be  subtracted  from 
the  number,  the  order  of  the  digits  will  be  reversed.     Find  the  number. 


Let 

:  the  tens'  digit, 
:  the  units'  digit. 

Then, 

10x  +  y  = 
10y  +  x  = 

:  the  number, 

:  the  number  reserved. 

.-.  T24-y2  = 

:68 

(1) 

10  X 

+  y-12y  = 

:10y  +  ar 

(2) 

From  (2), 

9a:-21y  = 
3a:-7y  = 

x  = 

:0 

3 

Substitute  in 

(1), 

y^  = 
.-.  y  = 

x  = 

:68 

9 

:±3 

r±7 

Therefore  the  number 

is  73. 

14.  A  number  is  formed  of  three  digits,  the  third  digit  being  twice 
the  sum  of  the  other  two.    The   first  digit  plus  the  product  of  the 
other  two  digits  is  25.     If  180  be  added  to  the  number,  the  order  of 
the  first  and  second  digits  will  be  reversed.    Find  the  number. 
Let  X  =  the  hundreds'  digit, 

y  =  the  tens'  digit. 
Then,  2(x  +  y)  =  the  units'  digit. 

lOOar  +  lOy  +  2(ar  +  y)  =  the  number. 
100 y  +  lOx  +  2(x  +  y)  =  the  number  after  the  hundreds' 
and    tens'    digits    are    inter- 
changed. 
ar4-2y(a:  +  y)  =  25  (1) 

100  X  +  lOy  +  2(a:  +  y)  +  180  =  100  y  +  10  X  +  2(:r  +  y)  (2) 

From  (1),  X  +  2ary  +  2y2  =  25  (3) 

From  (2),  90x-90y  =  -180 

a?-y  =  -2  (4) 

r  =  y-2 
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Sttbstitate  in  (3), 

0^-2)  +  20f-2)y  +  2ya  =  26 

/.  y  =  3,or-f 
a:  =  1,  or  —  Jjt 
Therefore  the  number  is  138. 

15.  There  are  two  numbers  formed  of  the  same  two  digits  in  reverse 
orders.  The  sum  of  the  numbers  is  33  times  the  difference  of  the  two 
digits,  and  the  difference  of  the  squares  of  the  numbers  is  4762.  Find 
the  numbers. 

Let  lOx  +  y  =  the  greater  number. 

Then,  lOy  +  x  =  the  smaller  number. 

10x  +  y  +  10y  +  x  =  33(x-.y)  (1) 

(10  ar  +  y)«  -  (10  y  +  x^)  =  4752  (2) 

From  (1),  22x-44y  =  0 

x  =  2y  (3) 

From  (2),  99x2  -  99y«  =  4762 

x3~y2  =  48  (4) 

From  (8)  and  (4) ,  4  y«  -  y2  ==  43 

.-.  y  =  ±4 
x=±8 
Therefore  the  numbers  are  84  and  48. 

16.  The  sum  of  the  numerator  and  denominator  of  a  certain  fraction 
is  6 ;  and  if  the  numerator  and  denominator  be  each  increased  by  3, 
the  value  of  the  fraction  will  be  increased  by  ^.    Find  the  fraction. 

Let  X  =  the  numerator, 

y  =  the  denominator. 

Then,  -  =  the  fraction, 

"^     =  the  fraction  increased  by  \. 
y4-3 

x  +  y  =  6  (1) 

£±^  =  ?  +  l  (2) 

y  +  3     y      6  ^  ^ 

From  (2),  6y(x  +  3)  =  6x(y  +  3)  +  y(y  +  3) 

6xy4-18y  =  6xy  +  l8x  +  y2  +  3y 


From  (1),  x  =  5-y 


(3) 
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Substitute  in  (3), 

3,2_i5^+18(6-y)=0 
3,2  _  33^^.90  =  0 

.-.  y  =  3,  or  30 
a:  =  2,  or  —  25 
Therefore  the  fraction  is  |. 

17.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  times  more 
than  the  hind  wheel ;  but  if  the  circumferences  were  each  increased  by 
2  feet,  it  would  turn  only  88  times  more.  Find  the  circumference  of 
each. 

Let  X  =  the  circumference  of  the  hind  wheel  in  feet, 

y  =  the  circumference  of  the  fore  wheel  in  feet. 

Then,  =  the  number  of  times  the  hind  wheel  turns  in 

going  1  mile. 

=  the  number  of  feet  the  fore  wheel  turns  in 

^  going  1  mile. 

=  the  number  of  times  the  hind  wheel  would  turn 

ic  4-  2 
^  in  going  1  mile  if  its  circumference  were  2 

feet  greater. 

=  the  number  of   times  the  fore  wheel  would 

1/4-2 

^  '  turn  in   going  1  mile  if  its  circumference 

were  2  feet  greater. 

5280  __  5280^^32  (1) 

y        ^ 

6280_5280^gg 
y4-2      T  +  2 
From  (1),  5280(ar  -  y )  =  132  xy 

40(:r-y)  =  a:y  (3) 

From  (2), 

5280(ar  +  2)  -  5280(»/  4-  2)  =  880/  4-  2)  (or  4-  2) 

5280(.r  -y)  =  Sslxy  +  2x4-2^  +  4) 
Q0(x-y)  =  xy-\-2x  +  2y-\-4 
6Sx-62y~'4  =  xy  (4) 

Subtract  (3)  from  (4), 

18a:-22y~4  =  0 
9x-lly  =  2 

9 
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Substitute  in  (3), 

"e-^-')={^)' 

llya_78y«80  =  0 

.-.  y  =  8,or-|^ 
X  =  10,  or  —  f 
Therefore  the  wheels  are  8  and  10  feet  in  circumference  respectively. 

Exercise  103.    Page  289. 

Determine  without  solving  the  character  of  the  roots  of  each  of  the 
following  equations : 

1.      x2+5ar  +  6  =  0  5.  9ar2  +  6x+ 1  =  0 

a=  1,  6=6,  c  =  6  a  =  9,  6  =  6,  c  =  l 

62-4ac  =  26-24  62-4ac  =  36-36 

=  1  =0 

.*.  the  roots  are  real,  unequal,  .*.  the  roots  are  real  and  equal, 
and  rational. 


2.    a:2+2a:-15  =  0 

a  =  1,  6  =  2,  c  =  — 15 
62-.4ac  =  4  +  60 
=  64 


6.  6z2-7ar~3  =  0 

a  =  6,  6  =  —  7,  c  =  —  3 
62-4ac  =  49  +  72 
=  121 


.*.  the  roots  are  real,  unequal, 

.-.  the  roote  are  real,  unequal,  ^^  ^^jj^^^j 

and  rational. 

3.  x24.2a:  +  3  =  0  7.   6x2--5x-3  =  0 

a=l,  6  =  2,  c  =  3  a  =  5,  6  =  -6,  c  =  -3 

62_4oc  =  4-12  62-4ac  =  25  +  60 

=  -8  =85 

.-.  the  roots  are  imaginary.  •*•  ^^®  roots  are  real,  unequal 

surds. 

4.  3x2+7a:  +  2  =  0 

a  =  3,6  =  7,c  =  2  8.     2x^-x  +  6  =  0 

62  -  4  ac  =  49  -  24  a  =  2,  6  =  -  1,  c  =  6 

=  25  62-4ac=l-40 

.-.  the  roots  are  real,  unequal,  =  —  39 

and  rational.  .-.  the  roots  are  imaginary. 
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9.    6a^  +  .r-77  =  0  10.  5a:2  +  8ar+ J/  =  0 

a  =  6,  6  =  1,  c  =  -  77  a  =  5,  6  =  8,  c  =  V- 

62  -  4  ac  =  1  +  1848  62  _  4  ^c  =  ^4  -  64 

=  1849  =  432  =0 

.-.  the  roots  are  real,  unequal,  .•.  the  roots  are  real  and  equal, 
and  rational. 

Determine  the  values  of  m  for  which  the  two  roots  of  each  of  the 
following  equations  are  equal : 

11.  (m  +  l)jr2  +  (in  —  l)x  +  TO  +  1  =  0 

a  =  rn4-l,   6=to  — 1,   c  =  to+1 
62  -  4 ac  =  (m  -  1)2  -  4(m  +  1)2  =  0 
m2-2TO+l-4m2  — 8TO-4r=0 
—  3w2_i0w  — 3  =  0 

.'.  m  =  —  3,  or  —  J 

12.  (2  TO  ~  3)a:2  +  ,na:  +  to  -  1  =  0 
62-4ac  =  TO2-.4(2TO-3)(w-l)=0 

ro2_8w2  4.20TO-12  =  0 
7to2-20to+12  =  0 

.*.  TO  =  2,  or  f 

13.  2TOar2  +  ar2_|.4-p^.2TOa:4-2TO-4  =  0 
62-4ac=(4  +  2TO)2-4(2TO  +  l)(2TO-4)=0 

16  +  16  TO  +  4  w2  _  16  m2  +  24  to  +  16  =  0 

12to2-40w~32  =  0 

3to2~10to-8  =  0 

.-.  TO  =  4,  or  -  } 

14.  2TOa:2  +  3TOa:-6  =  3x-2TO-a:2 
(2  TO  +  l)ar2  +  (3  TO  -  3)ar  -  6  4-  2  TO  =  0 

62-.4ac=  (3to-3)2-4(2to4-  1)(2to-6)=0 

9to2-18to  +  9-16to2  +  40to  +  24  =  0 

7to2-22to~33  =  0 

11±4V22 

•••"  =  — T— 

15.  TOar2  +  9a:  — 10  =  3TOa:  — 2ar2  4.2TO 
CTO  +  2)a~»+  (9-3to)t~2to-10  =  0 

62«4ac=  ('9-3to)2-4(to4-2)C-2to-10)  =  0 
81  —  64  TO  +  9  to2  +  8  m2  +  56  TO  +  80  =  0 

17to2+2to4- 161  =  0  

.   •»      -  1  +  4  V-  171 

,,     TO  -^  

17  ^ 
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Exercise  104.    Page  292. 
Form  the  equations  of  which  the  roots  are 

1.  7,6.  7.   13, -4i. 

(^«7)(x-6)  =  0  (r-13)(a:  +  4J)=0 

ar2-13x4-42  =  0  (a:  -  13)  (3  ar  +  13)  =  0 

3x2-26  jr-169  =  0 

2.  6,-3. 

(r-5)(ar  +  3)  =  0  8.  y'^  iV 

a:2-  2a:  -  16  =  0  (^-  A)(^-  A)  =  ^ 

(lla:-3)Cllar-2)  =  0 

3.  1}, -2.  121a:2-55a:  +  6  =  0 

"(^-lD(^  +  2)  =  0 

xi+ix-S  =  0  9.  3+ V2,  3- V2. 

(ar-3->/2)(a:-34-  V2)  =  0 

4.  4,2i.  a:2-.6x4-7  =  0 

(x-4)(a:-2J)=0  __ 

x2-6Jar4-9J  =  0  10.   1  +  V- 1,  1  -  \/--l. 

3ar2-19a:  +  28  =  0  (:c _ l _  V^TT) (^r - 1  +  VITi )  =  Q 

a:2_2a:+2  =  0 

5.  U,-1J. 

(ar-lJ)(a'4-lD  =  0  H-   a.a^b, 

a:2_j:r-2  =  0  (x-a)(a:- a  +  6)  -0 

6a:2  _  ^  _  12  =  0  ar2  —  2  aar  +  6a:  +  a2  — a6  =  0 

6.  _1J, -If.  12.  a +  6,  a -6. 

(ar  +  1 1 )  (a:  +  If )  =  0  (a:  -  a  -  6)  (a:  -  a  +  6)  =  0 
ar2  +  2f  a:  +  f  I  =  0  a:2  -  2aa:  +  a2  -  62  =  0 

18a:2  +  61ar  +  36  =  0 

Resolve  into  factors,  real  or  imaginary : 

13.  12ar2  +  a:-l  =  0 

.-.  a:=  J,  or-J 
.-.  12a:2  +  a:-l=  (4ar- l)(3a-+ 1) 

14.  3a:2-14ar-24:=0 

/.  a:  =  6,  or  —  f 
.-.  3a:2-14a:-24=  (a:-6)(3x  +  4) 

15.  ar2-2a:-2  =  0 

•.  a:=l±V3 
...  a;2_2a:-2  =  (ar-l- V3)(ar-1+  V3) 
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16. 


17. 


18. 


ar2-2ar  +  3  =  0  

.-.  X  =  1  +  V^,  or  1  -  V^ 
a:2-2ar4-3=  (a:-l~\/^)(ar-l  + vC:2) 

ar2  +  ^  +  1  =  0 

-1±  y/^^ 


jr2  — 2a:4-9  = 


k  + 


i_  v^r3 


)(- 


i_W=j\ 

2         / 


0 


■2x+9  =  (a:-l-  V^)(x  -  1  +  V-  8) 


Exercise  105. 

1.  Find  the  duplicate  of  the 
ratio  3:4. 

32:42  =  9:16 

2.  Find  the  ratio  compounded 
of  the  ratios  2 :  3,  3 :  4,  6 :  7,  14  : 8. 
2x3x6x14:3x4x7x8  =  3:4 

3.  Find  a  third  proportional  to 
21  and  28. 

21:28  =  28:ar 
21  a:  =  282 

282      112 


21 


3 


4.  Find    a   mean    proportional 
between  6  and  24. 

6 :  ar  =  ar :  24 

a:2=:144 
.-.  a:  =12 

5.  Find  a  fourth   proportional 
to  3,  5,  and  42. 

3  :  5  =  42 :  a: 

3a:  =  210 
.-.  ar=70 


Page  303. 

6.  Findarif  64-ar:ll— x=3:5. 

5  +  :r:ll-x  =  3:5 

26  +  5a:  =  33-3ar 
8a:  =  8 
.-.  x  =  l 

7.  Find  the  number  which  must 
be  added  to  both  the  terms  of  the 
ratio  3  :  6,  in  order  that  the  result- 
ing ratio  may  be  equal  to  the  ratio 
15:16. 

3  +  :r:5  +  ar=15:16 
48  4-16a:=75  +  15ar 
.-.  a.  =  27 

It  a  :  b  =  c :  d,  show  that 

8.  ao:bd  =  c^:cP. 

a:b  =  c:  d 

*'  b~  d 
ac  _  c2 
bd~^ 
.•.  ac:bd=c^:d^ 
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If- 

a:b 

=  en 

rf,  show  that 

9. 

ah: 

cd  = 

a2 :  c2. 

a 
b~ 

.    ^_ 

c 

a& 

erf 

e 

6 
'  d 

a2 
'c2 

/.  al 

>:cd  = 

=  a2. 

C2 

10. 

,  a^ 

-62. 

c2-.rf2  = 

a2:c* 

a 
6" 

e 
'd 

a2_ 

c2 

'rf2 

62 
a2 

rf2 
'c2 

1 

62 
a2 

=  1- 

d2 
■c2 

a2 

-62 

e2- 

-d2 

a2  e2 

a2  _  fc2  ^  a2 

c-^-rf2      e2 
.-.  a2-62:e2-rf2  =  a2.ca 


11.  2a+6:2e  +  rf  =  6:rf. 

?  — £ 
6~rf 
.    2a_2c 
"6        rf 
2£+i.2e^, 
6  a 

2a  +  b_2c  +  d 

b  d 

2a  +  6^6 
2c+rf      rf 
/.  2a  +  6:2c+rf=6:c? 

12.  6a  — 6:6c  — rf  =  a:  c. 

b~d 
5a_6c 
6   ~'rf 

6a^  ^  —  ^ 1 

T        ~  rf 
6a_— 6_  ^c  —  d 

6       ~       rf 
6a— _6_6  _a 
bc  —  d      d      c 
.".  6a  —  6:6c  —  rf  =  a:c 


13.   o-36:a  +  36  =  e-3c?:e  +  3rf. 
a      c 


^-3=^-3 
6  rf 

g- 36      c  — 3rf 

6       "        rf 

Also,  £  +  3  =  £  +  3 

0  a 

a  +  36_c^-f  3rf 
6  d 

Divide  d)  by  (2),       UtI^  ^  c  -  3  rf 


(1) 


(2) 


a  +  36     c  +  3rf 
.-.  a-36:a4-36  =  c  — 3c?:e  +  3rf 
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14.   a2  +  a6  +  62 :  a2  —  a6  +  62  =  c*  +  erf  +  cP :  c2  —  erf  +  c^. 


a      c 
h~~d 

a8_c8 
68      rfs 

68                  rf8 

a8_68      c8-rf» 

68                   rf8 

Similarly, 

a»  +  68      c8  +  rf» 

68                    rf8 

Divide  (1)  by  (2), 

a8_68      c8-rf8 
a8  +  68      c8  +  rf8 

Also, 

a— 6      c— rf 
a+6      c+rf 

Divide  (3)  by  (4), 

a2+a6  +  6*_c2+crf+rf2 

(1) 

(2) 

(3) 
(4) 


.-.  o2  +  a6  +  62 :  a2  -  a6  +  i'2  =  c2  +  erf  +  rf2 :  c2  -  erf  +  rf2 

Find  X  in  the  proportion 

15.  45:68  =  90:x  17.  a::lj=l^:lf 

45ar  =  90X68  .rrf  =  V:| 

.-.  a:=136  ?i^  =  l? 

6        7 
6.  6:3  =  2r:7  ,\x  =  -\^ 

3jr  =  42 
.%  x=14  18.  3:jr  =  7:42 

7a:  =126 
.-.  jr=18 

19.  Pind  two  numbers  in  the  ratio  2 :  3,  the  sum  of  whose  squares  is 
326. 


Let 

X  =  the  smaller  number, 
y  =  the  greater  number. 

Then, 

a?:y  =  2:3 

(1) 

a^  +  y2  =  325 

(2) 

From  (1), 

3x  =  2y 
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Substitute  in  (2) .  ^  +  y2  =  325 

y2  =  225 
.-.  y  =  ±  16 
2r=±10 
Therefore  the  numbers  are  ±  10  and  ±  15. 

20.  Find  two  numbers  in  the  ratio  5 : 3,   the  difference   of   whose 


squares  is  400. 

Let 

X  =  the  smaller  number, 
y  =  the  larger  number. 

Then, 

x:y  =  3:5 

a) 

y2-.x2  =  400 

(2) 

From  (1), 

5ar  =  3y 

Substitute  in 

(2). 

ify^=400 

ya  =  625 

/.  y  =  ±  25 

T=±15 

Therefore  the  numbers  are  ±  15  and  ±  25. 

21.  Find  three  numbers  which  are  to  each  other  as  2:3:5,  such 
that  half  the  sum  of  the  greatest  and  least  exceeds  the  other  by  25. 

Let  2x=  the  smallest  number, 

3  or  =  the  middle  number, 
6x=z  the  greatest  number. 

Then,  ^^+^^=3j:  +  25 

.-.  x  =  60 
Therefore  the  numbers  are  100,  150,  and  250. 

22.  Findarif  6a:  — a:4j:  — 6  =  3ar  +  5:2j:4-a. 

Oar  — a:4ar  — 6  =  3a:+6:2T  +  a 
(6  a:  —  a)(2  a:  +  a)  =  (4a:  —  6)  (3.r  +  6) 
12  a:2  +  4  ax  -  a2  ^  1 2  a:a  +  6a:  -  62 

(4a-6)a:=a2-62 

r,x  =  -^^ 
4a-6 


teachers'  edition.  427 


23.   Find  x  and  y  from  the  proportionals 

a::y  =  ar  +  y:42;   a::y  =  ar-y:6. 

x:y  =  ar  +  y:42 

(1) 

x:y  =  j:-y:6 

(2) 

Add  (1)  and  (2),                2x:2y  =  2x:48 

a: :  //  =r  X  :  24 

.-.  y  =  24 

From  (2),                          a::  24: :  x -24:  6 

or,                                           x\    4::a:-24:l 

.-.  ar  =  32 

24.  Find  x  and  y  from  the  proportionals 

2ar  +  y:y  =  3y:2y-2r;   2x+ 1  :  2^:  +  6  =  y  :  y  +  2. 

2a:  +  y:y  =  3y:2y-ar  (1) 

2a:+l:2ar  +  6  =  y  :y  +  2  (2) 

From  (1),  (2a:  +  y)(2y-ar)  =  3ya 

3a:y-2a:2  +  2y2=:3y2 
2a:2-3jry  +  y2  =  0 
(2x-y)(ar-y)  =  0 

.*.  y  =  2r,  or  ar 
From  (2),  (2  a:  +  1)  (y  +  2)  =  (2  a:  +  6)y 

2ary  +  4a:  +  y  +  2  =  2ary  +  6y 
4ar  — 5y  =  — 2 
4ar  — 10ar  =  — 2,  or4ar  — 5x  =  — 2 
.-.  ar  =  J,  or  2 
y  =  S,  or  2 

25.  If  a^h^rc.^d  ^  a^b  +  c^d  ^^^^  ^^^^  a  ^  c 

a  -^-b^c  —  a      a  —  b  —  c-{-a  b      a 

a-\-b-\'C-\-d_  a'^b  +  c  —  d 

a-^b  —  c  —  d      a  —  b-^c-^-  d 

Add  the  two  terms  of  each  fraction  for  a  new  numerator  and  subtract 

each  denominator  from  its  numerator  for  a  new  denominator. 

2(a  +  fe)^2(a-6) 

2(c  +  rf)      2(c-c0 

a-\-  b  _  a  —  b 

c-^-  d      c  —  d 

a  — 6      c  —  d 
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Repeat  the 

2a_ 

26" 

a  _ 

2c 
2rf 
c 

Exercise 

106. 

Page 

308 

1.  If  xcc y,  and  if  y  =  3  when 
X  =  6,  find  X  when  y  is  6. 
x=iiiy 
5=i»x3 

4.  Ifxx^ 

y 

XX  2. 

and  y  X  -, 
x  =  !?^ 

show  that 
(1) 

5x5 

r  != 

Put  this  yalue  of  y  in 

(1), 

.-.  X  =;=  8J 

2.  liW  yaries  inversely  as  P, 
and  ^^  is  4  when  P  is  15,  find  W 
when  P  is  12. 

4  =  i^ 
16 

/.  m  =  60 

.60 

P 

/.  fr=5 

3.  If  X  X  y  and  y  x  2:,  show  that 


Tr= 


x«  X  y*. 


x  =  my 


:  =  !- 


(1) 
(2) 


From  (1)  and  (2), 

xz  = 


m^ 


5. 

If  X  varies  inversely  as  y^  ■ 

-1, 

and 

is  equal  to  24  when  y  = 

10, 

find 

X  when  y  =sr  5. 

X-     "^ 

'-y^-l 

21-       "* 

^^-100-1 

.-.  TO  =  99  X  24 

=  2376 

.    -       2376 

r.x  =  m^ 

=  99 

.*.  xzccy^ 


6.   If  X  varies  as  -  +  -,  and  is 
y     « 
equal  to  3  when  y  =  l  and  z  =  2, 
show  that  xyz  =  2(y  +  «). 
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.-.    TO  =  2 

"KM) 

7.  If  ar  — y  varies  inversely  as 

2  +  -,  and  a:  +  y  varies  inversely 

z 

2l%z ,  find  the  relation  between 

z 
X  and  «  if  T  =  1,  y  =  3,  when  2  =  J. 


1  +  3  =  ^ 


.-.  x-y  - 


^+- 


jr  +  y  = 


-6 


Add,  2  a:  = 


-  11^8 -g 

-11^3-2 

2^4-2 


8.  The  area  of  a  circle  varies 
as  the  square  of  its  radius,  and 


the  area  of  a  circle  whose  radius 
is  1   foot  is  3.1416   square  feet. 
Find  the  area  of  a  circle  whose 
radius  is  20  feet. 
Let    X  =  the  area  of  a   circle 

of  radius  r. 
Then,  x  =  mr^ 

3.1416=  TO 

.-.  a:  =  3.1416  r2 
X  =  3.1416  X  400 
=  1266.64 
Therefore  the  area  is  1256.64 
square  feet. 

9.  The  volume  of  a  sphere 
varies  as  the  cube  of  its  radius, 
and  the  volume  of  a  sphere  whose 
radius  is  1  foot  is  4.188  cubic  feet. 
Find  the  volume  of  a  sphere  whose 
radius  is  2  feet. 

Let    X  =  the  volume  of  a  sphere 

of  radius  r. 
Then,  x  =  mr^ 

4.188=  TO 
.-.  a:=4.188j-8 
X  =  4.188  X  8 
=  33.504 
Therefore  the  volume  is  33.504 
cubic  feet. 

10.  If  a  sphere  of  given  material 
3  inches  in  diameter  weighs  24  lbs., 
how  much  will  a  sphere  of  the 
same  material  weigh  if  its  diame- 
ter is  5  inches  ? 

The  weights  of  spheres  are  pro- 
portional to  the  cubes  of  their 
diameter. 

24  =  to27 
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/.  «=i 

as  the  other,  but  with  one-half  its 

/.    fr=|r» 

diameter. 

W=ll26 

F=  mhr^ 

=  llli 

66  =  TOX7x9 

Therefore  the  sphere  will  weigh 

.-.  m  =  i\ 

111^  pounds. 

F,=  ffAr2 

Fj=  ?f  x2Axf-V 

11.  The  velocity  of  a  falling  body 

»    -^-^    ^^^2; 

varies  as  the  time  during  which  it 

=  l\h^ 

has  fallen  from  rest.    If  the  Teloc- 

. Zi-l 

ity  of  a  falling  body  at  the  end 

•   F,     2 

of  2  seconds  is  64  feet,  what  is  its 

velocity  at  the  end  of  8  seconds  1 

14. 

Find  the  volume  of  a  cone 

V=mt 

9  feet 

high   with  a  base   whose 

64  =  mX2 

radius 

is  3  feet. 

.-.  TO  =32 

F=i?Ar2 

F=32< 

=  if  X9x9 

F=  32  X  8 

=  84f  cu.  ft. 

=  256 

Therefore  the  required  velocity 

15. 

Find  the  volume  of  a  cone 

will  be  256  feet  per  second. 

7   feet 

high  with  a  base   whose 

12.  The  distance  a  body  falls 
from  rest  varies  as  the  square 
of  the  time  it  is  falling.  If  a 
body  falls  through  144  feet  in  3 
seconds,  how  far  will  it  fall  in  5 
seconds  ? 

d  =  mt'^ 
l44  =  m  X  9 
TO  =  16 
d=lQt^ 
rf  =  16  X  25 
=  400 
Therefore  the  body  will  fall  400 
feet  in  5  seconds. 

13.  Compare  the  volume  of  two 
cones,  one  of  which  is  twice  as  high 


radius  is  4  feet. 

F=|fAr2 
=  i?  X  7  X  16 


16.  Find  the  volume  of  a  cone 
9  feet  high  with  a  base  whose 
radius  is  4  feet. 

F=ffAr2 
=  If  X  9  X  16 
=  150f  cu.  ft. 

17.  The  volume  of  a  sphere 
varies  as  the  cube  of  its  radius. 
If  the  volume  is  179f  cubic  feet 
when  the  radius  is  3^  feet,  find  the 
volume  when  the  radius  is  1  foot 
6  inches. 
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V=mr* 

179f=TO(i)8 

.'.   F=ffr» 

^=  !!(!)» 

^  88  X  27 
21X8 

Therefore  the  required  volume 
is  14}  cubic  feet. 

18.  Find  the  radius  of  a  sphere 
whose  volume  is  the  sum  of  the 
volumes  of  two  spheres  with  radii 
3J  feet  and  6  feet  respectively. 

r  =  {fr8 

F,  =  M(6)8 
F3=Fi+F,  =  ||[(J)»  +  68] 

.-.   r38=(J)8+68 


Therefore  the  required  radius  is 
6.37  feet. 

19.  The  distance  of  the  offing 
at  sea  varies  as  the  square  root 
of  the  height  of  the  eye  above 
the  sea-level,  and  the  distance  is  3 
miles  when  the  height  is  6  feet. 
Find  the  distance  when  the  height 
is  24  feet. 

D=mVh 
S=mV6 

*  v^       2 

2 

2)  =  ^V24 

2 

=  6 
Therefore  the  required  distance 
is  6  miles. 


Exercise  107.    Page  314. 


Find  /  and  s,  if 

1.    a  =  7.  rf=4,  n  =  13. 

3.    a  =  J,  <f  =  6,  n  =  30. 

Z=7  +  12X4 

=  65 
s  =  Y(7  +  55) 

=  403 

/=J  +  29x6 

=  174^ 
«  =  ¥a  +  174D 

=  2625 

2-    a  =  6,  c?  =  3,  n  =  12. 

4.  a  =  63,rf  =  -5,  n  =  8. 

/=6  +  llx3 

=  38 
s  =  V-(6  +  38) 
=  258 

/=63  +  7x(-5) 

=  28 
5=1(63  +  28) 

=  364 

432 


SCHOOL   ALGEBRA. 


5.   a=  ),  c/=  f,  n  =  15. 
=  10f 

Find  d  and  s,  if 
7.  a  =  2,  /=134,  n=13. 
134  =  2  + 12rf 
/.  rf=ll 

«  =  V(2  +  134) 
=  884 


6.   a  =  3n,  rf  =  2n,  n  =  36. 

/=3n  +  35x(2n) 

=  73n 
«=8/(3n+73n) 

=  1368n 


9.  a=] 


9,  /  =  8,  n  =  24. 
8=169  +  23rf 
rf=-7 

5=V(16»  +  8) 
=  2124 


8.  a  =  0,  /=200,  n=51. 
200  =  0  +  60rf 
.-.  rf  =  4 

«  =  .V  (0  +  200) 
=  6100 


10.  a  =  5a8,  /=145a«,  n  =  21 
145a»  =  5a8  +  20c/ 
.-.  rf=7a8 

«  =  J»5i(6o8+145aS) 
=  1575a« 


Insert  eight  arithmetical  means  between 


11.  13  and  76. 

a  =  13,  /=76,  n  =  10 
.-.  76=13  +  9rf 
.-.  d  =  7 
.*.  the  series  is  13,  20,  27,  34, 
41,  ...76. 

12.  1  and  2. 

a  =  l,  /  =  2,  n  =  10 
2=l+9rf 
.-.  c/=i 
.'.  the  series  is  1,  Y,  V*  •••  2. 

Find  a  and  s,  if 

15.   rf=7, /=149,  n  =  22. 

149  =  a +  21x7 
.-.  a  =  2 

«  =  jy!(2+149) 
=  1661 


13.  iand|. 

o  =  i,/,  =  },n  =  10 
f=i+9rf 

.'.  the  series  is  i,  Jf,  f  •••  f. 

14.  47  and  2. 

a  =  47,/  =  2,n=10 
2  =  47  +  9rf 
.-.  c/  =  -5 
.*.  the  series  is  47,  42,  37,... 


16.   rf  =  21, /  =  242,  n=12. 
242  =  a  + 11x21 
.-.  a  =  11 

«  =  Vai  +  242) 
=  1618 
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Find  n  and  s,  if 

17.   a  =  17,/=350,rf  =  9.  18.   a=  34, /=  10,  rf= -2. 

360=17  +  9(n-l)  10  =  34+ (n-l)(-2) 

.-.  n  =  38  n=13 

s  =  Af  (17  +  360)  8=  V  (34  +  10) 

=  6973  =  286 

Find  d  and  n,  if 

19.  a=li,/=54,«  =  999.  20.   a  =  2, /=  87,  «=  801. 

999  =  -  (li  +  64)  801  =  -  (2  +  87) 

Z  2 

.-.  n  =  36  .-.  n  =  18 

64=lJ  +  36c/  87  =  2  +  17rf 

.\d=i  .-.(/=  5 

Find  d  and  /,  if 

21.   a  =  10;  n  =  14,  a  =  1050.  22.  a  =  1,  n  =  20,  s  =  305. 

1050  =  \*(10  +  0  306  =  J^(l  +  0 

.-. /=140  .-.  /  =  29} 

140  =  10  +  13rf  29}  =  1  +  19d 

.-.  <f=10  .-.  rf=l} 

Find  a  and  d,  if 

23.   /  =  21,  n=7,  «=106.  24.  /=105,  n=16,  s  =  840. 

105  =  K«  +  21)  840  =  V  («  +  105) 

.-.  a  =  9  .-.0  =  0 

21  =  9  + 6rf  105  =  a +  15  J 

.-.  rf=2  /.  c/=7 

Find  a  and  /,  if 

26.   n  =  21,  rf  =  4,  s  =  1197.  26.  n  =  26,  «  =  -75,  </=}. 

1197  =  V(2  a  +  20  X  4)  -  75  =  V (2 a  +  24  X  J) 

/.  a  =  17  .-.  a  =  -  9 

/=  17  +  20x4  /=-.9  +  24x} 

=  97  =  3      . 
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Find  n  and  /,  if 

27.  «  =  636,  a=9,  d  =  S.  28.  «=708,  a  =  18,  rf  =  6. 

636  =  -  [18  +  (n  -  1)8]  798  =  ?  [36  +  (n  -  1)6] 

2  2 

636  =  n(9  +  4n-4)  798  =  n(18  +  3n-3) 

636  =  4n3  +  5n  798  =  3n2+l5n 

.-.  n  =  12,  or  —  »^  .-.  n  =  14,  or  -  19 

/  =  9+llx8  /=18+13x6 

=  97  =96 

Find  a  and  n,  if 

29.  s  =  623,  c/=5,  Z=77.  30.  s=1008,  c/=4,  /=88. 

77  =  a  +  (n  -  1)5  88  =  a  +  («  -  1)4 

a  +  5n  =  82  a  +  4n  =  92 

623  =  "  (a  +  77)  1008  =  "  (a  +  88) 

=  -  (82  -  6n  +  77)  1008  =  -  (92  -4n  +  88) 

2  2  - 

=  !?(159-6n)  ='*(180-4n) 

.'.  1246=159n-.6n2  =90n-2n2 

.-.  n  =  14,  or  »5*  n2-46»i  + 504  =  0 

a  =  82  —  5n  .-.  w  =  21,  or  24 

=  12  a  =  92-4n 

=  8,  or  —  4 

31.  Find  the  aritlimetical  series  in  which  the  15th  term  is  25,  and 
the  29th  term  46. 

25  =  a  +  14<f 
AQ  =  a  +  2Sd 

21=        Ud 

.'.d=i 
a  =  4 
Therefore  the  series  is  4,  5.5,  7,  —, 

How  many  terms  must  be  taken  of 

32.  The  series  --  16,  —  15,  —  14, ...  to  make  - 100? 
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a  =  -16,  rf=l,«  =  -100 

- 100  =  -  (-  32  +  n  -  1) 

-100  =  -(n-33) 

-200  =  n2-33n 
.-.  n  =  8,  or  25 

33.  The  series  20,  18J,  17.J, ...  to  make  162}  ? 

a  =  20,  <f  =  — I,  «=102} 

1621=^[40+(«-l)(-|)] 

325=n(40-^+|) 

325  =  -^  +  12^ 
4  4 

6n2_165n  + 1300  =  0 
„2_  33^  +  260  =  0 

.-.  n  =  13,  or  20 

34.  The  sum  of  three  numbers  in  arithmetical  progression  is  9,  and 
the  sum  of  their  squares  is  29.    Find  the  numbers. 

Let  a  —  c/,  a,  a  +  rf  be  the  three  numbers. 

Then,  3a  =  9  (1) 

.-.  a  =  3 
(a  «  dy  +  a2  +  (a  +  dy  =  29  (2) 

From  (2),  3a2  +  2rf2  =  29 

27  +  2</2  =  29 
.-.  ^=±1 
Therefore  the  numbers  are  2,  3,  and  4. 

35.  The  sum  of  three  numbers  in  arithmetical  progression  is  12,  and 
their  product  is  60.     Find  the  numbers. 

Let  a  —  </,  a,  a  +  rf  be  the  three  numbers. 

Then,  3a  =12  (1) 

(a-<f)a(a  +  <f)  =  60  (2) 

From  (1),  a  =  4 

From  (2),  afa2  -  <f2)  =  60 

4(16-c/2)  =  60 
.\d=±\ 
Therefore  the  numbers  are  3,  4,  and  5. 
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Exercise 

108.    Page  320. 

Find  /  and  «,  if 

6.  Insert  3  geometrical  means 

1.   a  =  4,  r=2,  n  =  7. 

between  31  and  496. 

/  =  4x2»  =  266 

a  =  31,n  =  5,/  =  496 

,  =  4(2Lizi) 

496  =  31  r* 

2-1 

r*  =  16 

=  608 

.-.  r=2 

2.   a  =  9,r=J,  n  =  ll. 

.-.  the  sferies  is  31,  62,  124,  248, 

1 

496. 

i=my'=l 

^     9[(J)ii-l] 

7.   Find  a  and  «,  if 

i-1 

/=128,  r=2,n  =  7.-' 

2  V        3^1/ 

128  =  a  X  26 

1/311 -1\ 

2^  38  ; 

.-.  a  =  2 

^     2  X  128  -  2 

2-1 

Find  r  and  s,  if 

=  264 

3.   a=l,n  =  4,/  =  64. 

64  =  r8 

8.  Find  s  and  n,  if 

.-.  r  =  4 

o  =  9,/  =  2304,r  =  2. 

,      4x64-1 

'-         3 

2x2304-9 

=  85 

'-        2-1 

=  4699 

4.   a  =  7,  n  =  8, /=896. 

2304  =  9  X  2»-i 

896  =  7r7 

2«-i  =  266 

r»  =  128 

.-.  n  =  9 

.-.  r=2 

^  _  2  X  896  -  7 

9.  Find  r  and  n,  if  a  =  2,/ =1458. 

2  —  1 
=  1786 

s  =  2186. 

6.  Insert   1    geometrical   mean  r  —  l 
between  14  and  686.                               2186  r  -  2186  =  1468  r  -  2 

a  =  14,  n  =  3,  /  r-  686  728  r  =  2184 

686=14r2  .-.  r=3 

r2  =  49  1468  =  2  X3«-1 

.-.  r=7  729  =  3«-i 

.-.  the  series  is  14,  98,  686.  .-.  n  =  7 
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10.  If  the  fifth  term  is  |  and  the  7th  tenn  f  f ,  find  the  series. 

o=|.n  =  3,/  =  ff. 

/.  the  series  is  f,  3,  2,  |,  f  •••. 

11.  Find  three  numbers  in  geometrical  progression  whose  sum  is  14, 
and  the  sum  of  whose  squares  84. 

Let  a,  ar,  ar^  be  the  number. 

Then,  a-\-ar  +  ar^=U  (1) 

a2  +  a2^2  +  aV  =  84  (2) 

From  (1),  a(l  +  r  +  r2)  =  14  (3) 

From  (2),  a2(l  +  r^  +  r*)  =  84  '  (4) 

Divide  (4)  by  (3),  a(l  -  r  +  r2)  =    6 

(3)  is  a(l  +  r  +  r2)=14 

Add,  2a(l  +  r2)  =  20 

a(l  +  r2)=10  (5) 

Subtract,  2ar  =  8  (6) 

ar  =  4 
l  +  r2^5 
r  2 

2r2-6r  +  2  =  0 

.-.  r  =  2,  or  J 


Divide  (5)  by  (6), 


.'.  the  numbers  are  2,  4,  and  8. 
Sum  to  infinity : 


12. 

1, 

i,i,- 

5  = 

1 

1-i 

=  2 

13. 

8, 

2,i,... 

. 

8  = 

8 
1-i 

_32 
■  3 

14. 

2, 

?.A,- 

-. 

8  = 

2 

_7 

o  =  2,  or  8 


15.  6,  3. 1.  .... 
6     ^  25 

1-i      2 

16.  1,  i,  tV,  — 

1-i     3 

17.  3,-2.1,.... 

.  =  ^-  =  2 
1-*     3  1+f     6 


438  SCHOOL  ALGEBRA. 


Find  the  value  of : 

18. 

=  A  +  A 

21. 

=  M 

19. 

0.378  =  .^+/^^. 

'■~TTSV 

22. 

0.736  =  A +T^%- 

=  iM  =  ff 

23. 

0.363-,^^+/^*^, 

20. 

0.86  =  T-^r- 

=  11 

10     1  -  ria 

=  A+rfir 

Exercise  109. 

Page 

322. 

1.  If 

a,  b,  c  are  in  barmonical  progression,  show  that  a  —  6 : 6  —  c 

=  a:c. 

a      c 
1      1 
a      b 

ah 
a-^h 

2 
'  h 
1      1 

"  b     c 

b-C 

be 
b-c 

.•.  a  —  6:6  —  c  =  a:c 

2.   Show  that  if  the  terms  of  a  harmonical  series  are  all  multiplied 
by  the  same  number,  the  products  will  form  a  harmonical  progression. 

Let        -,    -,   -,    •••   be  the  given  series, 

a    a-\-  a     a-\-2d 

k         k  k 

and  -,    ,  -,  ...   be  the  second  series. 

a      a  +  a     a -\-  2d 

The  last  series  may  be  written 

-,  ,,   -—,,    ...   which  is  again  a  harmonical  series. 

a    a  .  d    a  ,  2d 


k    k     k    k       k 

3.   The  second  term   of  a  harmonical  series  is  2,  and  the  fourth 
term  6.    Find  the  series. 
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In  the  corresponding  arithmetical  series  a  =r  },  n  =  3,  1=^. 

/.  the  arithmetical  series  is  §,  i,  i,  4,  ••*,  and  the  harmonical  series  is 
i  2,  3,  6,  ... 

4.  Insert  the  harmonical  mean  between  2  and  3. 

The  arithmetical  mean  between  i  and  J  is  i(i  +  D»  oi^  A* 
Therefore  the  harmonical  mean  between  2  and  3  is  -^. 

5.  Insert  2  harmonical  means  between  1  and  \. 

The  two  arithmetical  means  between  1  and  4  are  2  and  3. 
Therefore  the  two  harmonical  means  between  1  and  \  are  J  and  J. 

6.  Insert  5  harmonical  means  between  1  and  j. 

The  5  arithmetical  means  between  1  and  7  are  2,  3,  4,  6,  6. 
Therefore  the  6  harmonical  means  between  1  and  ^  are  J,  J,  J,  J,  ^. 

7.  The  first  term  of  a  harmonical  progression  is  1,  and  the  third  term 
J.    Find  the  8th  term. 

In  the  corresponding  arithmetical  progression  a  =  1,  /  =  3,  n  =  3. 
/.  3  =  l  +  2rf 
rf=l 
Therefore  the  arithmetical  series  is  1,  2,  3,  .•.,  and  the  harmonical 
series  is  1,  J,  J,  ••«. 
Therefore  the  8th  term  is  \, 

8.  The  first  term  of  a  harmonical  progression  is  1,  and  the  sum  of 
the  first  three  terms  is  If.    Find  the  series. 

Let  d  be  the  common  difference  of  the  corresponding  arithmetical 
series. 

Then  the  harmonical  series  is 

1  1 


1, 


1  +  rf*    l  +  2c/' 


6(1  +  rf)(l  +  2<f)  +  6(1  +  2</)  +  6(1  +  rf)  =  11(1  +  rf)(l  +  2rf) 
5(1  +  rf)(l  +  2rf)  =  6(H- 2rf+ 1  + rf) 
5+16rf+10da=i2+18rf 
10(f^-3c/=7 

.-.  c?  =  1,  or  -  T^ 
Therefore  the  series  is  1,  i,  i,  etc. 
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9.  If  a  is  the  arithmetical  mean  between  b  and  c,  and  b  the  geometri- 
cal mean  between  a  and  c,  show  that  c  is  the  harmonical  mean  between 
a  and  6. 

Transpose,  ft  =  2  a  —  c 

Multiply  by  6,  62  =  2  oft  -  ftc 

But,  ft2  =  or 

.*.  ac  =  2  aft  —  ftc 
(a  +  ft)c  =  2  aft 
.    ^^  2qft 
a  +  ft 

10.  The  arithmetical  mean  between  two  numbers  exceeds  the  har- 
monical mean  by  1,  and  twice  the  square  of  the  arithmetical  mean 
exceeds  the  sum  of  the  squares  of  the  harmonical  and  geometrical 
means  by  11.    Find  the  numbers. 

Let  a  and  ft  denote  the  numbers. 

Then,  £±i  =  i2».  +  i  (1) 

From  (1),  (a  +  ft)2  =  4aft  +  2a  +  2ft 

a2-2aft  +  ft2  =  2(a  +  ft)  (3) 

From  (2),  (a  +  ft)*  =  8  a^l^  +  2  ab(a  -j-  ft)a  +  22(a  +  ft)2 

a*  +  2a8ft  -  6a2ft2  +  2Gft«  +  ft*  =  22(a  +  ft)^  (4) 

Divide  (4)  by  (3),  a2+4aft+ft2  =  11  (a  +  ft^  (6) 

From  (5)  and  (3), 

2(a2  +  4aft  +  ft2)  =  ll(a2- 2aft  +  ft2) 
9a2-30aft  +  9ft2  =  0 
3a2-10aft  +  3ft2  =  0 
(3a-ft)(a-3ft)  =  0 

.'.  a  =  3ft,or| 
Substitute  in  (3), 

9ft2-6ft2  +  ft2  =  6ft  +  2ft  or,      ^-?^  +  ft2=^  +  2ft 

9         o  o 

.-.  ft  =  2  .-.  ft  =  6 

a=Q  a=2 

Therefore  the  numbers  are  2  and  6. 
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Exercise  110.    Page  327. 
Expand  to  four  terms : 


1  =  JL  +  -Bar  +  Cara  +  j);,fi  +  ... 

+  2  Ax  +  2^ar2  +'2  Cx^  ^  ... 

1  =  ^  +  (-B  +  2^)x  +  ((7+  2  J5)ar2  +  (Z>  +  2C)ar8  +  ... 
JL=1,  5  +  2^  =  0,  a  +  2jB  =  0,  i>  +  2a=0,  etc. 
^=1,  B=-2,  0=4,  2>  =  -8,  etc. 

— ?^ — =  l-2x  + 4x2-8^:8 +... 
l  +  2a: 

— ?—  =  ^  +  J5a:  +  0x2  +  Z)a:8  +  ... 

1  =  2^  +  2  J5a:  +  20x2  +  2Z>x«  +  ... 

-3^x-3Bx2-30x8... 
l  =  2^  +  (2B-3u4)x  +  (20-3B)x2  4.(2  2>-30)x8+. 
2^=rl,  2J5-3^  =  0,  2O-3B  =  0,  2/>-3O=0,  etc. 

A  =  \,  B=f,  0=i,  i)=H,  etc. 
1  1^3x  .  9x2  ,  27x»  . 


2-3x      2       4         8  16 

3.  -li;^=^  +  Bx+Ox2  +  2)x«+- 

1  + x  =  2  JL  + 25x  +  20x2 4- 2Z)x»  +  ... 
+  3^x  +  3  J5x2  -I-  30x8  +  — 
l  +  x  =  2^  +  (2B+3^)x4-(20+3J5)x2  +  (2i>  +  30)x8+... 
2^=1,  2B+3^  =  1,  2O4-3jB=0,  2Z)  +  3O=r0,  etc. 
A=h  -B  =  -},  0=1,  D  =  -j%,  etc. 

1  +  X  ^1       X      3x2       93^ 
"  2  +  3x      2      4        8         16       '" 

4.  ^"^      =  ^  +  J5x  +  0x2  +  2)x«  +  ... 

l  +  x4-x2 

1  —  X  =  ^  +  Bx  +  0x2  +  2)^3  4. ... 

+  ^X  +  jBx2  +  0x8  +  — 
+  ^x2  4.5x8+  ... 

l-x=^+(B  +  ^)x+(0+5  +  ^)x2+(Z)+0+J5)x8+... 
A  =  l,  ^+^=-1,  O+B4-^  =  0,  2)+O+-B=0,  etc. 
^=1,  ^=-2,  0=1,  i)=l,  etc. 
.-.  ;^-:i^=l-2x  +  x2  +  x8+... 

1  +  X  +  X2 
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1  +  X  —T* 

5  — 2x  =  ^  +  5jr+  Car2+ 2>jJ»+ ... 
•{■Ax+Bx^-^  (7jr«+... 

--Ax^-Bx^ 

5-2x=^  +  (5  +  ^)r  +  (C+5-^>2+(Z)+C-B)a^+... 
A=6,  B+^  =  -2,  a+B-^  =  0,  D+C-B  =  0,  etc. 
^=5,  -B=-7,  C=12,  Z)  =  -19,  etc. 
-      ^"^^  -  =  6-7a:+12x2-19a*+... 


l  +  x-x2 


2"^-^      -=JL+Bar+Ci-2  +  Z)jr8+. 


l-2x  +  3x2 

2  — 3x  =  ^  +  ^x+  Cx2  +  Z)x8+... 

-2^x-2J5x2-2Cx8 

+  3^x2  +  35x«+... 
2  -  3x  =  ^+(B-2^>+(C-2B+3il)x24-(I>-2(7+35)x«+... 
^  =  2,  B-2^=-3,  C-2J5+3^^0,  2)-2(7+3B=0.  etc. 
A=2,  J5=l,  a=-4,  2>  =  -ll,  etc. 
2-3a 


l-2x+3x2 


=  2  +  x  — 4x2— llx«+. 


7.         1+^     =^4.Bx+Cx2  +  2)x«+... 

1  — X  — X2 

3  +  X  =  ^  +  Bx  +  (7x2  +  2)ar8  ^  ... 
-^x-J5x2-Cx«... 

-^X2~BX8 

3  +  ^  =  ^  +  (i5-^)x  +  (C-jB-^)x2  +  (Z)-.C-^)r8+.. 
^  =  3,  5-^=1,  C-5-.4  =  0,  i>-C--B  =  0,  etc. 
^  =  3,  ^  =  4,  (7=7,  Z>=11,  etc. 
3  +  x 


l-a:-x2 


=  3  +  4x+7x2  +  llx8+. 


8.     —1±^^A  +  Bx-\-Cj^  +  D3i*  +  "' 

1  +  X  +  X2 

1  +  X  =  ^  +  5x  +  Cx2  +  I>x»  +  ..• 
+  ^+-5x2 +  (7x8+.. . 

+  ^2+J5jp8^.... 

,  l  +  x  =  .4  +  (B  +  .4)x+(C4--B  +  u4)x2+(D  +  C+-B)x8+. 

^  =  1,  B-\-A  =  l,  C-\-B  +  A  =  0,  Z)+a+-B  =  0,  etc. 
^=1,  B  =  0,  (7=-l,  2)=1,  etc. 

.-.       ^"^^     =l~x2  +  x8+». 
1  +  X  +  x2 
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1  —  j:  —  6  z'^ 

l-Sx  =  A-\-  Bx-\-C3^  +  Dx^  +  ... 

-Ax-Bx^-Cx^ 

-QAx^-QBx^ 

l-8ar=^  +  (5-^)ar  +  (C-^-6^)a:2  +  (Z)-C-.65)r«+... 
A=ly  ^-^  =  -8,  G-B-QA  =  0,  Z>-a-65  =  0,  etc. 
^=rl,  B=-7,  C=-l,  Z>=-43,  etc. 

Expand  to  fire  terms  : 

10.   -i— =  ^  +  -Bx  +  (7x2  +  2>j:8  +  ^^4  +  ... 

2  +  a: 

4  =  2  ^  +  2  Bar  +  2  (7x2  +  2  Z>z8  +  2  ^or*  +  •  •  • 
+     ^x  +  5.t2+ (7x8  +  ^3^+ — 

4  =  2  ^+ (25+^)x+ (2  C+B)  J-2+ (2/>+ (7)x8+ (2^+Z>)a:*+. .  . 
2^  =  4,  25+^=0,  2(7+5=0,  2Z>  +  C  =  0,  2£  +  Z>=0,  etc. 

A  =  2,  B=-l,  (7=i,  Z)  =  -i,  £=J,  etc. 
4  ^  jr2      j:8      jr* 


2  +  ar  2       4       8 

11.  ?^=-^  =  A  +  Bx+ Cx^-^Dx^-^Ex*  +  '" 

3  +  z 

2  -  jr  =  3^  +  3Bx  +  3  (7x2  +  32)aJJ  +  SEx^  +  ... 

+    Ax+BTt+ Cx^  +  nx^  +  '•' 
2-xr=  3^+(3B+^)x+(3a+-B)x2+(3i)+(7)x8+(3^+D)x*  +  ... 
3^  =  2,  3B+^=-l,  3(7+5=0,  3i)+C=0,3^+D=0,  etc. 
^=1,  5=-i  (7=^,  2>=-/r,  ^=ih>  etc. 

2— x_2      6x      5.t2      5a:«      Sx* 

"  3  +  x~3       9        27        81       243 

12.  ^~^^      =  ^  +  5x  +  (7x2  +  2>^8  +  ^ar*  +  ... 
l  +  3x-x2 

6-2x  =  ^  +  5x+  (7x2  +  2)x8  +  JS;x*  +  ... 

+  3^x  +  35x2  +  3  0x8  +  3i)x*  +  ... 

-^x2-5x8-(7x* 

5-2.r  =  ^+(5+3^)x2+((7+35--^)x2  +  (Z>+3C-5)x2 

+  (^+35-(7)x* 

A  =  6,  5  +  3^  =  -2,  (7+35-^  =  0, 

5  +  3(7-5=0,  ^  +  35- C=0,  etc. 
A  =  6,  5  =  -17,  (7=56,  5=-185,  £  =  611,  etc. 
5-2x 


l  +  3x  — x' 


=  6  -  17x  +  66x2- 186x8  +  6llx*  -  . 
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13.  .^Zl£±i  =  ^+Bx+Cx2+Z>x8  +  JE:a:*  +  ... 

(x-2) 

jp»-x+l  =  -2^-2Ba:-.2aar2-2Z>x8-2^a:* 

+  ^x  +  Bx^  +  CrS  +  Z>r*  +  ... 
xa-jr+l  =  -2^+(^-2^)x+(B-2C)x2  +  (C-2Z))x« 
+  (Z>-2£)x*+... 
-2^  =  1,  A^2B  =  -\,  ^-2(7=1,  C-2Z>  =  0, 
7) -2^  =  0,  etc. 
A=-l,  B=\,  C=-i,  2>=-A,  ^  =  -A»  etc. 

*^-£jfj.^_l      a:_3^_3£8_3r* 

x-2  2      4        8         16       32 

jg-x+l^       1       1      3x      3xg      Zofi 

.r(x-2)  2x      4       8         16        32 

1 4.  .3£-2^  ^      Zx^2      =  ^  +  5j. 4.  Cx2  +  2>x8  +  J5:a:*  +  . . . 
(x-l)2      xa-2x+l 

3x  -  2  =  ^  +  Bx  +  (7x2  +  Z>x«  +  -fi^x*  +  ... 

-22lx-2^x2-2Cx8-2Z>x*+... 

+  ^x2+Bx8+ar*  +  ... 

3x-2  =  ^  +  (B-2^)x  +  (^-2B  +  C)x2 

+  (B-2C+2))x8  +  (C-2Z>+^)x* 

-4  =  -2,  B-2^  =  3,  ^-2B+C=0,  B-2C+i>  = 

C-2Z)+ jg:=o 

^  =  -2,  B  =  -l,  0=0,  Z)  =  l,  JF=2,  etc. 

^^~^  =->2-x  +  x«  +  2x*+.» 
(x-l)2 

_3xj-2_^_2__j        2      2^ 

x(x-l)a  X 


16. 


"^^^1^..=   ."^T^"^^  ^=^  +  ^x  +  Cx3  +  Z>x«+^jr*+'" 
-l)(x2+l)      ir8_^2  +  a._i  ^        ^         ^         ^ 

x2  -  X  +  1  =  -  ^  -  Bx  -  0x2  -  Z>x8  -  ^j:* 

+  -4x  +  -Bx2  +  0x8  +  -Dx*  +  ... 

J«.2         D,.Jt         /nf,wi    ■ 


-^x2-.5x8-0x*+. 


x«-x+l  =  -^+  (^~B)x-(^-B+  0)xa 

+  (^--5+  C-Z>)x8+  (B-  0+  D-^)x*  + 
-^=1,  ^-B=- 1,^-^+0= -l,^-B+0-Z)  =  0, 
-B- O+Z>-^=0,  etc. 
^=-1,  B  =  0,  0=0,  Z>=-1,  ^  =  -1,  etc. 
.r2,:r+l       ^      ;^      ^     ^ 
(x-l)(:r2+l) 
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Exercise  111.    Page  329 
Besolve  into  partial  fractions  : 

^  7j:4-1         ^    a  B    ^Ax-6A+Bx-{-4B 

(x  +  4)(.r-.5)       a:  +  4      x-b  (a:  4.  4)  (a:  -  6) 

A-\-B=7  -6^  +  45=1 

^=3  B=i 

•  73:+!  ^34 

"  (a:  +  4)(ar-6)      a:  +  4      :r-5 

2  7.r  — 1  _      ^  ^      ^  ^  — 3^3:4- /?  — 2^3: 

(l-2r)(l-3ar)       l-2a:      l-3a:         (1  -  2r)(l  -  3a:) 
^+B  =  -.l  -3^-25  =  7 

^=-5,  ^  =  4 

.  7a:--l  ^       5 ^ 

"  (l-2r)(l-3a:)      2a--.l      3x-l 

2  Sx  —  l  ^      ^  B     ^^3:~5^4-2^3:-^ 

(2a:-l)(ar-6)      2j:-1      x-6  (2a:-T  l)(a:- 6) 

^  +  2^=6,  -5^-^=--l 

6x-l  ^  1  4.        8    . 


(2jr-l)(j:-6)  3(2jr-l)      3(a:-6) 

4  3:  —  2  _     ^  B     ^^3:  +  2^4-^j:  — 5-g 

(x  — 6)(j:  +  2)      X  — 5      x  +  2  (ar-5)(j:  +  2) 

^+-B=1,  2^-.55=-2 

A=^,  B=1^ 

x-2  3         .         4 


(a:-6)(x  +  2)       7(a:-6)       7(a:  +  2) 

5         3      _     ^  gjr+C    ^Ax'^-{-Ax-{-A-hBv^  —  Bx^Cx-0 

'    afi-l      ar-l      ar'2  +  a:+l'^  a:3-l 

A-{-B=0,  A-B+C=0,  A-C=S 
A=l,  ^=-1,  (7=-2 

.        3      ^     1  ar  +  2 

**ar8-l      a:— 1      x2+a:+l 

g    x^-^x-S^A        B  C    ^Ax^-'44  +  Bx^-{-2Bx-]-Cx^--2Cx 

ar(x2  — 4)      a:       a:-2      a:+2  a:(a:2-4) 

A-{-B+C=l,  2B-2(7=-l,  -4^=-3 

^    a:2-a:--3__   3  1  .  .      3 


a:Ca:2_4)       4^;      8(a:  -  2)      SC-r  +  2) 
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xa(x+5)      x2      X      x  +  5  j:2(x+6) 

B+C=3,  A  +  ^B=0,  5^= -4 

,     3x2-4^ L  +  _L  +  .      71 


x2(x+6)  5x2     25x     26(x  +  6) 

g  7x2~x        ^       A  B  C 

(x-l)2(x  +  2)      (x-l)2      x-1      x  +  2 

^^x  +  2^  +  ^x2  4-^a:~2B4-  Cx^-  2Cx -f  C 
(.r-l)2(x  +  2) 
B+C=7,  X  +  B-2C=-1.  2^-25+C=0 
^  =  2.  -B=-y»  C'=J/ 
^  7x2-x        ^        2  11  10 

••  (x-l)2(x  +  2)      (x-l)2"^3(x-l)"*"3(x  +  2) 

g    2x2-7x+l^     A  Bx-^G 

x8-l  x-1      x2  +  x+l 

_Ax^  +  Ax  +  A-\-Bx^-Bx-^Cx-G 
x8-l 
^  +  B=2,  ^-5+C=-7,  ^-C  =  i 

.    2x2->7x+l ^_,        lOx-7 


aJJ-1  3(x-l)      3(x2  +  x+l) 

10  7x— 1  ^      ^  3    ^Ax  —  A-^6Bx-\-B 
(6x+l)(x-l)      6x+l      x-1         (6x+l)(x-l) 

A  +  6B=7,  -^  +  B=:-1 

.  7x-l  ^        13         ,         6 

••  (6x+l)(x-l)      7(6x+l)'*"7(x-l) 

11  x2  -  3  _Ax-\-B  .      C 

'    (x2+l)(ar  +  2)       x2+l"*"x  +  2 

^  ^x2  +  2^x  4-  -gj  +  2.B  +  Cx2  +  C 
(x2+l)(x+2) 
A+C=h  2^  +  J5  =  0,  2B+C=-3 
A  =  i,B  =  -i,  C=i 

x2-3  _    4x-8  1 


(x2  +  l)(x  +  2)      5(x2  +  1)      6(x  +  2) 
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12         ar3  —  X  + 1       _  Ax-{-B  ,         G        ,      D 

^  Ax^-2Ax^+Ax+Bx^-2Bx-\-B-^  CxH  C^Djc^-Dx^-{-Dx-D 

^+Z)=0,  ~2^+-B+C-Z)=l 

^-2^+Z>=-l,  J5+C-Z>=1 

A=0,  B=},  C=i,  D  =  0 
^  xg-x+1       ^  1  I  1 

"  (a:2+l)(a:-l)a      2(^2  +  1)      2(a:- l)a 


Exercise  112.    Page  335. 
Expand : 

1.  (o  +  6)7  =  a7  +  7  a%  +  21 06^2  +  35  a^fts  +  35  o8fc4  +  21  aSftS  +  7  06^  +  ftT. 

2.  (a:  -  2)5  =  a^  -  6  X  2  a:*  4-  10  X  22x8  -  10  X  28x2  +  5  X  2*x  -  2^ 

=  x6  -  lOx*  +  40x8  -  80x2  +  80x  -  32 

3.  (3x-2y)* 

=  (3x)4-4(3x)8(2y)  +  6(3x)2(2y)2-4(3x)(2y)8  +  (2i^)* 
=  Six*  -216x8y  +  216x2y2-96x/  +  16y*. 


4 


■  (r-)' 

(^•-©•0^'H;)'e)-K;)"©'-'e)'©' 


^xQ      6x*      15x2  i5y2      6.V*      .v« 

y6  y4    ■*"      «2  ■*"      ;p2  X*  X« 


5.  (4  +  3y)* 

=  4*  +  4(48)  (3y)  +  6(42)(3y)2  +  4(4)(3y)8  +  (3y)* 
=  256  +  768  j^  +  864  y2  +  432y8  +  81y*. 

6.  (««  +  6)7 

=  (a8)7  +  7(a8)66  +  21(a8)662  +  35(a8)468  ^.  36(a8)864  4.  21(08)2^^ 

+  7(a8)66^fe7 
=  (i2i  +  7  ai86  +  21  aiS62  +  35  ai2ft8  +  35  ^9^4  +  2I  0^66  +  7  a86«  +  6^. 
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7.  (m2+n8)8 

=  (m2)8  +  8(in2)7(n8)  +  28(w2)6(„8)2  +  56(in2)6(n8)8 

+  70(>ii2)4(„8)4  +  56(m2)8(n8)6  +  28(in2)2(n8)6 
+  8(m2)(n8y  +  („8)8 

=  mi«  +  8  mi*n8  +  28  mi2n«  +  56  m^H'^  +  70  m^n^^  +  56  mSnis 
+  28m*ni8  +  8»i2n2i  +  na*. 

8.  (a-6»)T 

=  a7  -  7  a«68  +  21  a^b^  -  35  a*69  +  36  08612  «  2I  a%^^  +  7  06"  _  621. 

9.  (a* +  6*)* 

=  (ai)5  +  5(a^)*(6*)  +  10(a*)8(6?)2  +  10(a*)2(6*)8 

+  5(a4)(6')*+(6V 
=  a^  +  5a26*  +  10 ah^  +  10a62  ^.  Sai^f  4.  ftV 

10.  (a-i  +  b-^y  =  a-8  +  3a-26-2  _j.  3a-ifc-4  +  5^. 

11.  (m"i  +  n2)* 

=  (m"i)*  +  4(m"J)8(n2)  +  6(m"i)2(n2)2  +  4(m~b(n2)S  +  („2)4 

=  TW-2  +  4  m"^»l2  4  e  „i-l„4  4.  4  to""2„6  ^  „8. 

12.  (:r-2  +  «')« 

=  (x-^)6  +  6(a:-^)6(z*)  +  15(a:-2)*(«')2  +  20(a:-2)8(z^)8 

+  16(a:-2)2(r*)4  +  6(0(«*)^  +  (**)^ 
=  a:-l2  4  6 ar-io^'  ^  15 ^-8^:1  +  20 x-^z^  +  15 a:-*^*  +  6  x-^z^^'  +  2*. 

13.  (2a:2  +  yi)6 

=  (2x2)6  4  5(2a:2)4(y?)  +  I0(2a:2)8(yi)2  +  10(2x2)2(^5)8 

+  5(2x2)(yi)*  +  (yJ)5 
=  32x10  ^  80x8yi  +  80x8y  +  40x*y*  +  10x2j^2  4.  yl 

14.  (J^c^y 

=  (a*)*  -  4(ai)8(c*)  +  6(a*)2(c?)2  _  4(a*)(c^)8  +  (c*)* 
=  a2  —  4ay  +  6ac^  —  4o*c2  +  c*. 
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15.    (2a2-}Va)6    • 

=  (2a2)5_5(2a2)4(jVa)+10(2a2)3(jVa)2 

-  10(2a2)2(J  v^)8  +  6(2a2)(jVa)*  -  (i  Va)S 


16.    f^^-^^ 
Vfc        2ay 


|2_  v^y 

-(f)'-'(°:)*(a+^'(TT(5!)'-»(t)'(-^)' 

•    -»(rT(a'-'(TT(i^)' 

-'(f)(0-(i!)' 

^g^      7«^i      21  qS      35a6      35a2      21 />^       11'^ 


67       ^^1^       464        g^j        166        32a       64a*      128a7 
IT.   (^  +  i»V;)' 

^8a3      6a^      3a^      a^ 
66  "^    68         2  8   ' 

18.    (2r2y-i~yv^)4 

=  (20:2^-1)4  -  4(2  x2y-i)8(y  v^)  +  6(2x2^-i)2(y  v^)a 

-4(2x2y-l)(3,V^)3+(yV^)4 

=  16  x8y^  -  32  ofifi  +  24  x<^  -  8  x'^y^  +  yO. 

^Kf  )'a*-Kt)'(f)' 

*Kf)"(v)'-'(f  )(?)•;(?)■ 
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20. 


"ftV^      26V       26       ^J      ^qJ      32/ 

21.    (2a6-^-.6o*)7 

=  (2a6-2)7  -  7(2a6-2)e(6a*)  +  21(2a6-2)6(6a*)2 

-  36(2a6-2)*(6a*)8  +  35(2a6-2)8(6a*)* 

-  21(2a6-2)2(6a*)5  +  7  (2  ab-^)  (ba^y  -  (6a*)7 

=  128a76-i*  -  448  a^V"  +  6720%-^  -  560  a"^^^-^  +  280a66-2 
-84a^6  +  14o*6*-a^67. 


22. 


23. 


_aM      6n^c^      Ua*c*     20o»c^  15oV     6ac"      c^ 

"*»<'*       6^^^         **''*          4»d^  *=''''        id^'       '^' 

/a    /t  b^  y 

^J  5  J      10  J      106*      66^  6^ 
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24.   Find  the  fourth  term  of  (2a:  — 3^)^. 
7-6.5, 


1.2.3 


(2x)*(-  3y)8  =  -  36  X2*  X  38x*y«=  -  15120 x*y«. 


25.  Find  the  ninety-seventh  term  of  (2a  —  6)^°^. 

100 .  99 .  98  .  97  (2aY(-^b)^ 
1.2.3.4       ^     ^^      ^ 
==  26  .  33  .  49  .  97  .  2*a*6W  =  400  •  33  .  49  •  97a*6«. 


26.  Find  the  eighth  term  of  (3  a:  — y)". 
11.10.9.8.7.6.6(3  , 

1.2.3.4.5.6.7  ^     ^"^ 

=  -llX5x3x2x3*a:*y7=:-.  26730  x^yf. 


27.  Find  the  tenth  term  of  (2a^  -  }a)». 
20.19.18.17.16.16.14.18.12 
1.2.3.4.5.6.7.8.9 


(2a2)ii(-}«)» 


=  -20.19.2.17.13.2ii^«"=-6-l^-17.13.26a8i. 

28.  Find  the  fifth  term  of  (a  -  2  V6)26. 

25.24.23.22^,,(_^^ 
1.2.3.4  ^  ^ 

=  26 .  23 .  22  .  2*a2i62  =  25  •  2!S .  11  •  2^02162. 

29.  Find  the  eleventh  term  of  (2  —  ay^. 

16  .  15 .  14 .  13 .  12  .  11 .  10 .  9  •  8 .  7 gg.       .^q 
1.2.3.4.5.6.7.8.9.10  ^    ^^ 

=  4. 14. 13. 11 .  2«aio  =  7  .  11 .  13 .29aW. 

30.  Find  the  fifteenth  term  of  (x  +  y)^. 

20 .  19  .  18  .  17  .  16 .  16 .  14  .  13  .  12  . 1 1 .  10 .  9 .  8 .  7 
1 .  2  .  3 . 4 .  5 .  6 .  7  .  8  .  9 .  10 .  11 .  12  .  13 .  14 
=  20 .  19 .  3 .  17  .  2a:«y"  =  3 .  5  •  17  .  19 .  2* a^y". 

31.  Find  the  fourth  term  of  (3  -  2x2)9. 

^^JL^ll  (36)(-  2a:2)8  =  -  84 .  3^  .  2^3^  =  -  3^ .  2^ .  7a:8. 
1  •  2 .  o 


afiyU 
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32.  Find  the  twelfth  term  of  (a^  -  aVi)". 

17.16.15.14.13.12.11.10.9.8.7  .,.,,    ^^.^ 
1.2.3.4.6.6.7.8.9.10.11        ^    "^  ^  ^ 

=  -  17  .  14 .  13 . 4  fliw'^'  =  -  17  .  13 .  7  .  2^a^x~^. 

33.  Find  the  serenth  term  of  (y^  —  1)88. 
(^2)82(_  1)6  =  19 .  37  .  7  .  17 .  33  y6*. 


33.37.36.35.34.33 


1.2. 3. 4. 5. 6 

34.  Find  the  fifth  term  of  (J  a  -  bVb)^. 

21.20.19.18^^     ,,^^^, 
1.2.3.4      ^^   ^    ^  ^ 

=  21.5.19.3g66  =  ?il^lli?«"66. 

35.  Find  the  fourth  term  of  ( Va  -  v^)«>. 

20ll9ll?  (V^)i7(«  ^62)8  =  .  1140 a^i^62. 
1.2*0 

36.  Find  the  third  term  of  ( Vo  —  V^y. 

Ll?  (  v^)6(„  Vir6)a  =  -  21  ah, 

37.  Find  the  sixth  term  of  (  v^a2_  y/ZTiy, 

^•^•^•^'^  (^2)4(_  vC:T)6=  -  126atV=n. 
1.2.3.4.6^        ^  ^  ^ 

38.  Find  the  eighth  term  of  (Vja  +  Vfx)^. 

20.19-18.17.16.15.14  , VP)18( VP)7 
1.2.3.4.5.6.7         V     5   >'    ^     *   >' 

=  19.17.16.15g^g^a^^V=^^-^^-\^'^^^^-.^ 
3"^^"  4^  3« .  22 

,19.17.8.5.2^   J/  ^. 
-  ^ 

39.  Find  the  ninth  term  of  (xV^  +  y  V^)i6 
15.14.13.12.11.1 
1.2.3.4.5.6.7.8 
=  13. 11.10.  9a:V. 


16.15.14.13.12.11.10.9  (,V3T)8(y V^)8 
1.2.3.4.5.6.7.8         ^  ^  ^^  ^ 
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40.   Find  the  fifth  term  of  (a^-^'^^Y^- 
31-30.29.28  .M)^(_Sbr^y 


=  31 . 5 .  29 .  7  a8ift27  ^IlI  =  5  •  7  •  29  •  31  •  3*  a^i^. 


41.   Find  the  seventh  terra  of  (a:  +  a:"i)2». 

2>»(2n-l)(2n-.2)(2n-3)(2n-4)C2n-6)  ^an-e/l V 
1.2.3.4.5.6  \x) 

^n(2n-l)(n-l)(2n-3)(n->2)(2n-5)^,._^ 
3.5.6 


Exercise  113.    Page  341. 
Expand  to  four  terms  : 

1.  (l  +  x)*=l  +  iar+i^.r2+i^^^i^a:8+... 

2.  (l  +  a:)-2=1.2a:+:^^pJa:2  +  -2— |---^a:3+... 

=  l-2a:+3a:2-4a:8+... 

4.      (i-x)^=i-§x  +  iiziix2--ii:^iizJ:,:8+... 

6.     (1  -x)'^  =  1  +  ix  +  ~  ^ '  ~  ^  x^  -~^ '  ~  \'  ~  ^  X*  +  •• 
2  2*0 

6.        (l  +  :r)*=H-far  +  i^x2  +  i4^*:r8  +  ... 
=  l  +  |-a:+fx2-^5^:r8+... 
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7.      (l  +  x)-^  =  l-|:r  +  ""^^""^3:«+      ^' ^^^      Vx»+. 


=  l-3a:  +  6i»-^10a»+' 

=  1  -  25i  +  375x2  _  4375x«  +  • 


8.     (l  +  x)^=l-3x+^lgpix«  +  -^--^--^x«+. 


9.  (l  +  6x)-«=l-6(6x)  +  ^^^(6x)'  +  -^--|--\5x)»+- 


10.  (l  +  6x)i=l  +  t(5x)  +  i^(5x)«+i-ll^(6x)»+... 

11.  (2x  +  3y)* 

=  (2x)*  +  i(2x)-*(3y)  +  tirii  (2x)-J(3y)» 

+  i^^|i^(2xr^(3y)»  +  - 
_gM|     0.y        27 .y»   ,  135 .y» 
2fxt     2^x^     2*^1^ 

12.  (2x  +  3yr* 

=  (2x)-i  -  i(2x)-f  (3y)  +  ^i^  (2x)-V(3y)2 

^    1      _     9y         189 .v"      7-11-27.V*  ■ 
2M     2V.i     2'4V^         2^x'^ 

13.  -JL- 


=  (a2-x)~* 

2.3  ^     '^ 

a*      4a^      32  a?      128a"^^" 
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^^2  2-3 

=  a-*  +  ia'^x  +  ^'s""^^  +  A«5«"^^  +  - 

15.  Find  the  fourth  term  of  (a ?-^^. 

16.  Find  the  fifth  term  of 


y/(a-^2xy 


Z  •  d  •  4 

17.  Find  the  third  term  of  (4  —  7a:)^. 

il^li  (4)-V(-  7:r)2 ^  .  ^^(4)-^^  (49:r2)  =  -5^. 

18.  Find  the  sixth  term  of  (a^  —  2ax)^. 

2.3.4.5  ^    ^       ^  ^  36  ^  ^ 

=  ma-^x^. 

19.  Find  the  fifth  term  of  (1  -2.r)"*. 

2.3.4  ^  ^27  ^ 

20.  Find  the  fifth  term  of  (1  -  x)-\ 
_3.-4.-5.-«. 


2.3.4 


:(-x)*=15a:*. 


21.  Find  the  seventh  term  of  (1  —  a:)^. 

2.3.4.5.6  ^       "^  210 
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22.   Fiud  the  third  term  of  (1  +  x)   2». 


8l|2 


xK 


23.   Find  the  fourth  terra  of  (1  +  a?)"^. 

-  J  •  -  I  •  -  -V-  a:3  =  .  120  js, 
2.3  ^^ 


24.   Find  the  sixth  term  ( 


2.3.4.6  ^  ^     V   ^y        7^        V   ^y 
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76 . 2"7-x5 


26.  Find  the  fifth  term  of  (2x  —  3^)~*. 


^7.11.1S.81^-V. 
2^ 


26.  Find  the  fourth  term  of  (1  —  6  x)~l 


"'^'7l'"''^'(-5^)'=-W-(-125^)  = 


27600  arS 


2.3  ^  '  '^  ^  '  81 


Exercise  114.    Page  346. 

Given:  log 2  =  0.3010;  log 3  =  0.4771;  log 6  =  0.6990;  log 7  =  0.8451. 

Find  the  common  logarithms  of  the  following  numbers  by  resolving 
the  numbers  into  factors,  and  taking  the  sum  of  the  logarithms  of  the 
factors : 

1.  log  6.  2.  log  16. 

log  2  =  0.3010  log  3  =  0.4771 

log   3  =  0.4771  log   6  =  0.6990 

.-.  log   6  =  0.7781  /.  log  16  =  1.1761 
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3.  log  21.  10.   log  0.36. 

log  3  =  0.4771  log      6  =  0.6990 

log   7  =  0.8461  log      7  =  0.8451 

.-.  log  21  =  1.3222  ...  log    35  =  1.5441 

.-.  Iog0.35  =  9.5441 -10 

4.  log  14. 

log  2  =  0.3010  11    log  0.0036. 
log   7  =  0^  log0.0035=  7.6441 -10 

/.  log  14  =1.1461 

12.  log  0.004. 
^-  ^°«26.  log  2  =  0.3010 

log   6  =  0.6990  log2  =  0.3010 

log   5  =  0.6990 


.-.  log  4  =  0.6020 

.-.  0.004  =  7.6020-10 

13.  log  2.1. 

log  21  =  1.3222 
log2.1  =  0.3222 


.-.  log  26  =1.3980 

6.  log  30. 

log  10  =  1.0000 
log  3  =  0.4771 

.-.  log  30  =1.4771 

14.  log  16. 

7.  log  42.  log  2  =  0.3010 

log  2  =  0.3010  log  2  =  0.3010 

log  3  =  0.4771  log   2  =  0.3010 

log   7  =  0.8451  log  2  =  0.3010 

.-.  log  42  =  1.6232  .'.  log  16  =  1.2040 

8.  Iog420.  1^-  logO.066. 

log  42  =  1.6232  log  2  =  0.3010 

log   10  =  1.0000  log  2  =  0.3010 

log   2  =  0.3010 

.-.  log  420  =  2.6232  

.-.  log   8  =  0.9030 

9.  logO.021.      '  log   7  =  0^ 

log      21  =  1.3222  •••  log  56  =  1.7481 

log  0.021  =  8.3222  -  10  .-.  log  0.056  =  8.7481  -  10 
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16.    log  0.63. 

log  3  =  0.4771 
log  3  =  0.4771 

.-.  log  9  =  0.9542 
log   7  =  0.8461 

.-.  log  63  =1.7993 
.-.  log  0.63  =  9.7993 -10 

Find  the  common  logarithms  of  the  following : 
17.    2». 


log  2  =  0.3010 
3 


18.   52. 


log  2»  =  0.9030 

log  6  =0.6990 
2 


.-.  log  62  =1.3980 


19.   7*. 


log  7  =0.8461 
4 


.-.  log  7*  =  3.3804 


20.  6*. 


Iog6  =  0.( 


log  6*  =  3.4960 


21. 


2* 


log  2  =  0.3010(3 


.-.  log  2^  =  0.1003 


22.  6^ 


log  6  =  0.6990  |2 
.-.  log  6*  =  0.3495 


23.   5^. 

log   5  =  0.6990  [5 

.-.  log  5^; 


:  0.1398 


24.   7TT. 

log     7  =  0.8451  [U 

.-.  log  7TT  =  0.0768 


25.  2^. 


log  2  =  0.3010 
3 


0.9030  [4 
.  log  2*  =  0.2268 


26.   7* 


log  7  = 


0.8461 
2 


1.6902  [7 
.-.  log  7^  =  0.2416 

27.   5^ 

log  5  =  0.6990 
5 


.'.  log  53  = 


3.4950  [3 
1.1650 
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3TT.  30.    2^. 

log     3  =  0.4771  log     2  =  0.3010 

9  11 


4.2939  [11  3.3110  [7 

.-.  log  3^T  =  0.3904  .-.  log  2"^^  =  0.4730 

29.    6^.  31.  5*. 

log   5  =  0.6990  log  5  =  0.6990 

7  3 


4.8930  [2  2.0970  [4 

.-.  log  5^  =  2.4465  .-.  log  5*  =  0.5243 

Exercise  115.    Page  348. 

Given:  log 2  =  0.3010;  log 3  =  0.4771;  log 5  =  0.6990;  log 7  =  0.8451; 
log  11  =  1.0414. 
Find  the  logarithms  of  the  following  quotients : 

1.   f  5.   ^^, 

log2  =  0.3010  log   7  =  0.8461 

colog  7  =  9.1549  -  10  colog  11  =  8.9586  -  10 


,-.  log  f  =  9.4559  -  10  .-.  log  tV  =  9.8037  -  10 

6.  ^. 

log  4  =  0.6020  log  11  =  1.0414 

colog  5  =  9.3010 -10  colog   7  =  9.1549-10 


3.  f 


4.  I 


/.  log  I  =  9.9030  -  10  .-.  log  ^  =  10.1963  -  10 

=  0.1963 
log  5  =  0.6990  J    5 

colog6  =  9.2219- 10  *  ^'  log  5  =  0.6990 

.-.  log  f  =  9.9209  -  10  colog  7  =  9.1549-10 

.-.  log  f  =  9.8539 -10 
log  7=   0.8451  g     , 

colog  5=   9.3010-10  '  ^^'      log  5  =  0.6990 

.-.  log  i  =  10.1461  -  10  colog  11  =  8.9686  -  10 

=  0.1461.  .-.  log  fj  =  9.6576  -  10 
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9.  A.  15.  2:2§. 

log   7  =  0.8451  44 

colog  11  =  8.9580  -  10  log  0.03  =  8.4771  ~  10 


13. 


14. 


log  ^r  =  9.8037 -10 


10.   J. 


colog    44  =  8.3566-10 

log  5:2^  =6.8337 -10 
^  44 


log  3  =  0.4771  16.  il 

colog  8  =  0.0970 -10  ^06 


log    44=1.6434 
...log  I  =  9.5741 -10  colog  0.05  =0010 

11      8  .-.  log  — =  2.9444 

11.  A-  ^0.05 


log  8  =  0.9030 
colog  11  =  8.9586 -10  17, 


12.  A- 


36 

log  A  =  9.8616 -10  '     i^g    36=1.5441 

colog0.11  =  0.9586 

log  5  =  0.6990  ...log^L^ 2.5027 


colog  22  =  8.6576 -10 


log  2*1  =  9.3566  -  10  ^®*   ^* 


0.7 


log24=  1.3801 
colog  66  =  8.2596  —  10 


YT*  ••.  log  14  =  9.6397-10 

log  0.7  =  9.8451 -10  118 

colog  11  =  8.9586-10  ^^'   ^2 

0  7     log  118=   3.1242 

.-.  log  ^  =  8.8037  -  10  ^.^i^g  122  ^   7.8418  -  10 

...  log— =  10.9660-10 
6.05  ^122 

T"  =  0.9660 

6.05=5X1.21  =  5xl.r^  66 

log  6.06  =  0.6990 +  0.0828      ^^    ^' 

=  0.7818  log  55=   3.4950 

colog      4  =  9.3080  -  10  colog  6*  =   6.8876  -  10 

...  log.?:55  =  10.0898  -  10  .-.  log  -  =  10.3826  -  10 

4  ^6* 

=  0.0898  =  0.3826 
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21. 

7» 
26* 

log7»=    2.6363 

colog26=    8.4960-10 

.-.  log^=  11.0303- 10 
2* 

=  1.0303 

22. 

86 
3-' 

log  86=   4.6160 

colog37=   6.6603-10 

.-.  log  1  =  11.1763 -10 

=  1.1763 

23. 

668 
282 

log66»=    6.2212 

colog282=    7.1068-10 

.-.  logf^-'  =  12.3270 -10 

=  2.3270 

34. 

772 
167 

log  77a  =  3.7730 

cologl67=  1.7673- 10 

.-.  log  ^=6.6403 -10 

25. 


26. 


27. 


28. 


167 


332 
0.006* 

log    332=3.0370 
colog  0.006  =  2.3010 

...  log-5^=  6.3380 
*  0.006 


0.007 
158  • 

log0.007  =  7.8461 -10 
colog     158  =  6.4717-10 

...  log5:55I  =  4.3168 -10 

*  158 

0.011 
0.05** 

log0.011  =  8.0414 -10 
colog  0.05*  =  5.2040 

*  0.05* 

0.066 
0.0118* 

log  0.066  =  3.4960-10 
colog  0.01 18  =6.8758 

...  iog-5i5^  =  9.3708 -10 
^0.0118 


Exercise  116.    Page  351. 
Find,  from  the  table,  the  commom  logarithms  of : 

1.  60.^  4.  7803. 

1.6990.  3.8923. 

2.  201.  5.  4325. 

2.3032.  3.6360. 

3.  888.  6.  8109. 

2.9484.  3.9090. 
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7.  7063. 

8.  1202. 

9.  0.00789. 
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10.  000.6234. 


3.8490. 


3.0799. 


7.8971  - 10. 


9.7188-10. 


11.  0.01423. 


12.  0.1987. 


8.1632  - 10. 


9.2983  - 10. 


Find  antilogarithms  to  the  following  common  logarithms : 

13.  4.1432.  16.   1.3709. 

13910.  23.49. 


14.   3.6317. 


15.  2.3177. 


3402. 


207.8. 


17.  9.0380-10. 

0.1092. 

18.  9.9204-10. 

0.8326. 


Exercise  117.    Page  353. 
Find  by  logarithms  the  following  products  : 


1.  948.7x0.04387. 

log     948.7  =  2.9771 
log  0.04387  =  8.6422 -10 

log  of  product  =  1.6193 
.-.  product  =  41.62 

2.  3.409x0.008763. 
log       3.409  =  0.6326 

log  0.008763  =  7.9426  -  10 

log  of  product  =  8.4762  -  10 
.-.  product  =  0.02987 

3.  830.7x0.0003769. 
log         830.7  =  2.9196 

log  0.0003769  =  6.6762  -  10 

log  of  product  =  9.4957  —  10 
.-.  product  =  0.3131 


4.  8.439x0.9827. 

log  8.439=0.9263 
log0.9827  =  9.9924 -10 

log  of  product  =  0.9187 
.'.  product  =  8.292 

5.  7664  X(- 0.003764). 
log  7664=3.8787 
log0.003764  =  7.6757 -10 

log  of  product  =  1.4544 
.-.  product  =  -  28.47 


6.  3.764  x(-0.( 

log     3.764  =  0.5757 
log0.08349  =  8.9217 -10 

log  of  product  =  9.4974  —  10 
.'.  product  =  —  0.3144 
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7.  -  5.845  X(- 0.00178). 
log     5.845  =  0.7668 
log0.00178=  7.2504 -10 

log  of  product  =  8.0172  —  10 
.-.  product  =  0.0104 

Fiud  by  logarithms : 

9.  mi- 
log  7066  =  3.8491 
colog  5401  =    6.2675  -  10 

log  of  quotient  =  10.1166  —  10 
=  0.1166 
.-.  quotient  =1.308 


10. 


7.652 


-0.06875 
log     7.652=0.8838 
colog0.06875  =  1.1627 

log  of  quotient 


11. 


2.0465 
quotient  =  —  111.3 

0.07654 


83.94  X  0.8395 
log0.07654  =  8.8839 -10 
colog     83.94  =  8.0760-10 
c<.log   0.8395  =  0.0759 

log  of  quotient  =  7.0358  —  10 
.-.  fraction  =  0.001086 

12    212  x(- 6.12)  X(- 2008) 
365  X  (-  531)  X  2.576 
log    212  =  2.3263 
log  6.12  =  0.7868 
log  2008  =  3.3027 
colog    365  =  7.4377-10 
colog    531  =  7.2749-10 
colog  2.576  =  9.5891  -  10 

log  of  quotient  =  0.7175 
.-.  fraction  =  —  5.218 


8.  -8945.7x73.84. 

log8945.7  =  3.9516 
log  >3.84=  1.8683 

log  of  product  =  5.8199 
.-.  product  =  660600 

13.  0.17686. 

log  0.1768  =  9.2475-10 
5 


log0.1768fi  =  6.2375 -10 
.-.  0.17685  =  0.0001728 


14.   1.21  iw. 


log    1.211  =  0.0831 
10 


log  1.21110  =  0.8310 
.-.  1.21110  =  6.776 


15.   11*. 


log   11  =  1.0414(5 
log  11*  =  0.2081 
.-.  11*=  1.615 


16.  (H)ii. 

log  73  =  1.8633 
colog61  =  8.2147 -10 

log  of  quotient  =  0.0780 

0.0780 

11 


0.8580 
...  af)ii  =  7.212 
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17.  my- 

log  14  =  1.1461 
colog  61  =  8.2924 -10 

log  of  quotient  =  9.4386  —  10 

9.4386  - 10 
7 


21.  2. 


6.0696-10 
•••  (Hy  =  0-<>001174 

18.  906.8*. 

log  906.8  =  2.9575  1 4 


log  906.8^  =  0.7394 
.-.  906.8^  =  6.487 

19.  iniy- 

log  951  =  2.9782 
colog823=  7.0846- 10 

log  ni  =  0.0628 

0.0628 
6 


0.3768 
.-.  (SEi)«  =  2.381 


20.   (73-^)0-88. 


log  83  =1.9191 
colog  11  =  8.9586 -10 

log}}  =  0.8777 

0.8777 
0.38 


0.3336 
.(}})o.88  =  2.166 


,663TT 

log  2.663  =  0.4087 
3 


1.2261(11 
0.1116 
.-.  2.663^=1.293 

22.   (8J)2.8. 

log  36  =1.6441 
colog  4=9.3979-10 

log -y  =  0.9420 

0.9420 
2.3 


2.1666 
.-.  (8})2-8=  146.6 

23.    (6S  1)0-876. 

log  216  =  2.3346 
•colog  37  =  8.4318-10 

log  W  =  0-7663 

0.7663 
0.375 


0.2874 
.-.  (6|})o-876  =  1.938 

i 


24.    (9iJ)^. 


log  407  =  2.6096 
colog  43  =  8.3665-10 


iogW  =  o.97en 

0.9761(6 
0.1962 
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25. 


^0^ 


■0076«  X  78.34  X  172.4^  X  0.00052 


4286*  X  54.27*  X  0.001  X  867.9* 

2  log0.0075  =  2(7.8751 -10)  =5.7502-10 

log  78.34  =1.8940 

J  log  172.4    =  J  (2.2366)  =0.7455 

log  0.00052  ,  =6.7160-10 

i  colog  4285    =  J  (6.3671  -  10)  =  8.7890  -  10 
4  colog  54.27    =  4(8.2663  -  10)  =  3.0612  -  10 

colog  0.001  =3.0000 

Jcolog867.9   =4(7.0616-10)   =  8.6308  -  10 

3)18.4867-30 
.-.  the  fraction  =  0.0001463.  6.1622  -  10 

*J0M2n^  X  3.429  X  0.7762« 
^^-    >        32.79x0.00371* 

2  log  0.3271    =2(9.5146-10)  =9.0292-10 
log  3.429  =0.6361 

3  log  0.7762   =  3(9.8894  -  10)  =  9.6682  -  10 
colog  32.79  =8.4843-10 

4  colog  0.00371  =  4(2.4306)  =  9.7224 

7.4392 


4)7.4392 
1.J 


.-.  the  fraction  =  72.42. 


2^       '1    7.126  X  >/0327  X  0.05738 
Nf  >/a4346  X  17.38  X  VO.006372 

log  7.126  =  0.8529 
}  log  0.1327     =  i  (9.1228  -  10)  =  9.5614  -  10 

log  0.05738  =8.7688-10 

i  colog  0.4346     =  J(0.3619)  =  0.1809 

colog  17.38  =8.7600-10 

}  colog  0.006372  =  }(2.1968)  =  1.0979 

9.2119-10 

3)29.2119-30 

.-.  the  fraction  =  0.5461.  9.7373  -  10 
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Find  X  from  the  equations . 

28.   5»=10.  31.   (1.3)«  =  4.2. 

6.  =  10  (1.3)«  =  4.2 

xlog6  =  logl0  :rlogl.3  =  log4.2 

loglO  x  =  l^gi:? 

=  -^—  log  1.3 

0.6232 


log  6 
1 


0.6990 


29.  4»  =  20. 


.  1.3010 
'  0.6020 


0.1139 
log0.6232  =  9.7946 -10 


log  1  =  0.0000  colog  0.1139  =  0.9435 

colog  0.6990  =  0.1666 


logx  =  0.7371 
log  a:  =  0.1665  .,  x  =  5.469 

.-.  x=  1.431 

32.   (0.4)-«  =  3. 

(0.4)— =  3 

-a:  log  0.4  =  log  3 

4«  =  20  log3 

T  log  4  =  log  20  log  0.4 

log  20  _  0.4771 

^~  log  4  9.6021-10 


_4771 
"3979 
log4771  =  3.6786 


.-.  *=  2.160 

33.    (0.9)-«  =  2. 

30.   7*  =  40.  (0.9)- =  2 

7.^40  -a:log0.9  =  log2 

.Iog7  =  log40  *  =  -i^ 

a:=l2gi?  0.3010 

^08  7  9.9542-10 

^  1.6020  3010 

0.8451  ~  458 

log  1.6020  =  0.2046  log  3010  =  3.4786 

colog  0.8451  =  0.0731  colog  458  =  7.3391  —  10 

log  x  =  0.2777  logar  =  0.8177 

.-.  a:  =1.896  .-.  x  =  6.671 
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Gteneral  Revie"w  Exercise.    Page  356. 
If  a  =  (i,  6  =  5,  c  =  —  4,  rf  =  —  3,  find  the  value  of 
1.    V62  +  ac  +  Vc2  — 2ac. 


V62  +  oc  +  Vc2  -  2ac  =  V26-  24  +  V16  +  48  =  1  +  8  =  9. 


2o  — V62  — ac 


a2  _  V62  +  flc  ^  36  ■-  V26  -  24  ^  36  -  1  j^  35  ^  ^ 
2a-\/62-ac      12  -  V25  +  24      12-7       6 

3.    V62  +  ac  +  Vc2- 2  oc. 


V62  +  ac  +  Vc2  -  2ac  =  V25  -  24  +  Vl6+l8 
=  Vl  + V64=V9  =  3. 


C  +  Vfl?2  +  c2 

c8  +  2rf(J2_.c2)' 


c+Vrf2+72     ^    ,.4+V9+16   ^    -4  +  5   ^       1 
c8  +  2rf(rf2_c2)      -64-6(9-16)      -64  +  42         22* 


Find  the  value  of 
5.   £  +  ?,  when:r=    «^^ 


a      b  a  +  6 

a6c 
a +  6' 


xj.  a6c 

II  x  = 


£      £_       abc      ,        a6c 
a      6  ~  a(o  +  6)      6(a  +  6) 
6c      ,     ac 


a+b      a+6 
_  6c  +  ac 
~   a  +  6 
^  c(a  +  6) 

a  +  6 
=  c. 
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6.   \b - x)  +  l(c - ar)  +  i(a: - c),  when  x  =  «&-&'+ K 
a  b  'a  a 


Ux  =  ^tz^±^. 


^(b-x)  +  \(c-x)  +  l(x-c) 
aba 


^1/^     ab-b^  +  bcX     1/       ab-^b^-^bc\     Ijab^b^-^bc       \ 
a\  a  )      b\  a  )     a\  a  J 

^l/ab'-(ab-'bHl>c)\      1 /ac—(ab-fy^-{-bc)\      1 /a6--^+6c— ac\ 
a\  a  /      ^\  ^  /      ^\  ^  J 

^l/b^-bc\      l/ac-^ab  +  b^-bcA      l/a6-62  +  6c-ac\ 
a\      a      J      b\  a  /     «\  ^  / 


_  6^  —  6c      gc  —  a6  +  62  —  6c      a6  —  6^  +  &c  —  ac 
~      a2  a6  a2 

_  a6  — gc  ,  gc  —  g6  +  62  —  6c 

g2  g6 

_  6--_c  ,  gc  —  g6  +  62  —  6c 

g  g6 

_  62  -  6c      gc  -  g6  -f-  62  —  6c 
g6  g6 

262  — 26c  +  gc~g6 
"^  g6 

^(g->26)(c-6) 
o6 


7.  f+-A_,  when:c  =  °'(^"^). 
a      b-^a  6(6  +  g) 

6(6  +  g) 


ar         X     __  g2(6  —  g)  g2(6  —  g) 

g      6  -  g      g6(6  +  g)      6(6  -  g)(6  +  g) 

_g(6-g)  g2 

6(6  +  a)      6(6  +  a) 

_  fl6  —  g2  -{-  ga 

6(6  +  a) 
—       q6       _     a 
~6(6+g)~6  +  a 


teachers'  edition.  469 

8.    (o  +  x)(6  +  x)-a(6  +  c)  +  x2,  when  a:=-. 

b 


a^c^ 


b' 

(a  +  x)(6  +  ar)-a(6+c)  +  T2 

=  ——X— «(6  +  c)+_ 

^  (a6  -f-  ac)  (62  +  gc)  -  g^fe  +  c)  +  a2c2 

62  ' 

_  a68  4-  a^bc  +  a62c  +  a2c2  ~  06^  —  a62c  +  a2c2 

62 
_a26c  +  2a2c2 
62 

Q    a(l  +  6)  +  6jr  a  , 

9-      :,       ,:       . ,  when  ar  =  —  a. 

a(l  +  6)— 6x      a-26x 

If  a:  =  —  a, 

a(l  +  6)  +  6j:  a        _a(l^b)—ab 


«(l  +  6)  — 6x      a-26jr      a(l  +  6)  +  a6      a  +  2a6 

_       a o 

~aH-2a6      a  +  2a6 
=  0. 

10.   Add  (a  -  6)a;2  +  (6  -  c)^2  ^.  (c  -  a>2,  (6-c).r2+ (c- a)^2 
+  (a  -  6)^2,  and  (c  -  a)x^  +  (a  -  fc)y2  +  (6  -  c) A 
(a  -  6)ar2  +  (6  -  c)y2  +  (c  —  0)^2 
(6  -  c)x^  +  (c  -  a)y2  +  (a  —  6>2 
(c  —  a)a:2  +  (a  —  6)^2  +  (6  —  c>2 


11.   Add  (a  +  6)a:  +  (6  +  c)j^  —  (c  +  a)2r,  (6 +  c>+ (c  +  a)a;— (a  +  6)^, 
and  (a  +  c)y  +  (a  +  6)«  —  (6  +  c)a:. 

(a+6)ar+(6  +  c)y-(c  +  a> 

(c  +  a)a;-(a+6)y+(6  +  c)« 

-  (6  +  c)j:  +  (g  4-  c^y  +  (a  +  6)g 

2oa:  +2cy  +26z 
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12.  Show  that  x^  +  y^  +  2*  -  S  xyz  =  0,  it  x  +  y  +  2  =  0. 

If  x  +  y  +  «  =  0,  then  a:  =  —  y  —  z. 

a:«  =  -  y8  -  3  y2z  -  3  xy2  —  2« 

=  0. 

13.  Show  that  x»  -  8y»  —  27 2*  -  ISarya;  =  0,  if  a:  =  2y  +  32. 

If  ar  =  2y  +  32:, 

*»=  8y8  +  SQjfiz  +  64y22  +  272* 
a:y2  =  2y22  +  3yz2 

.-.  aJ»  -  8y»  -  272«  -  18a:y2=  8y»  +  86^22  +  54^22  +  27 2«  -  83^8  -  272* 

-36^2^-543^22 

Simplify  by  removing  parenthesis  and  collecting  terms . 

14.  3a  -  2(6  -  c)  -  [2(o  -  ft)  -  3(c  +  a)]  -  [9c  -  4(c  -  a)] 

=  3a  — 26  +  2c- [2a  — 2ft-3c  — 3a]  — [9c  — 4c  +  4aJ 
=  3a-2ft  +  2c-[-26-3c-a]-[5c  +  4a] 
=  3a  — 26  +  2c  +  2ft+3c  +  a  — 6c  — 4a 
=  0. 

15.  7(2a  +  6)-{19ft-[13(c-a)+12(6-c)]} 

=  14a  +  7ft-{196-[13c-13a+  126-12c]} 

=  14a+76-{196-[-13a+126  +  c]} 

=  14a  +  7ft -{196+ 13a- 126 -c} 

=  14a  +  7ft-{13a  +  76-c} 

=  14a+7ft-13a-7ft  +  c 

=  a-{-  c. 

16.  x-{4y  +  [3(2-ar)-(ar  +  2y)]-(2jr  +  2-2ar)} 

=  a:  —  {4 y  4- [32  —  3x  -  J?  —  2y]  —  2y  —  2  +  2 a:} 
=  ar  —  {4y  +  £32  —  4  ar  —  2y]  —  2y  —  2  +  2a:} 
=  a:  -  {4y  +  32  —  4a:  —  2 y  —  2y  —  2  +  2x} 
=  a:  — {— 2a:  +  22} 
=  x+2ar  — 22 
=  3a:-22. 
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17.  l  +  2{a:  +  4-3[a:+5-4(ar+l)]} 

=  1  +  2{x  +  4  -  3  [a:  +  5  -  4  a:  -  4]} 

=  l  +  2{a:  +  4-3[l-3a:]} 

=  1  +2{a:+4-3  +  9ar} 

=  1  +  2(1 +  10x} 

=  1  +  2  +  20j: 

=  3  + 20  a;. 

18.  10a:-{4[5a:-3(a:-l)]-3[4a:-3(a:+l)]} 

=  10ar-{4[6ar-3a:  +  3]-8[4a:-3a:-3]} 

=-10a:-{4[2a:  +  3]-3[a:-3]} 

=  10a:-{8a:  +  12-3a:  +  9} 

=  10j:_{5a:  +  21} 

=  10x-6a;-21 

=  5a:-21. 

19.  3a?2-{2a:2_(3a;-7)-[2ar2-(3ar-ar2)]-[5-(2.a:2-4a:)]} 

=  3a:2-{2ar2-3a;  + 7- [2a:2-3a:  +  a:2] -[5-2x2  +  4x3} 
=  3x2-{2x2-3x  +  7-[3x2-3x]-[6-2x2^.4a.]) 

.    =3x2-{2x2-3x+7-3x2  +  3x-6  +  2x2-4x} 
=  3x2-{x2-4x  +  2} 
-3x2-x2  +  4x-2 

=  2x2  +  4x-2. 

20.  (x-2)(x-3)-(x-7)(x-l)  +  (*-l)(x-2) 

=  ar2-5x  +  6-x2  +  8x-7  +  x2-3x  +  2 
=  x2  +  1. 

21.  (x  +  y)2-2x(3x  +  2^)-(y-x)(-x  +  y) 

=  x2  +  2xy  +  ^2  _  6x2  -  4x^  +  yx  -  ^2  _  x2  +  xy 
=  -6x2. 

22.  3a-[2a-(3a-6)2]  +  3a(26-3a-|^^ 

=  3a-[2a-9a2  +  6a6-62]  +  6a6-9a2-62 
=  3a-2a  +  9a2-6a6  +  62  +  6a6-9a2-62 


Resolve  into  lowest  factors : 

23.  (x  +  y)2-4^2 

=  (x  +  y  +  2z)(x  +  y-2«). 

24.  (x2  +  y2)2.4:p2y2 

=  (a:2+3/2  +  2xy)(x2  +  y2_2xy)=(x  +  y)2(x-y)2. 
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28. 

29. 
30 


=  [a-(6-c)][a  +  (6-c)] 
=  (a  — 6  +  c)(a  +  6-e). 

(i»-y«-2«)»-4y«*i'  =  (j«-y»-z«  +  2yz)(i«-y»-2»- 
=  [*» -  (y*  -  2y«  +  s:*)][2«  -  (y»  +  2y»  +  r>)] 

9x»  -  |x*y»  +  Ay*  =  (3i«  -  Jy»)« 


81  a*  -  1  =  (9aa  +  l)(9a2 -  1)  =  (Oo*  +  l)(3a  +  l)(3a  -  1). 
=  (aa+  62)(a4-a2fc2  ^  b^^a -{■  b)  (a^ -^  ab  +  I 


2y^) 


32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 


dXa  +  i 

ara  -  19x  +  84  =  (x  -  7)(ar  -  12). 
J:r2  +  2iir-36=(Jx  +  9)(Ja:-4). 
x3-8a:+15=(x-3)(x-6). 
9j:2_l50x  +  600  =  3(r-10)(3ar-20). 
56x2  +  3xy-20i^a=(7r-4y)(8x+6y). 
12x2  +  37x  +  21=(4x  +  3)(3x+7). 
33-14x-40x2=(ll  +  10x)(3-4x). 
6x2  +  5x-4=(2x-l)(3x  +  4). 
x8-y6=(x~y2)(a^  +  a,yi  +  y4). 

8  +  a'jH^=  (2  +  ax)(4-2ax+a2x2). 

x6  -  aW  =  (x  -  a2)(x*  +  a2x8  +  a*ar2  +  a«x  +  a^). 

27a8  -  64  =  (3a  -  4)(9a2  +  12a  +  16). 
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44.  xio-32/=  (x3-2y)(a:8  +  2j:«3^  +  4ar*3^2^8a:2^8+  16y*). 

45.  a^-b^=(€fi-\-  6*)  (a«  -  6*)  =  (a^  -  M)  (a'  +  fc2)  (a3  _  ^2) . 

46.-  xi6  +  1024^10  =  {a*  +  4y2)(a:i2  +  4xV  +  16  jfiy*  +  64x8/  +  2663^8). 

47.  a8  -  (6  +  c)»  =  [a  -  (6  +  c)][a2  +  a(6  +  c)  +  (6  +  c)2] 

=  (a  -  6  -  c)  (a2  +  62  4.  c2  +  a6  +  ac  +  2  6c) . 

48.  8aJ» - 6ry(2x  +  8y)  +  273^»  =  8a:*  +  27 y« - 6xy(2 x  +  3.y) 

=  (2x+3y)(42:2_6Ty  +  0y2-6a:y) 

=  (2x  +  3y)(4x2-12xy  +  9y2) 
=  (2x  +  3y)(2x-3y)2. 

Find  theH.C.F.  of 

49.  6.r*-2a:»+9x2  +  9T-4,  and  9x*  +  80a:2_9. 

9j*  +  80a:2-9=(9x2-l)(x2  +  9)=r.  (3x- l)(3x+ l)(x2  + 9). 

By   trial  we  find   that  of   these   factors   only  3x  — 1   will   divide 
6x*-2x8  +  9x2+9x~4. 
.-.  the  H.C.F.  is  3r— 1. 


50.  3x«-5x»  +  2,  and  2a:6_6x2  +  3. 


2x^-5x2  +  3 
2x6  — 3x*  +  x2 

3)3x^-6x2  +  3 

a4_  2x2+1 

2 

2x*-4x2  +  2 
2x*-3x8+x 

3x8-4x2-    x  +  2 
2 

6x8  — 8x2  — 2x  +  4 
6x8'-9x2  +3 


x2-2x+l 


3x6-    6x8  +  2 
2 

6x6-10x8  +  4 
^x6-15x2  +  9 

-6)- 10x8+15x2-6 
2x8-  3x2  +  1 
2x8-   43^24.  2x 

x2  -  2  X  -f  1 

:c2_2x+l 


x2  +  X  +  3 
2x+l 


theH.C.F.  is  x2-2x+  1. 
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61.  aJi-93x-308,  and  x« - 21  x*  +  131  x - 231. 


js_   93X-308 
3 

x8- 
x8 

-7)- 

-21x2+131x-231 
-   93X-308 

-21x24-224x+    77 

1 

3x'-279x-924 

3x3-32  x2-llx 

3x2- 
3x2- 

32x-    11 
33  X 

x  +  8 

4)32  x2  -  268  X- 924 

8x2-   67 X- 231 

3 

3x+l 

X-    11 
X-    11 

24x2-201x-693 
24x2 -266x-   88 

66)56x-605 
X-    11 

the  H.C.F.isx-ll. 


52.   x*-2x8  +  4x2-6x+3,  and  x*-2x8-2x2  + 6x-3. 


x*-2x8  +  4x2-6x  +  3 
ar4-2x8+     x2 

3a:2-6x+3 
3j:2_6x+3 


a:4_2x8-2x2+    6x-3 
ar*-2x8+4x2-    6x+3 

-6)-6x2+12x-6 
ar2_    2x+l 


1 


x2+3 


.-.  the  H.  C. F.  is  x2  —  2x  +  1. 


53.  x6-4x-«-x2  +  2x  +  2,  and  x8-x2-2x  +  2. 

aJJ  _  x2  -  2  X  +  2  =  (x2  -  2 )  (x  -  1 ) 
By  trial  we  find  that  of  these  two  factors  only  x  —  1  will  divide 
y6_4ar8-rr2  +  2x  +  2. 
.-.  the  H.  C.  F.  is  X  -  1. 

54.  3x8+ 10x2  + 7x-2,  and  3x8+ 13x2+ 17x  + 6. 


-3x-4 


3x3+ 10x2+ 7x- 2 

3x8+13x2+17x  +  6 

3x8+ 10x2  + 8x 

3x8+10x2+    7x-2 

-    x-2 

3x2+10x  +  8 

3x2+    6x 

4x+8 

4x  +  8 

the  H.  C.  F.  is  X  +  2. 
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55.   4x*-9x2  +  6x-l, 

6x^^7x^  +1 

6x8-9x2  +  3x 

2x2-3x+l 
2x3-3x+l 


and  6x8  —  7x2+1. 
4x*  —   9x2+    6a._    1 

3 


12  X* 
12x4- 

-14x8 

-27x2+18x- 
+    2x 

3 

14x8- 

-27x2+ 16x- 

3 
3 

42x3- 
42x3- 

-81x2  +  48x- 
-49x2             4. 

9 

7 

-16)- 

-32x2  +  48x- 

16 

2ar2-    3x+    1 
the  H.  C.  F.  is  2  x2  -  3  X  +  1. 


2x 


3x  +  l 


56.  xfi+llx-12,  and  x5+ 11x8+54. 


x5  +11X-12 

x5  — x8  +  6x2 

a:8_6x2+llx-12 
x8  _      x+    6 

-6)^-6x2+ 12x- 18 
x2-   2x+    3 


x6+llx8 

x6 


+  64 
+  11X-12 


11)11x8 

-  11  x  + 66 

X8 
X8- 

-      x+    6 
-2x2+    3^ 

2x2-   4^4.    6 
2x2-    4^4.    6 

X2+1 

x  +  2 


.-.  the  H.  C.  F.  is  x2  -  2x  +  3. 

Find  the  L.  C.  M.  of 
57.   4x2  +  4x-3,  and  4x2  +  2x  — 6. 

4x2  4.4^_3  =  (2x-l)(2x+3) 
4x2  +  2x-6=(2x-2)(2x  +  3) 
.-.  the  L.  CM.  is  (2x-l)(2x-2)(2x  +  3)  =  8x8-14x+6. 


58.   x2-4y2,  and  x^-\-xi/-6f. 

x2-^i/^=(x  +  2y)(x^2t/) 
x2  +  xy-6y2=(:i:-2y)(x  +  3y) 
.-.  the  L.  CM.  is  (x-2y)(x  +  2y)(x+3y)=x8  +  3x2y-4x«/2-l2y8. 
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69.   7a2r(a-ar),  2lax(^a^  ^  3^),  and  12ax3(a  +  ar). 
7  a^x(a  —  x)  =  7  aax(a  —  x) 
21  ax(^a^  —  t2)  =  3  X  7  aaar  (a  +  ar)  (a  —  x) 
12 ax2(a  +  r)  =  3  X  2  X  2aa-a:(a  +  x) 
.;  the  L.  C.  M.  is  3  X  2  X  2  X  7  aaxx(^a  +  x)  (a  -  a:)  =  84a2ar2(a2_  ^^i). 

60.   9x»-jr-2,  and  Sr'- lOar^- 7  a:- 4. 


9a:»             -    x-2 

9x»  +  6a:2  +  3j: 

32:8_i0ar2-    7x-    4 
3 

-6xa-4a:-2 
-6ara-4jr-2 

9j:8_30a:2-21x-12 
9a:3               _      a:_    2 

' 

-10)-30a:2-20.r-10 

3x2+    2x+    1      3x-2 
/.  the  H.C.F.  is  3x2 +  2x4-1. 
9x«-x-2=(3x2  +  2x+l)(3x-2) 
3x«-10x2-7x-4=(3x2  +  2x+l)(x-4) 
.-.  the  L. CM.  is  (3x2+2x+l)(3x-2)(x-4). 

61.  x2  — 6x+6,  x2  — 4x  +  3,  and  x2  — 3x  +  2. 

a^-5x  +  6=(x-2)(x-3) 
ara_4a:  +  3=  (x-l)(x-3) 
a^_3x  +  2=  (x-l)(x-2) 
.-.  the  L.  C.  M.  is  (x  -  1)  (x  -  2)  (x  -  3)  =  x«  -  6  x2  +  11  X  ~  6, 

62.  2x«+5x2y  — 6xy2  +  y«,  and  2 x«  —  7 x2j^  +  5-xi^2 _ ^3. 


2x8+    6x2y-    6x^2^       yS 
3 

2x8- 
2x8  + 

-2y}- 

7x2y+    6x^,2.     ^8 

5x2y-     5X^2  ^.      y8 

12x2y  +  10xy2-2/y8 

6x2     _     5^^     _      y2 

6x2   _    3^^ 

1 

6x8+15x2y-15xy2+    3y8 
6x8-    6x2y+       xy2 

x+lOy 

20x2y-16xy2+    3y8 

3 

-.2xy  +     y^ 
-   2xy  +     7/2 

Sx-y 

60x2^-48x^2+    9/ 
60x2y-50xy2+l0y8 

y2)2xy2_       y8 
2x  — y 

,'.  the  H.  C.F.  is2x  — y. 
2x8  +  6x2y-5x/  +  y8=  (2x-y)(x2  +  3xy  — y2) 
2x8  -  7x2y  +  6xy2  -  y8  ==  (2x  -  y^(^2  —  3xj^  +  y2) 
the  L.  C.  M.  is  (2  X  -  y)  (x2  +  3  xy  -  t/2)  (^  _  3.;^^  +  ^2) 
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Simplify : 


63      a^+1     .      2r-l         Sx  +  2 

x2-.2x  =  ar(x-2) 
x2~x-2=  (a:  +  'l)(ar-2) 
jr2  +  x         =x(ar4-l) 

.•.  theL.C.D.  i8x(ar+l)(a:-2) 

(x  +  1)  (a  +  1)  =        xa  +  1  =r  Ist  numerator. 

^    x(2jr  — 1)=      2x2—    J,        _  2d  numerator. 

—  (3x  +  2)  (x- 2)  =  -  3x2  +  4x+  4  =  3d  numerator. 

3  X  +  5  =  sum  of  numerators. 

3x  +  6  3x  +  5 


.'.  the  sum  of  the  fractions  is 


x(x+l)(x-2)      x8-x-i-2x 


'l-xl  +  x      l-x2      l  +  x*' 

The  L.  C.  D.  is  (1  -  x2)  (1  +  x2). 

(l  +  a:)(l  +  ar)(l  +  x2)=      x*  +  2x8  +  2x2  +  2x  +  1  =  Ut  numerator. 
(1  -  x)(l  -  x)(l  +  x2)  =      X*  -  2x3  +  2x2  -  2x  +  1  =  2d  numerator. 

-(l  +  ar2)2  =-x*  -2x2  - 1  =  3d  Numerator. 

—  (l-x2)2  =-x*  +2x2  —  1  =  4th  numerator. 

4  x2  =  sum  of  numera- 

[tors. 
4x2  4  J.2 

.*.  the  sum  of  the  fractions  is =  --^-^ — . 

(1-X2)(1  +  X2)         1-X* 

66  ^-1 2(x  +  2)  X4-5 

(x  +  2)(x+6)       (x+6)(x-l)^(x-l)(x  +  2) 

The  L.  C.  D.  is/x  -  1)  (x  +  2)  (x  +  6). 

(x  —  1)2  =        x2  —   2  X  +    1  =  1st  numerator. 

—  2(x  +  2)2  =  -2x2-   8x—   8  =  2d  numerator. 

(x  +  5)2=        x24.10x  +  26  =  3d  numerator. 

18  =  sum  of  the  numerators. 

18 

/.  the  sum  of  the  fractions  is — . 

Cx-l)(x  +  2)(x+6) 
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1  3 


66. 


ax-^a^     ar+2a2      x^  +  ax  — 2a8' 
cix  —  a^^  a{x  —  a) 

xa  +  ax-2a2=  (x  — a)(x  +  2a) 
,\  the  L.  C.  D.  is  a(x  -  a)  (x  +  2  a). 
X  +  2a  =  Ist  numerator. 
X  —    a  =  2d  numerator. 
—  3 a  =  3d  numerator. 


2x  —  2o  =  sum  of  the  numerators. 

2t  —  2a  2 

/.  the  sum  of  the  fractions  is  = • 

a(x^a)(x+2tt)      a(^x  +  2a) 

67. ^ + ^^=^ ^^^ 

(x  +  3)(x-l)      (x+3)(2-x)      (2-x)(l^x) 

The  L.  C.  D.  is  (x-  1)(2  -  x)(x  +  3). 

x(2  —  x)  =  —  x2  -f  2  X  =  1st  numerator, 
(x  —  1)  (x  -  1)  =  x2  —  2  X  +  1  =  2d  numerator, 
(x  -  3)  (x  +  3)  =      x2  -  9  =  3d  numerator. 

x*  —  8  =  sum  of  the  numerators. 

_a  __  g 

•.  the  sum  of  the  fractions  is  • 

(x-l)(2-x)(x+3) 

V    ^x-1      X-3A        ar+1      x-f3y 
.         4  12    ^Cx-l)Cx-3)  +  4(x-3)4-mx-l) 

■^x-1      x-3  (x-l)(x-3) 

^x8-4x  +  3  +  4x~12  +  12x--12 

(x-l)(x-3) 
^  xg  +  12x-21  . 

(x-l)(x-3)' 

1  .  _J 12    ^(x+l)(x+3)  +  4Cx+3)~12(x4-l) 

x+1      x  +  3  (x+l)(ar  +  3) 

=  ^i±  4x  +  3  +  4x  +  12  -  12x  ~  12 

(x+l)(x  +  3) 
_    xg~4x  +  3 

(x+l)(x+3) 
^i^-lKf~31. 
(x+l)(x+3) 
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••■('  + J^n-?i)('*^.-^3) 


^  a:2+12a:-21  (j:-l)(.r-3) 
(x-l)(a:-3)  (ar+l)(a:+3) 
3:2-H2j:-21  _a-a+12jr-21 
(^+l)(a:  +  3)        x24.4ar  +  3  ' 


69.   Z'^+ll+^Uf^ ^±li?Y 

V^  +  y     yy    V^+y       y    / 

x  +  y        y  xy-^y^  xy -\- y'^ 

X     ___ ar  +  2.y  _  xy -^ 3i^  —  2xy  ^xy -'2y^ __  —x^^2xy  —  2y\ 
x  +  y  y  xy  +  y^  xy-\-y^ 

.  fx-\-2y  ^  x\    .  /     X     __x-{-2y\ 
'     \  x-\-  y       y /       \x-\-  y  y      J 

^a:2  +  2j:.y  +  2,y2  .  -  .r^  -  2ry -2.yg_      ^ 
xy  +  y^  xy-\-y^ 

70    a» - 6»  a-b  \  f  a  ■¥  h 1_\ 

a*-6*      2(a2  — 62)      2  U^  +  ^"^      a-{-b] 

_  08-68  1  a  +  6      ^         1 


71. 


(a^  +  62)  (^2  -  62)      2  (a  +  6)      2  {cfi  +62)      2  (a  +  6) 

0^-68 a  +  6 

'  (a2  +  62)  (a2  -  62)      2  (cfi  +  62) 

a2  ^  q5  ^  ft2 a  +  6 

"(a2  +  62)(a  +  6)      2  (a2  +  62) 
.2a2  4.2a6  +  262-.fl2_2a6-62 
2(a2  +  62)(a+6) 
gg  +  62 
'  2  (a2  +  62)  (a  +  6) 

1 
'2(a  +  6)' 

1  +  1  +  1         1  +  1.1        1+Ui 

a      0      c  a      0      c  a      0      c 


i  +  i_i4.2_~i4.^4.i.l"/UlY-l 
^2^52      c2^a6      a2      a6      62      c2      U      6/      c^ 


abc 


■  1  ,  1  __  1      6c  +  ac  —  a6 
a      6      c 
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_J 1__  l  +  a-.(l-q) 

-gl  — «      ^  +  "_  1  — a2  _l  +  a  — l  +  a_2a 


a      .      1         a(l  -l-q)+  1  -g      a  +  aS+l—a      a^  + 1 
1-al  +  a  l-a2 

1      ir2  +  g-]      1      2  +  x 

31    2     J  6 

_6  — 2  — ar_4-x 
6  —  1  — X      6  — ar 


6  6 


75 1 = 1 


1    I  1  111  1   ,  4  — jr 

X— 1  + X  — 1  +  - —      X—  1  +  — -- 

1  4.     ^  4  — x  +  X  4 

4— X  4— X 

4  4 


76. 


4x  — 4  +  4  — X     3x 

1 


1  + ^ 1  + ^ 1+     "(^  +  ^> 

^              2ag              (l  +  a)'+2aa  ^l  +  2a  +  3a2 

1+a  1+a 

1  l  +  2a4-3a2 


l  +  2a  +  3ag  +  a  +  a->      l  +  3a  +  4a« 
l  +  2a  +  3aa 


Solve- 


77    6j^+13     9x+15  .  g_2x-f  16 
16  6x-26  5 


6x4-13     2x+16     O^+lS.g,.^ 
15  6  6x-25 

6x  +  13     6x  +  45     9x+16     46^Q 
16  16  6x-26      16 

13     9x+16_Q 
16     6x-26 
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13(5  a: -26)  -  15(9  a:  +  15)  =  0 
66a: -  326 -135x- 225  =  0   • 

—  70  ar  =  550 

.-.  ar  =  -V-- 

78.     2x  +  a         3a:-a    ^  ^, 
3(x-a)^2(a;  +  a)        ^ 

2(2 ar  4- a)(ar  + a) +  3(3ar-a)(a:-o)  =  13(a;  -  a)(a:  +  «) 
4ar2  +  6ax  +  2aa  +  9x3  —  12ax  +  3aa  =  13a:2  -  13a2 

—  6ax  =  — 18a2 
/.  x=3a. 

79        3?     _ x+  1  __  g-~8 __ X  — 9^ 
X  — 2      x-1  "x-e      x-7* 

x(x-l)-Cx.f  l)(x-2)^(a^-8)Cx-7)-Cx-9)(x~6)' 
(x-2)(x-l)  (:,-6)(x-7) 

a:2_j._342^j4.2_a:g-15x+66-x2+15x-64 
(ar^2)(x-l)  (x-6)(x-7) 

2  2 

(x-2)(x-l)      (a:-6)(x-7) 
...  (x-2)(x-l)  =  (x-6)(x-7) 
a;2«33;^.2  =  x2-13x  +  42 
10x=40 
.-.  x  =  4. 


80. 

(1) 

(2) 

2  X  (1)  is 

^+L0  =  8i 

(2)  is 

5  +  ?=^* 

Subtract 

.-.  x=12 
y  =  15 

81. 


f   5x  ,  0.3     tK 
077  +  7  =  ' 

125+    9  =  31 
.    7  y 

30x(l)i8l^+    ?=180 


(2)U 
Subtract 


125+    ?=   31 
7         y 


1490 


:         =149 

/.  x  =  /^ 


(1) 

(2) 
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a  ^  J 

4£=i 

•c 

(1) 

2  +  ^2  =  3 
X     y     z 

(1) 

82. 

3£  =  3 
c 

(2) 

83. 

'    y    * 

(2) 

3£  +  i£- 

2f  =  6 
c 

(3) 

(3) 

(2)is    l£  +  ^_ 
a        0 

3f  =  3 
c 

Subtract  (2)  from  (1). 

L«  =  2 

2x(i; 

a        6 

8-5  =  2 
c 

Substitute 

z 
.*.  «  =  c 
in  (2)  and  (3). 

Subtract        ^  - 
b 

2x(3)U«£  +  ^- 
a        0 

c 

i5=10 
c 

(4) 

a^     y 
^      y 

(4) 
(5) 

a         0 

c 

2  X  (4)  is 

2£  +  26^4 

^     y 

2a_    6__  J 

X      y 

Subtract           ^  - 
6 

.   ?-^  =  -7     (5) 
c 

c 

(5)  is 
Subtract 

4x(6)i8         ^- 

L*  =  3 

(4)u         if- 

c 

y 

Subtract 

c 

y  =  6 

ar  =  a 

Find  the  arithmetical  value  of 

84.  36^;  27*;  16*;  32*;  4^;  8*;  27*;  64*. 

6;  3;  2;  2;  32;  4;  243;  16. 

85.  32^;  64^;  81*;  (3f)*;  (6,V)*;  (1^)*- 

8;  32;  27;  f ;  f;  W- 

86.  (0.26)*;   (0.027)*;  490-6;  320-2;  gp-TS. 

0.6;  0.9;  7;  2;  27. 
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87.  36"^;  27"i;  (yW*;  (0.16)"^;  (0.0016)"*. 

i;  i;  ft;  H^i  126. 

88.  Interpret  a-2;  a^;  a*;  o"J;  (a~^)"i. 

a-2=i;  aO  =  ^=l;  a*=V^;  a"i  =  J-;   (a"M  =  a*=^. 

Simplify : 

89.  a^Xa^;  c^Xc^;  m^XnT^;  rfi  Xn"^^, 

a^Xa^  =  a^;  c^Xc^  =  c^;  nfixm''^=mi;  nixrr^^=n^ 

90.  ahh^  X  a~^6"^c"i ;  ahh'i  X  ah'^c^d. 

ahh^  X  a'h'h"^  =  a~h^  =  J^ ;  Jbh'^  X  ah'K^  =  Jc^d. 

91.  (2a6  +  26c  +  2ac - a2 - 62 _ c2) -r (a^  +  6^  +  c^). 
-a2+2a6+2ac-62+26c-c2  |a^+6^+c^ 


a^-ah^-ah^  -aHa(6*+c*)+a*(6-26*c*+c)-6^+6c* 


l^bh-ci 


aM  +  aM  +  2a6  +  2ac  —  62  +  26c  —  c2 
aM  +  ah^  +  a6+ac+2a6*c^ 

a6+ac-2a6ic*-62+26c-c2 
a64-ac-2a6^ci+a*(6L6c^-6*c+c^) 

_a^(62-6c^-6*c4-c'2)~62+26c-c2 
-a*(6^-6c^-6^c+c*)-62+26c-c2 

Therefore  the  quotient  is 

«  a^  -  6^  -  c^  +  ab^  +  a^6  +  ac*  +  ah  +  6c*  +  6*c  -  2  ahh^. 

92.    Vl2;   V8;   VSO;  v^;  4\/250;  VJ;  v^^;  V^. 

2V3;  2V^;  5>/2;  2v^;  20\/2;  iV2;  Jv/2;  fVO. 
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6v^^r320=5v^-5x64=^-20v^;  V^  =  ab^Vab;  v^6  =  av^; 
\/a^x  +  a»  =  Va2(a  +  a:)  =  a  V^T^ ;  3}^64^  =  -V^ v^2  X  27  x^ 
=  J^X3aJ»v^2  =  10x8v^. 

94.  2Vl8-3\/8  +  2V50;  v^  +  v^-  v^l92. 


2  Vl8  -  3  V8  +  2  V50  =  2V2x^  -  3  V2xl  -  2\/2x^ 
=  6v^-6V2-10V2 
=  -10v^ 
v^8l+  v^-  v/m=  v^3"x27+  ^33<8-  v^33<6i 
=  3\/3  +  2\/3-4v^ 
=  ^. 

95.   i>/|+ V80-J\/20;  8V^+10v^~2V|. 

JV|+  \/80-jV20=iV6+  V6xl6-.i>/6x4 
=  iV6  +  4\/6-iV6 
=  4>/6 
8v7^  +  10V||  -  2>/|  =  2 V5  +  2 V26  -  VS 
=  2V5  +  4\/6->/6 
=  5\/6. 

Rationalize  the  divisor,  and  find  the  value  of 


96. 


2+V3  =^+^  =  2+VS. 


2-V3      (2- V3)(2+  VS)        4-3 

97.        3       ^         3(3- V6) ^3(3-V6)^3_^ 

3+VO      (3+ V'6)(3- V6)  »-« 


98.       _"      _=  6(V2-v^) ^6(V2-V7)^^,^^ 


_5 ^ 

V2+V7      (V2+ \/7)(V2- VT)  2-7 


99.    V3+V2^  CV3+V2r'^  ^34-2V6  +  2^g  ^  g^^ 

>/3- V2   '  (v/3- V2)(v3+  v^)  3-2 


100. 


485 
35-7n/36      7n/36-35 


101. 


-2 

2v^      __        2V^(x/3  +  ^/5)        _2n/18  +  2n/30 
-/3  — n/5      (v^— -/6)(^+'v/5)  3  —  6 

=  — n/18  -  n/30  =  —  3^- n/30. 

Solve  : 

5         4         3 


^^*  x-2      »      x  +  6 

5x(x  +  6)  -  4(x  -  2)(x  +  6)  =  3x(x -  2) 
5x2  +  30x-4x2-16x  +  48  =  3x2-6» 
-2x2  +  20x4-48  =  0 
x2-10x-24  =  0 

.\  X  =  12,  or  —  2. 

103.  -£±l--2^=i  =  0. 
2jr-7       x-3 

(a:  +  3)  (:r  -  3)  -  (2  a:  -  7)  (2  X  -  1)  =  0 

a:2- 9-4x2+ 16a: -7  =  0 

-3x2+16x-16  =  0 

3x2-16x+16  =  0 

/.  X  =  4,  or  |. 

104.  £±i+£jll|  =  6j. 
X— 4      X— 3 

3(x  +  4)(x-3)  +  3(x-2)(x-4)=19(x-4)(x-3) 

3x2  +  3x  -  36  +  3x2 -  IBx  +  24  =  19x2  -  133^:  +  228 

-  13x2 +118x- 240  =  0 

13x2-118x4-240  =  0 

.-.  x=6,ortf 

1 05   ^""^ 4. ^  —  ^ __ q^  +  ft^ 

X— 6      X  — a  a6 

a6(x  -  a)2  +  a6(x  -  6)2  =  (a^  +  62)  (j.  -  a) (x  -  6) 

a6x2  -  2  a26x  +  a86  4-  a6x2  - 2  a62x  4-  ab^  =  (a2  +  52)^:2  -  (a  4-  6)  (a^  4-  62)x 

(o2  -  2  06  4-  62)x2 -(a8-a26-a624-68)x  =  0  [+  a6(a2  +  62) 

f.  ^,  «^  -  «26  -  a62  +  68 

/.  X  =  0,  OP — — 

a2-2a64-62 

=  0,  or  a  4-  6. 
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106    "^  "^^  —  CT+  d 


107. 


a-\-  bx     c  -{■  dx 

(ax  +  6)(c  +  dx)  =  (a  +  fta:)(car  +  d) 

adj^  +  6rfx  +  acx  +  6c  =  6car2  +  6c?x  +  acx  -|-  arf 

(arf  — 6c)a^«+6c-arf=0 

i2=l 

/.  ar=±l. 

c rf__  __  c  — rf 

ar  — rf      x  +  c         X 

cx(x  +  c)  —  rfj:(x  —  rf)  =  (c  —  ef)  (a:  —  c?)  (r  +  c) 
cx2  +  c^x  —  rfa:2  +  c?2^  =  (c  -  rf)a:2  -|-  (c  -  c?)2a:  -  crf(c  —  rf) 
2  crfx  =  —  c€?(c  —  d) 
d^c 
2 

108.  -^  +  -^  =  a  +  6. 
x-^b      x  —  a 

ax(^x  -  o)  +  6a:(ar  —  6)  =  (a  +  6)  (ar  —  a)  (x  —  6) 

ax2  _  o2^  _|.  bx^  -  62a:  =  (o  +  6)a-2  -  (a  +  6)2x  +  a6(a  +  6) 

2a6x  =  a6(a+6) 

•    x  =  ^^±^ 
2 

109.  -L_  +  _L_  =  ?L±_^ 

a-\-  x      b  +  X        ab 

ab(b  +  x)+  ab(a  +  x)  =  (a  +  6)(a  +  x)(6  +  x) 
a62  +  a6x  +  a26  +  a6x  =  (a  +  6)x2  +  (a  +  6)2x  +  a6(a  +  6) 
(a2  +  62)x  =  -  (a  +  6)x2 
a2  +  62 
a  +  6 

-=  ex  — -  6x2. 
a  +  6 


110.   ax2  — -5^=cx~6x2. 


6c2 

Transpose,  (a  +  6)x2  —  ex  = 

a  +  6 

(a  +  6)2x2-(a  +  6)cx  +  ^  =  ?^ 
4  4 


(a  +  6)x  =  3  c,  or  —  2  c 

3c       ^        2c 
.*.  X  = ,  or • 

a+6  a+6 
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111.  £±£  +  ^j!J  =  2. 

X  -\-  b      ar  +  c 

(x  +  a)  (x  +  c)  +  (x  +  6)2  =  2  (ar  +  6)  (x  +  c) 
a:2  +  ax  +  ex  +  ac  +  a:2  +  2 6r  +  62  _  2x2  +  26j:  +  2cx  +  26c 
(a  —  c)x  =  2  6c  —  ac  —  62 
26c  — ac- 62 


112  f3xy-6y2=    1  (1) 

15x^^  +  3x2  =  22  (2) 

Subtract  22  X  (1)  from  (2). 

3x2  -  61  xy+ 110^^2  =  0 
(3x-55y)(x-2y)  =  0 

.-.  x  =  Afy,  or2y 
Substitute  these  values  in  (1). 

55i^2«5y2=l 
60y2=l 

.-.  y=±j\V2,  x=±-VV2, 
or  63^2_5y2=l 

.*.  y  =  ±  1,  x=  ±2. 


113. 


rx2+10xy  =  ll  (1) 

Uxi^-3y2=    2  (2) 

2x(l)is  .     2x2  +  20xy  =22 

11  X  (2)  is  65xy-33y2  =  22 

Subtract,  2  x2  -  35  xy  +  33  y2  =  o 

(2x^33y)(x-y)  =  0 

.-.  x=  Vy,  ory 
Substitute  these  values  in  (2) . 

165y2_3y2_2 

2  33 

.-.  y  =  ±  


Vl59  Vm 

y2=l 

.-.  y  =  ±l,  x=±l. 
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114. 

rVx  +  y  =  Vy  +  2 
^     x-y=7 

(1) 

(2) 

From  (1), 

x+y=y+4Vy+4 
x  =  4V^  +  4 

Substitute  in  (2), 

4Vy  +  4-y  =  7 

y-4v^  =  -3 
y-4v^  +  4=l 
v^-2  =  dbl 
Vy  =  3,orl 
.-.  y  =  9,  or  1 
X  -  16,  or  8 

115. 

ra:3  +  a:y  +  y2=52 
I          a:y-ar2=    8 

(1) 

(2) 

2  X  (1)  is 

2ar2+    2xy  +  2y2=104 

13  X  (2)  is 

-13x2+13xy            =104 

Subtract, 

16x2-llxy  +  2y2=0 

(6x-2y)(3x-y)  =  0 

.-.  x=fy,  orjy 
Substitute  in  (1),        ^y^  +  Jy*  +  y»  =  62 

f|y^  =  52 

yS  =  if  ^ 

.-.  y  =  iVV3,  x=±jV3, 

or  4y^  +  iy"  +  y2  =  52 

J/y2=52 
.-.  y  =  ±6,  x=±2. 

Form  the  equations  of  which  the  roots  are : 

116.  a  -  6,  a  +  6.  119.   1  +  V^,  1  -  V3. 
x2_2aa:  +  a2-fc2  =  0  ar2-2z-2  =  0. 

117.  a  -  26,  a  +  36.  120.  - 1  +  V3,  -  1  -  V3. 
a:2_(2a  +  6)a:+a2  +  a6-662=0.  x2  +  2x-2  =  0. 

118.  a  +  26,  2a  +  6.  121.   1  +  V^,  1  -  yT^ 
a:2_3(a  +  6)a:  +  2a2  +  6a6  + 262  =  0  ar2_2x  +  4  =  0. 
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Solve : 

122.  x*-5a:2  +  4  =  o 
(x2-l)(a:2-4)  =  0 

.'.  a:^  _  1^  or  4 
a:  =  ±  1,  or  ±  2. 

123.  3fi-9x^-\-B  =  0 
(a4J_l)(a4J-8)  =  0 
.-.  aH»  =  1,  or  8 

x=l,  or  2. 

124.  9a:* -13x2 +  4  =  0 
(a:2-l)(9.r2~4)  =  0 

.-.  a:2=l,  or! 
ar  =  ±  1,  or  ±  §. 

125.  4a^- 17x2 +  4  =  0 
(a:2-4)(4a:2-l)=0 

.-.  a:2  =  4,  or  J 
ar  =  ±  2,  or  ±  J. 

126.  2a:*-6a:2  +  2  =  0 
(2a:2-l)(a:2-2)  =  0 

.-.  a:2=J,  or2 

x=  ±  Vj,  or  ±\/2. 

127.  2a:«-19ar8  +  24  =  0 
(aH»-8)(2ar8-3)=0 

.-.  a:8  =  8,  or  f 
x  =  2,  or  v^. 

128.  a:*  -  1  =  0 

(x2+l)(xa-l)  =  0 

.-.  x2  =  1,  or  —  1 

X  =  ±  1,  or  ±  V—  1. 

129.  x«-l  =  0 
(x«+l)(x8-l)  =  0 

...  a4J  =  _  1,  or  1 
X  =  —  1,  or  1. 


130.  x*  +  8x^-9  =  0 

(a:i-l)(x*  +  9)  =  0 

.-.  x*=l,  or-9 
x=l,  or-729. 

131.  16x^-17x3  +  1  =  0 

(a:*-l)(16x^-l)  =  0 

/.  x*=l,  or^V 

X  =  ±  1,  or  ±  ttfVt- 

132.  2x^-3x^  +  1  =  0 

(2x*-l)(x*-l)  =  0 

.-.  X*  =  J,  or  1 
x=xV»orl. 

133.  3v/x-6v^  +  2  =  0 
(3v^-2)(v^x-l)  =  0 

.-.  y/x  =  J,  or  1 
X  =  tV?,  or  1. 

134.  6Vx-3v^-46  =  0 
(2\/i  +  5)C3v^-9)  =  0 

.-.  ^  =  -f,or3 
x  =  ^^-i,  or  81. 

135.  21v^^-5v/x-74  =  0 

21x*-6xi-74  =  0 

(21x*  +  37)(x^-2)=0 

...  x*  =  -|i,or2 
x=(-f|)8,or8. 
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136.  3V?  +  4v^^-20  =  0 

3x^  +  4x^-20  =  0 
(3x^  +  10)(xt-2)  =  0 
/.  x*=-V,  or2 

x=:^{/i^5,  or  v^ie. 

137.  x"i  +  6x-J-14  =  0 
(x~*+7)(x-l-2)  =  0 
.-.  x"*  =  2,  or-7 

^  =  tV»  or  ^^fVy 

138.  4x"^-3x~^-27  =  0 


(4 


4x 

x~'J  +  9)(j 


r"^-3)  =  0 
t"^=-|,  or3 


139.  x*»  +  3x»-4  =  0 
(x«-l)(x»  +  4)  =  0 

/.  x*»  =  1,  or  —  4 
x=l,or  V^. 

140.  3x^-2axi-a2  =  0 
(3x^  +  a)(x^-a)  =  0 
,\  X®  =  a,  or 


X  =  a®,  or 


729 


141.        V2x-.v^-2  =  0 
(2x)*-(2x)^-2  =  0 

[(2x)UlX(2.r)*-2]  =  0 

.-.  (2x)*  =  -l,  or2 
2x=l,  orl6 
X  =  J,  or  8. 


142.  3v^9^  +  4v^-39  =  0 

3(3x)*  +  4(3x)^'-39  =  0 

[3(3x)*  +  13][(3x)V-3]  =  0 

V.  (3x)i  =  3,or-i^ 

3x=27,  or-i^Jfl 
X  =  9,  or  -  ^^. 


143.  \/3^  +  av^3^-2a2  =  0 

(v/3^  + 2a)(\/3^- a)  =  0 

.*.  V6ax=  a,  or  — 2a 
3ax=a*,  or  16  a* 


^      a8  _  16  a* 
x=  — ,  or  ■ 

3'  3 
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144.  3v^26;-56v/26ar- 26^  =  0 

(3v^26x  + 6)(v^26ar-26)  =  0 

/.  v^26i  =  -|or26 

o 

26a:=— ,  or6468 
729' 


145.  \/7T4+  V3x+1=  V9.r  +  4 
X  +  4  +  2v^gT4  V8a:  +  1  +  3x  +  1  =  9x  +  4 

2V:r  +  4\/3a:+l  =  6a:-l 
12  ara  +  52  ar  +  16  =  25  a:2  -  10  a:  +  1 
13x2-62  a-- 16  =  0 

(13a:  +  3)(a:~6)  =  0 

.-.  a:=6,  or-^y. 

146.  V5a:+l  +  2V4a:-a=10V^"^ 
5a-+l+4V6^+l\/4^^+16a:-12  =  100a--200 

4V5x+lV4a:-3=79x-189 
320  x2  -  176  a:  -  48  =  6241  x2  -  29862  x  +  35721 
6921  x2  -  29686  x  +  35769  =  0 
(x  -  3)  (6921 X  -  11923)  =  0 

/.  a:  =  3,orWi^^ 

147.  2>^r+2-3  V3^^+  V6x+  1  =  0 

4  (x+2)-12  V^  V^x-6+9  (3x--6) =6x+l 

—  12  Vx  +  2  V3x  —  6  =  —  26x  +  38 
6>/iT2V3x-6=18x-19 
108x2  +  86x  -  360  =  169x2  _  494x  +  361 
61x2- 530x+ 721  =  0 
(x-7)(61x-103)=0 

.-.  x=7,or-VV-. 

148.  Viri74.  V8-2x-V21-f  2x  =  0 

11  — x  +  2\/ll-xV8"^^^r2]r  +  8-2x  =  21  +  2x 
2Vll-x\/8-2x  =  2  +  5x 
362  -  120x  +  8x2=  4  +  20x  +  26x2 
17x2+140x-348=0 
(x-2)(17x  +  174)  =  0 

.-.  x  =  2,  or-J^. 
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Expand: 
149.   (a^--xV;  (3a*-262)6;  (a*-J&V;  (2~f)';  (^-f  )'' 

+  126(aV(«^)*  -  126(a  V(»*)^  +  84(a*)8{x^)6 
-  36(ai)2(x^)7  +  9(oi)(x*)8  -  (x*)» 
=  a* - 9a*x*  +  36ay  -  84a8ar2  +  UqJx^  -  \26a^x'^°' 
+  84  a*x*  -  36  ax^^  +  9  Jx'^  -  jfi. 

(3 a^  -  2 62)6  =  (3 aT)6  _  5(3 ai)4(2  62)  ^  io(3 a*)8(2  62)2 

-10(3ai)2(262)S  +  6(3a*)(262)*-  (262)6 
=  243  o*  -  810  0^62  +  1080  a6*  -  720  Jb^  +  240  a*68-  32  6^0. 

(a*  -  }  6^)7  =r  ((fiy  -  7(a*)6(J  6*)  +  21(a*)«(}  6*)2  _  36(a^)*(J  6*)» 
+  35(a*)»(}6i)*  -  21(J)2(J  6^)6 

+  7(a*)(}6i)«-(}6V 
=  a^ -  io*6*  +  ^^a"^A  - -Y a*6^  +  f  f  ^262 -  ^ah^ 

(2  - 17  =  2^  -  6(23)  (f )  +  15(2*)  (ly-  20(23)  (f)' 

=  64  -  64i»  +  Yi*  -  ^i«  +  § Ja*  -  ^z»  +  tJjiIS. 

=  2187  -  M^x^  +  Ji^i  -  ^^14x1  +  i^x!"  -  V^i* 
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160.    /^ar2-^'Y;  (2x2+ VS^)*;  (V^2:fT  + aS)^;  (1  +  2x-x2-a:3)8. 
U  -  ^y=  (^2)5  .  6(:r2)4^^'\  +  10(x2)8/^!y.  10(.t2)2/^Y 

=  zio  -  5  xV  +  10x*y6  -  lOxy^  +  ^i^  -  ^. 

(2x2+  V3^)*  =  (2x2)4  +  4(2x2)8(\/3^)  +  6(2x2)2(V3^)2 
+  4(2x2)(  V3^)8  +  (VS^/ 
=  16x8  +  32x6V3^+  72x6  +  24x«\/3^  +  9x2. 

(V^M^^.  a8)5  =  (  V^2^)5  ^  5(  V^2:fT)*a8  +  10(  V^iM^)'^«« 

+  10(V^i2:ri)2a»+  5Vtl2+Tai2  +  ai6 
=  (a2  +  l)2V^i2+l  +  5(a2  +  l)2c,8  ^  io(a2  +  1)  V^ia^n  a^ 
+  10(a2  +  l)a9  +  6\/^+l  ai2  +  ai6 

=  6  (a*  +  2a2  +  l)a^  +  10(a2  +  l)a9  +  a^^  +  Vo^Tfl^a*  +  2a2  +  1 
+  10(a2+l)a6  +  6ai2] 

=  6a7+  lOafi  +  6a8  +  lOaii  +  lOo^  +  a^s  +  >/^2qpi(a*  +  2a2  +  1 
+  10a8  +  10a6  +  5ai2) 

=  a"  +  lOa"  +  10a»  +  5a7  +  10a*  +  5a8  +  VaMn[(6ai2  +  lOaS 
+  10a6  +  a4  +  2a2+  i). 

(1  +  2X  -  X2  -  X«)8  =  (1  +  2x)8  -  3(1  +  2x)2(x2  +  x8) 

+  3(1  +  2  X)  (X2  +  .r8)2  -  (x2  +  x8)8 

=  (1  +  6x  +  12x2  +  8x8)  -  (3x2  +  3x8  +  12x8  +  12x4  +  12 X* 
+  12x6)  +  (3x*  +  6x6  +  3x«  +  6x6  +  12x6  +  e^') 

-(x6+3x7  +  3x8  +  x9) 

=  l  +  6x  +  9x2 -7x8- 21  x*+ 14x6  +  3  x7 -3x8 -x9. 

Expand  to  four  terms : 
151.    (l-3x)~*;  (l-4x2)~J;  (1-Jx*)*;  (a-2x'^)-6. 
(l-3xr>=l-K--3x)  +  "^^""^(.3x)2+"^-^--|-"^(-3x)8 

=  l  +  X+2x2  +  -^yix8+... 
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(1  -  Jx*)*  =  1  +  i(-  ixi)  +  i:^  (-  ixiy  +  *'-^^^-^  (-  |xi)8 

6 
=  a-«  -  10a-«a:"i  +  eOa-^a.-!  +  280a-8x-i+  - 

152.   Find  the  eighty-seventh  term  of  (2x—i/)^. 

90.89.88...5.g   .,,       .se  =  90- 89.88  .  87. ^^^.^e 
1.2. 3. ..86  '^     ^^  '^     ^^  1.2.3.4     ^         ^^ 

=  15.16.22.89.87x*^88. 


153. 


Resolve  into  partial  fractions : 

3  — 2x  3  — 2x         .       1 


l-3x  +  2xa'  (l-x)(l~3x)'  l-x^ 

3-2.r       ^      A       ,  _^  ^  ^(l-x)  +  .B(l-2x) 
l-3x  +  2r2      l-2x      1-r'  l-3x  +  2x2 

.-.  A+B  =  S,  -A-2B=^2 
^  =  4,  5=-l 

.         3-2x       ^      4 1_^ 

•'  l-3x  +  2x2      l-2x      1-x 

3~2x  ^     A  B     ^^(l-3x)+^(l-x) 

(l-x)(l-3x)      1-x      1-.3X  (l--x)(l-3x) 

.-.  ^  +  5  =  3,  -3^-B  =  -2 
A=^hB=i 
3-2x  ^1,7 

(l-x)(l-3x)  2(l-x)      2(1-3  x) 

1      ^     ^      .     Bx-ir  C 
l-a:8      i_a:H-x  +  x2 

_  ^(1  +  X  4-  ar^)  +  (1  -  a:) (Bx  +  C) 

1-X8 
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A  =  h  ^=h  C'=f 
1^1.  x+2 

"  l-x3      3(l-a:)      3(l+x  +  ara)' 

164.   Expand  to  five  terms        ^""^^      » 
3-2a: 


=  A  ■\-Bx-\-  Cx^  +  2>a:8  ^  Ex^  +  > 


l-3a:  +  2a:2    • 

S-2x  =  A-\-Bx-\-  Cx^  +  Bx^  +  Ex*  +  ''' 

-  3  ^  -  3  fia:2  -  3  Ca:8  _  3  2>^ 

+  2Ax^  +  2Bx^-\-2Cx^-\-  ... 
3-2a:  =  ^+(B-3^)ar+ (C-35  +  2^)a:a 

+  (Z)-3C+25)t8+ (iSr-3Z)  +  2C)x*+. 
.-.  ^  =  3,  JB-3^  =  -2,  C-3JB+2^=0 
D-3C4-2B  =  0,  E-SD-^2C=0 
A  =  H,  JB=7,  (7=16,  />=31,  ^  =  63,... 

— ^-^^     ^  =  3  +  7x+15x2  +  31x8+63a:*  +  '- 
l_3a:  +  2a;2 
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MATHEMATICS. 


W JUN T W  ORTH'S  SERIES. 

n^HE  extraordinary  success  of  Professor  Wentworth*s  mathe- 
matical text-books  must  have  a  cause:  the  cause  assigned  by 
those  in  the  best  position  to  judge  is  that  the  books  are  just  right. 
The  author  has  aimed  for  the  center  of  the  shield  and  has  struck  it. 

Two  words  indicate  the  two  leading  characteristics  of  these 
remarkable  books:  scholarship  and  text-book  availability.  They 
combine  mathematical  brilliancy  with  all  the  elements  of  school- 
room popularity.  The  authors  aim  was  to  be  helpful.  He  has 
made  a  study  of  his  subjects  with  the  psychology  and  probable 
capacity  of  the  students  constantly  in  mind.  His  books  enable 
the  average  student  not  merely  to  "learn  something,"  but  to 
MASTER  the  study,  and  at  the  same  time  they  give  the  brighter 
ones  plenty  to  exercise  their  faculties.  There  is  no  attempt  to 
make  a  parade  of  learning.  On  the  other  hand,  there  is  no  abso- 
lution from  solid  work.  Everything  is  made  simple,  practical, 
direct,  and  thorough.  Mental  energy  is  economized.  The  teacher 
has  to  use  his  strength  only  in  the  necessary  work  of  teaching, 
and  the  pupil  his  only  in  the  necessary  work  of  acquiring. 

To  learn  by  doing,  and  to  learn  one  step  thoroughly  before  the  next 
is  attempted,  are  the  chief  elements  of  the  method,  and  yet  no 
books  give  pupil  or  teacher  less  of  the  tread-mill  feeling.  The 
consciousness  of  mastery  constantly  cheers  and  invigorates  the 
student,  while  the  teacher  has  the  satisfaction  of  wielding  an 
instrument  fitted  to  the  hand.  All  will  recognize  in  these  char- 
acteristics the  marks  of  ideal  text-books. 

At  all  points  one  finds  not  only  the  proficient  mathematician, 
but  the  practical  teacher.  Where  other  books  leave  teacher  and 
pupils  to  struggle  out  of  difficulties  for  themselves,  one  finds  evi- 
dence of  the  most  careful  study  and  most  thorough  work.  These 
are  some  of  the  characteristics  that  have  made  these  books  both 
taking  at  first  sight  and  satisfactory  in  use. 
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Arithmetics  for  Common  Schools. 

For  other  details,  see  pages  184-186. 
Wentworth's  Mental  Arithmetic. 

Mailing  price,  35  cents;  for  introduction,  30  cents. 
Wentworth's  Elementary  Arithmetic. 

Mailing  price,  40  cents ;  for  introduction,  30  cents. 
Wentworth's  Practical  Arithmetic.  [Nearly  ready. 

Wentworth  and  Reed's  First  Steps  in  Number. 

For  prices  of  this  book,  see  page  189. 
Wentworth's  Primary  Arithmetic, 

Mailing  price,  40  cents ;  for  introduction,  30  cents. 
Wentworth's  Grammar  School  Arithmetic. 

Mailing  price,  75  cents;  for  introduction  65  cents. 

For  full  description  of  Wentworth's  Common  School  Arithmetics,  see 

Common  School  Catalogue. 


A  High  School  Arithmetic. 


By  G.  A.  Wentworth,  recently  Prof,  of  Mathematics,  Phillips  Exeter 
Academy,  and  the  late  Dr.  Thomas  Hill,  Portland,  Me.  12mo.  Roan 
back.  ;^7  paofes.  Mailing  price,  $1.10;  for  introduction,  $1.00.  An- 
swers free,  on  teachers'  order. 

Same.  Abridged  Edition.  For  Grammar  Schools.  288  pages  {include 
iny  Answers).    Mailing  price,  $1.00;  for  introduction,  75  cents. 

rPHlS  book  is  intenfled  for  high  and  normal  schools  and  acade- 
mies,    It  is  particularly  adapted  to  general  mental  discipline, 
to  preparation  for  higher  studies,  business,  or  professional  life. 

Wentworth's  First  Steps  in  Algebra. 

V>y  G.  A.  Wentworth,  recently  Professor  of  Mathematics  in  Phillips 
Exeter  Academy.  12mo.  Half  leather,  vii  + 184  pages.  Mailing  price, 
70  cents;  lor  introduction,  (30  cents. 

rpiIIS  book  is  specially  prepared  for  pupils  in  the  upper  grades 

of  grammar  schools  and  high  schools. 

A.  Newton  Ebaugh,  Professor  of 
MuthematicSf  Polytechnic  Institute^ 
Baltimore^  Md. :  It  is  well  adapted 
to  the  work  of  the  first  year  and  is 
sufficiently  comprehensive  to  give  all 
the  essentials  and  at  the  same  time 
not  cloud  and  bewilder  the  student 
with  non-essentials. 


W.  B.  Sutlif f ,  Professor  of  Mathe- 
matlcSfState  NormalSchool^  Blooms- 
burg,  Pa. :  It  is  a  very  carefully 
prepared  work  and  will  meet  with 
hearty  approval  by  all  teachers  of 
the  grade  for  which  it  is  intended* 
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Wentworth's  School  Algebra. 

By  G.  A.  Wentworth,  recently  Professor  of  Mathematics,  Phillips 
Exeter  Academy.  Half  morocco,  v  +  362  pages.  Mailing  price,  $1.26 ; 
for  introduction,  $1.12.  Answers  in  pamphlet  form,  free,  on  teachers* 
orders. 

n^HE  School  Algebra  is  offered  as  exactly  right  for  the  usual 
high  school  and  academic  courses.  It  gives  a  thorough  and 
practical  treatment  of  the  principles  of  Algebra  up  to  and  includ- 
ing the  binomial  theorem,  and  is  strictly  in  line  throughout  with 
the  author's  College  Algebra.  For  college  preparation  it  is 
particularly  well  suited.  The  problems  in  this  book  are  nearly  all 
new,  either  original  or  selected  from  recent  examination  papers, 
and  are  graded  with  the  utmost  care. 

Theodore  L.  Sewall,  Principal  of 

Girls'  Classical  School,  Indianapolis : 
An  admirable  book,  like  all  of  the 
Wentworth  Series. 

George  Gilbert,  Principal  of  Ches- 
ter Academy,  Pa.:  The  best  book 
for  its  grade  yet  issued. 

George  E.  Gay,  PHncipal  of  High 
School,  Maiden,  Mass.:  Better  adapted 
to  use  in  high  schools  than  any  other. 

T.  W.  Palmer,  Prof,  of  Mathe- 
matics, University  of  Alabamxi :  An 
admirable  work. 

C.  D.  Schmitt,  University  of  Ten- 
nessee :  For  the  work  intended,  I  do 
not  think  it  can  be  surpassed. 

L.  B.  Hunt,  Principal  of  High 
School,  Corning,  N.  Y. :  It  meets  my 
desires  completely. 

W.  P.  Durfee,  Prof,  of  Mathe- 
matics, Hohart  College,  N.Y.:  An 
admirable  book  for  college  prepara- 
tion. 

J.  S.  Slocum,  Pnneipal  South 
Division  High  School,  Chicago:  I 
have  used  it  in  connection  with  the 
preparation  of  a  class  for  college 
and  have  been  pleased  with  its  clear 
definitions,  logical  arrangement,  and 
happy  selection  of  both  examples 
and  problems. 


George  W.  Price,  Teacher  of 
Mathematics,  High  School,  Council 
Bluffs,  la. :  Without  doubt  the  best 
book  out  for  high  schools. 

ErastUB  Test,  PHncipal  Purdue 
University  Prep.  Dept. :  I  regard  it 
as  the  ne  plus  ultra  in  the  line  of  a 
school  Algebra. 

Frank  1.  Thompson,  Principal 
High  School,  Newport,  R.L:  A 
thorough  knowledge  of  the  contents 
of  the  book  will  enable  a  pupil  to 
pass  an  entrance  examination  to 
any  college. 

David  Eugene  Smith,  Professor 
of  Mathematics,  State  Normal  and 
Training  School,  Ypsilanti  Mich. : 
I  have  examined  it  with  a  good  deal 
of  care.  It  seems  well  adapted  to  the 
needs  of  our  schools  —  even  better 
adapted  than  the  author's  former 
work,  which  I  have  used  and  recom- 
mended. The  improvements  to  be 
found  in  this  work  are  such  as  will 
meet  the  approval  of  all  teachers. 

0.  S.  Westcott,  Principal  North 
Division  High  School,  Chicago :  The 
student  who  finishes  it  will  be  splen- 
didly prepared  to  grapple  with  the 
beautiful  discussions  of  higher  Al- 
gebra. 
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Wentworth's  Higher  Algebra. 

By  G.  A.  Wentworth,  recently  Prof,  of  Mathematics,  Phillips  Exeter 
Academy.  Half  morocco.  528  pages.  Mailing  price,  $1.55;  for  intro- 
duction, $1.40.    Answers  in  pamphlet  form,  free,  on  tectcfiers*  orders, 

rpniS  work  is  designed  to  prepare  thoroughly  for  colleges  and 

scientific  schools,  and  to  furnish  in  addition  what  is  needed  for 

the  general  student  in  such  institutions.    It  provides  in  a  single  book 

a  complete  course  parallel  to  the  course  provided  by  the  School  and 

College  Algebras  together. 

Preparatory  schools  and  academies  of  high  grade,  especially  such 

as   give  the  pupils  a  thorough  preliminary  drill  in  arithmetic, 

normal  schools,  seminaries,  and  many  colleges,  will  find  it  specially 

suited  to  their  requirements. 

Davis  Garber,  Professor  of  Mathe- 
matics and  Astronomy,  Muhlenberg 
College,  Allentown,  Pa.:  It  meets 
the  wants  of  a  general  college  course 
better  than  any  of  the  author's  other 
works  on  the  same  subject. 

David  Eugene  Smith,  Professor  of 


Mathematics,  State  Normal  School, 
Ypsilanti,  Mich. :  As  a  one-volume 
work,  intended  for  advanced  stu- 
dents, I  do  not  think  that  it  has  any 
superior.  It  embodies  all  of  the  sub- 
jects of  general  algebra  that  are 
really  necessary  for  higher  work. 


Wentworth's  College  Algebra. 

By  G.  A.  Wentworth,  recently  Prof,  of  Mathematics,  Phillips  Exeter 
Academy.  Half  morocco.  600  pages.  Mailing  price,  $1.65 ;  for  intro- 
duction, $1.50.    Answers  in  pamphlet  formtfrect  on  teachers'  orders, 

n^HIS  is  what  its  name  indicates,  a  text-book  for  colleges  and 
scientific  schools.  The  first  part  is  simply  a  concise  review 
of  the  principles  of  Algebra  preceding  quadratics,  with  enough 
examples  to  illustrate  and  enforce  the  principles.  Room  is  thus 
left  for  a  full  discussion  of  the  higher  topics.  The  endeavor  has 
been  to  give  in  matter  and  methods  the  best  training  in  algebraic 
analysis  at  present  attainable.  The  work  covers  a  full  year,  but 
by  omitting  starred  sections  and  problems,  the  instructor  can 
arrange  a  half-year  course. 


William  Beebe,  Assistant  Prof, 
of  Mathematics  and  Astronomy,  Yale 
College:  1  find  it  characterized  by 
the  clearness  and  method  of  all  Pro- 
fessor Wentworth's  books,  and  am 
particularly  struck  with  the  amount 
of  matter  in  the  Algebra. 


Dascom  Greene,  Emeritus  Prof. 
of  Mathematics f  and  Astronomy, 
Rensselaer  Polytechnic  Institute, 
Troy,  N.Y.:  To  the  student  well 
grounded  in  the  elements  it  fur- 
nishes an  excellent  practical  course 
in  the  higher  branches  of  the  subject. 
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Wentworth's  Elements  of  Algebra. 

By  G.  A.  Wbntwobth,  recently  Professor  of  Mathematics,  Phillips 
Exeter  Academy,  and  author  of  Geometry^  Trigonometry ^  etc.  Half 
morocco,  x  +  325  pages.  Mailing  price,  $1.25 ;  for  introduction,  $1.12. 
Answers  hound  separately  in  pamphlet  form, 

rPHIS  book  is  designed  for  high  schools  and  academies,  and  con- 
tains an  ample  amount  for  admission  to  any  college.  In  grade 
and  amount  it  is  exactly  equivalent  to  the  School  Algebra,  and  as 
the  problems  are  entirely  different,  it  may  be  used  as  an  alterna- 
tive when  a  change  of  problems  is  found  desirable. 

Wentworth's  Complete  Algebra. 

Includes  the  subjects  usually  taught  in  Colleges.  Half  morocco.  625 
pages.  Mailing  price,  $1.55;  for  introduction,  $1.40.  Answers  bound 
separately  in  pamphlet  form. 

rPHIS  work  consists  of  the  author's  Elementary  Algebra,  with 
about  one  hundred  and  eighty-five  pages  additional. 

Wentworth's  Shorter  Course  in  Algebra. 

Half  morocco.  258  pages.  By  mail,  $1.10;  for  introduction,  $1.00. 
Answers  in  pamphlet  form,  free,  on  teachers*  orders. 

rPHIS  book  was  prepared  and  is  recommended  only  for  a  special 
use.     It  was  based  upon  the  author's  Elements  of  Algebra, 
and  contains  all  the  essential  subjects  treated  in  that  book,  but 
with  fewer  examples,  so  as  to  make  a  one-year's  course. 

Algebraic  Analysis. 

By  G.  A.  Wentworth,  A.M.,  recently  Prof,  of  Mathematics,  Phillips 
Exeter  Academy ;  J.  A.  McLellan,  LL.D.,  Inspector  of  Normal  Schools, 
and  Conductor  of  Teachers'  Institutes  for  Ontario,  Canada ;  and  J.  C. 
Glashan,  Inspector  of  Public  Schools,  Ottawa,  Canada.  Part  I.  con- 
cluding with  Determinants.  12mo.  Half  leather,  x  +  418  pages.  By 
mail,  $1.00;  to  teachers  and  for  introduction,  $1.50. 

rpHTS  work  is  intended  to  supply  students  of  Mathematics  with 
a  well-filled  storehouse  of  solved  examples  and  unsolved  exer- 
cises in  the  application  of  the  fundamental  theorems  and  processes 
of  pure  Algebra. 
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Wentworth'8  New  Plane  Geometry. 

By  G.  A.  Wbntworth,  recently  Professor  of  Mathematics,  Phillips 
Exeter  Academy.  12mo.  z  +  242  pages.  Mailing  price,  85  cents;  for 
introduction,  75  cents. 

Wentworth'8  New  Plane  and  Solid  Geometry. 

By  G.  A.  Wentworth.  12mo.  Half  morocco.  xi  + 386  paces.  Mailing 
price,  $1.40 ;  for  introduction,  $1.25.  The  book  now  includes  a  treatise 
on  Conic  Sections  (Book  IX.). 

A  LL  the  distinguishing  characteristics  of  the  first  edition  have 
been  retained.  The  subject  is  treated  as  a  branch  of  practical 
logic,  the  object  of  which  is  to  detect  and  state  with  precision  the 
successive  steps  from  premise  to  conclusion. 

In  each  proposition  a  concise  statement  of  what  is  given  is 
printed  in  one  kind  of  type,  of  what  is  required  in  another,  and 
the  demonstration  in  still  another.  The  reason  for  each  step  is 
indicated  in  small  type  between  that  step  and  the  one  following; 
and  the  author  thus  avoids  the  necessity  of  interrupting  the  process 
of  demonstration  to  cite  a  previous  proposition.  The  number  of 
the  section  on  which  the  reason  depends  is,  however,  placed  at  the 
side  of  the  page;  and  the  pupil  should  be  prepared,  when  called 
upon,  to  give  the  proof  of  each  reason.  Each  distinct  assertion  in 
the  demonstrations  and  each  particular  direction  in  the  construc- 
tion of  the  figures  begins  a  new  line,  and  in  no  case  is  it  necessary 
to  turn  the  page  in  reading  a  demonstration. 

In  the  new  edition  will  be  found  a  few  changes  in  the  order  of 
the  subject-matter.  Some  of  the  demonstrations  have  been  given 
in  a  more  concise  and  simple  form.  The  diagrams,  with  which 
especial  care  was  taken  originally,  have  been  re-engraved  and  mate- 
rially improved.  The  shading,  which  has  been  added  to  many  of 
the  figures,  has  proved  a  great  help  to  the  constructive  imagination 
of  pupils.  The  theory  of  limits  —  the  value  of  which  the  author 
emphasizes  —  has  been  presented  in  the  simplest  possible  way,  and 
its  application  made  easy  of  comprehension. 

But  the  great  feature  of  this  edition  is  the  introduction  of  nearly 
seven  hundred  original  exercises,  consisting  of  theorems,  problems 
of  construction,  and  problems  of  computation,  carefully  graded  and 
adapted  to  beginners  in  Geometry. 
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W.  A.  Moody,  Frof.  of  Mathemat- 
ical Bowdoin  College:  I  consider  it 
an  improvement  on  the  old  edition, 
noticeably  in  the  better  figures  and 
general  finer  appearance  of  the  book 
and  in  the  numerous  "original" 
exercises. 

Oeorge  W.  Sawin,  late  Instructor 
in  Mathematics  in  Harvard  College: 
I  have  always  regarded  the  old  edi- 
tion of  Wentworth's  Geometry,  as, 
on  the  whole,  the  best  text-book  of 
its  kind  in  English.  The  new  edition 
is,  in  my  opinion,  a  far  better  book 
than  the  old.  It  may  interest  you  to 
learn  that  I  recently  found  that  out 
of  a  class  of  one  hundred  and  ten  in 
Solid  Geometryy  one  hundred  and 
one  had  been  prepared  in  Went- 
worth*s  Plane  Geometry. 

J.  S.  French,  Prof,  of  Mathemat- 
ics, Syracuse  University:  It  seems 
to  be  a  great  improvement  upon  the 
former  edition.  We  shall  doubtless 
continue  using  it. 

W.  C.  Bartol,  Professor  of  Mathe- 
matics, Bucknell  University:  I  be- 
lieve it  is  a  decided  improvement  on 
the  old  edition,  and  shall  use  it  in 
my  classes. 

Lyman  Hall,  Prof,  of  Mathemat- 
ics, Georgia  School  of  Technology :  I 
find  the  new  edition  of  Wentworth's 
Geometry  admirably  adapted  to  our 
needs  here.  I  think  the  author  has 
accomplished  the  great  end  of  giv- 
ing clear  and  concise  proofs  in  the 
minimum  of  space,  and  has  materi- 
ally improved,  without  rendering  too 
difficult,  the  original  exercises  and 
numerical  examples. 

W.  Hoover,  Prof,  of  Mathematics, 
Ohio  University:  I  have  introduced 
into  my  classes  the  new  edition  of 
Wentworth's  Geometry,  and  find  it 
very  much  of  an  improvement  upon 
the  old.  ...  I  never  had  such  good 
results  in  my  geometry  classes. 


E.  Miller,  Prof,  of  Mathematics, 
University  of  Kansas :  The  book  is 
a  very  superior  one,  and  grows  in 
our  estimation  because  it  is  exactly 
suited  to  our  needs.  It  is  a  book 
that  compels  a  student  to  think  and 
invent  new  methods  and  demonstra- 
tions. 

J.  M.  Taylor,  Prof,  of  Mathemat- 
ics, University  of  Washington,  Seat- 
tle :  The  best  book  on  geometry  has 
been  made  better  by  the  revision. 

Fred  T.  Wright,  Principal  of 
High  School,  Jackson,  Mich. :  I  know 
of  no  other  text-book  in  Geometry 
that  I  would  wish  to  substitute  for 
it,  simply  because  I  know  of  no  book 
which  is  its  equal. 

Ella  I.  Harris,  Teacher  of  Mathe- 
matics, St.  Mary*s  Hall,  Indianapo- 
lis :  For  the  past  four  years  I  have 
been  using  it  in  my  classes,  and  find 
it  for  clearness  and  simplicity,  and 
for  original  work  offered,  superior 
to  any  class  book  it  has  been  my 
privilege  to  examine. 

F.  L.  Morse,  Professor  of  Mathe- 
matics, Hanover  College,  Hanover, 
Ind. :  There  is  no  text-book  on  the 
subject  that  has  given  me  as  much 
satisfaction.  It  stands  the  test  of 
the  recitation  room. 

W.  N.  Ferris,  Principal  of  In- 
dustrial School,  Big  Rapids,  Mich. : 
For  more  than  one  year  I  have  been 
using  it.  The  work  is  unexcelled. 
It  has  more  than  met  our  most  san- 
guine expectations  and  my  students 
invariably  pronounce  it  the  best 
geometry. 

J.  Fred  Smith, Principal  of  Acad- 
emy, Iowa  College,  Grinnell,  Iowa : 
It  has  long  been  the  text-book  in  the 
Academy.  We  have  especially  prized 
it  for  accuracy  of  statement,  clear- 
ness with  brevity,  and  for  the  impor- 
tant place  given  to  original  work  on 
the  part  of  the  student. 
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Wentworth's  Trigonometries. 

By  G.  A.  Wkntworth. 
Plane  and  Solid  Geometry,  and  Plane  Trigonometry, 

12mo.     Half  morocco.     490  pages.     Mailing  price,  Sl.55 ;  for  intro- 
duction, $1.40. 

New  Plane  Trigonometry. 

12mo.    Paper.    134  pages.    Mailing  price,  45  cents ;  for  introduction, 
40  cents.    The  old  edition  is  still  issued. 

Mew  Plane  Trigonometry,  with  Tables. 

8vo.    Cloth.     249  i>ages.    Mailing  price,  $1.00;  for  introduction,  90 
cents.    The  old  edition  is  still  issued. 

Hew  Plane  and  Spherical  Trigonometry. 

12mo.    Half  morocco.    214  pages.    Mailing  price,  95  cents ;  for  intro- 
duction, 85  cents.    The  old  edition  is  still  issued. 

Mew  Plane  and  Spherical  Trigonometry,  with  Tables. 

8vo.   Half  morocco.    315pa^es.   Mailing  price,  $1.30;  for  introduction, 
$1.20.    The  old  edition  is  still  issued. 

Mew  Plane  Trigonometry,  and  Surveying,  with  Tables. 

8vo.    Half  morocco.    305  pages.    Mailing  price,  $1.30;  for  introduc- 
tion, $1.20. 

Mew  Plane  and  Spherical  Trigonometry  and  Surveying,  with  Tables. 
8vo.    Half  morocco.    368  pages.    Mailing  price,  $1.50;  for  introduc- 
tion, $1.35. 

Mew  Plane  and  Spherical  Trigonometry,  Surveying,  and  Mavigation. 

12mo.    Half  morocco.    412  pages.    Mailing  price,  $1.30;    for  intro- 
duction, $1.20. 

rPHE  aim  has  been  to  furnish  just  so  much  of  Trigonometry  as 

is  actually  taught  in  our  best  schools  and  colleges.     The 

principles  have  been  unfolded  with  the  utmost  brevity  consistent 

with  simplicity  and  clearness,  and  interesting  problems  have  been 

selected  with  a  view  to  awaken  a  real  love  for  the  study.     Much 

time  and  labor  have  been  spent  in  devising  the  simplest  proofs  for 

the  propositions,  and  in  exhibiting  the  best  methods  of  arranging 

the  logarithmic  work.     Answers  are  included. 

The  New  Plane  Trigonometry  gives  sufficient  practice  in  the 
radian  as  the  unit  of  angular  measure,  in  solving  simple  trigono- 
metric equations,  in  solving  right  triangles  without  the  use  of 
logarithms,  and  in  solving  problems  in  goniometry. 

It  also  contains  the  latest  entrance  examination  papers  of  some 
of  the  leading  colleges  and  scientific  schools ;  and  a  chapter  on 
the  development  of  f  unctions«of  angles  in  infinite  series. 
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The  New  Spherical  Trigonometry,  Surveying,  and  Navigation 
has  been  entirely  re-written,  and  such  changes  made  as  the  most 
recent  data  and  methods  seemed  to  require. 

W.  A.  Harshbareer,  Professor  of 
MathematicSy  Washburn  College^  To- 
pekaf  Kans. :  I  am  well  pleased  with 
both  the  matter  and  arrangement  of 
Wentworth's  New  Plane  and  Spheri- 
cal Trigonometry.  The  problems 
are  excellent. 

Cooper  D.  Smith,  Professor  of 
Mathematics^  l/hiversity  of  Tennes- 
«e6,  KnoxvUl€f  Tenn. :  For  a  short 
course  and  q^uick   learning  of   the 

Eractical  application  of  the  subject,  I 
eartily  commend  Wentworth's  New 
Plane  and  Spherical  Trigonometry. 


W.  P.  Durfee,  Professor  of  Mathe- 
maticSf  Hohart  College^  Geneva^ 
N.Y.:  I  have  examined  Wentworth's 
New  Trigonometry  and  think  it  an 
improvement  of  an  already  excellent 
book. 

L.  C.  Golbnm,  Professor  of  Mathe- 
maticst  University  of  Wyoming ,  La- 
ramief  Wyo, :  I  find  much  to  com- 
mend in  Wentworth's  New  Plane 
and  Spherical  Trigonometry.  The 
increased  number  of  problems  is  a 
much  desired  addition,  as  is  the  chap- 
ter on  construction  of  tables. 


Wentworth  &  Hill's  New  Five-Place  Logarithmic 

and  Trigonometric  Tables. 
By  G.  A.  Wentworth,  and  G.  A.  Hill. 

Seven  Tables  (for  Trigonometry  and  Surveying) :  Cloth.  8vo.  79  pages. 
Mailing  price,  55  cents ;  introduction,  50  cents. 

Complete  (for  Trigonometry,  Surveying,  and  Navigation) :  Half  mo- 
rocco.   8vo.    XX +154  pages.    Mailing  price,  $1.10;  introduction,  $1.00. 

rPHESE  Tables  have  been  prepared  mainly  from  Gauss's  Tables, 
and  are  designed  for  the  use  of  schools  and  colleges.  They 
are  preceded  by  an  Introduction,  in  which  the  nature  and  use  of 
logarithms  are  explained,  and  all  necessary  instruction  given  for 
using  the  tables.  They  are  printed  in  large  type  with  very  open 
spacing.  Compactness,  simple  arrangement,  and  figures  large 
enough  not  to  strain  the  eyes,  are  secured  by  excluding  propor- 
tional parts  from  the  tables. 

Wentworth  &  Hill's  Exercises  in  Arithmetic. 

I.  Exercise  Manual.  12mo.  Boards.  282  pages.  Mailing  price,  55 
cents;  for  introduction,  50  cents.  II.  Examination  Manual.  12mo. 
Boards.  148  pages.  Mailing  price,  40  cents ;  introduction  price,  35  cents. 
Both  in  one  volume,  80  cents.    Answers  to  both  parts  together,  10  cents. 

T^HE  first  part  (Exercise  Manual)  contains  3869  examples  and 
problems  for  daily  practice,  classified  and  arranged  in  the 
common  order;  and  the  second  part  (Examination  Manual)  con- 
tains 300  examination-papers,  progressive  in  character. 
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Wentworth  &  HiU's  Exercises  in  Algebra. 

L  Exercise  Manual,  12mo.  Boards.  232  pages.  Mailing  price,  40 
cents:  for  introduction,  35  cents.  II.  Examination  manual.  12mo. 
Boards.  169  pages.  Mailing  price,  40  cents ;  for  introduction,  35  cents. 
Both  in  one  volume,  70  cents.    Answers  to  both  together,  25  cents. 

rPHE  first  part  contains  about  4500  carefully  arranged  problems 

in  Algebra.     The  second  part  contains  nearly  300  progressive 

examination-papers. 

Wentwortii  &  Hili's  Exercises  in  Geometry. 

12mo.  Cloth.  255  pages.  Mailing  price,  80  cents;  for  introduction, 
70  cents.    Answers  are  included  in  the  volume. 

rPHE  exercises  consist  of  a  great  number  of  easy,  carefully-graded 
problems  for  beginners,  and  enough  harder  ones  for  more  ad- 
vanced pupils. 

Wentwortii  &  Hiil's   Examination    liHanual  in 

Geometry. 

12mo.  Cloth.  138  pages.  Mailing  price,  55  cents  ;  for  introduction, 
50  cents.  . 

rPHE  aim  of  the  authors  has  been  to  supply  a  series  of  graded 
test-papers  in  Geometry  which  can  be  used  not  merely  as 
tests  of  knowledge  actually  obtained,  but  also  as  a  means  of  devel- 
oping and  strengthening  the  power  to  originate  and  carry  on  a 
logical  train  of  thought. 

Wentwortii' s  Geometrical  Exercises. 

By  G.  A.  Wentworth.  12mo.  Paper.  64  pages.  Mailing  price,  12 
cents:  for  introduction,  10  cents. 

A   SERIES  of  exercises  exactly  parallel  to  those  of  Wentworth's 

New  Plane  and  Solid  Geometry. 

Wentwortii' s  Syllabus  of  Geometry. 

By  G.  A.  Wentworth.  12mo.  Paper.  50  pages.  Mailing  price,  27 
cents ;  for  introduction,  25  cents. 

rPHIS  Syllabus  contains  the  captions  of  the  propositions  in  Went- 

worth*s  Plane  and  Solid  Geometry,  numbered  as  in  the  book. 

Teachers  will  find  that  it  can  be  used  to  great  advantage  in  the 

recitation  room,  especially  in  reviews,  and  also  in  connection  with 

Wentworth's  Geometrical  Exercises. 
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